Tuijin Jishu/Journal of Propulsion Technology
ISSN: 1001-4055
Vol. 46 No. 3 (2025)

An extended forward-backwards implicit
scheme for a nonlinear mass-spring finite
element time-dependent system

Modify Andrew Elton Kaunda' and Freddie Liswaniso Inambao?”
"Formerly of Cape Peninsula University of Technology, Bellville 7535, South Africa

Z*Professor, Department of Mechanical Engineering, School of Engineering, University of KwaZulu-Natal,
Durban 4041, South Africa

Abstract

This paper reports the development of extended forward-backwards difference numerical solution procedures for
a class of nonlinear systems. The theoretical accuracy analysis revealed a high-order accuracy, with an error of
order O(At”) for displacement, and an error of order O(At>) for velocity. This is an improvement over simple
second-order accurate implicit integration schemes. The Lyapunov stability analysis showed that the algorithm
developed was unconditionally stable, and values of integration parameters, ¥jji, can be determined from stability
analyses. A linear system of two-degrees-of-freedom was initially solved to illustrate how to extend the methods
to deal with multiple-degrees-of-freedom systems using matrices and vectors. The results of Thomson [16] were
confirmed. Two nonlinear finite element problems were successfully solved. The hundred-degrees-of-freedom
system confirmed the results of Wang [19]. The graphs of displacement versus time look similar. In addition,
phase trajectory plots and a velocity versus displacement graph revealed the property of a closed path for the
nonlinear mass-spring system. The accuracy of the results was not compared because such an exercise would
require gaining access to the authors’ data.
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1 Introduction

The study of natural sciences uses experimentation and observation to understand, describe, and predict the natural
world. It includes the study of many subjects, such as biology, chemistry, physics, astronomy, and earth science.
Integral and differential equations are formulated, which are usually nonlinear. Such system equations include the
van der Pol equation, the Lorenz equations, and the Schroedinger equations in quantum physics. The aims and
objectives of this study were to accurately solve nonlinear differential equations arising from the mathematical
theories that describe and predict the natural world, where closed-form solutions are not possible, so linearised
equations and iterative solution procedures are usually employed.

This paper provides details of extended forward-backwards difference numerical solution procedures for a class
of nonlinear systems. A linear system of two-degrees-of-freedom is initially solved to illustrate how to extend the
methods to deal with multiple-degrees-of-freedom systems using matrices and vectors, which are typically
obtained in finite element methods. This paper starts by acknowledging the early contributions of the Newmark
trapezoidal scheme [1] that possessed limited accuracy and stability characteristics, but was used for time-
integration of nonlinear finite element analysis of solids and structures to further improve solution procedures
such as the improved numerical dissipation of Hilber et al. [2], consistent tangent operators of Simo and Taylor
[3], time-stepping schemes of Wood [4], simple second order accurate implicit integration schemes of Bathe et al.
[5], and finite element methods of Zienkiewicz et al. [6]. More contributions on convergence, stability and
accuracy are contained in subsequent sections and in references [6-19].
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1.1 Nonlinear vector-valued oscillatory system

The differential equation describing a nonlinear vector-valued oscillatory system may have the following general
form:

¥+ f(x,x,t) =0;x(0) = xp; X(0) = X5t =t (1)

The superposed dot on x represents differentiation with respect to time, t, and the double-dot represents the second
derivative. Closed-form solutions of most nonlinear systems do not exist. Nonlinear mass-spring finite element
time-dependent systems occurring in science and engineering, which generally do not have closed-form solutions,
are considered.

1.2 Implicit schemes of Zienkiewicz

Zienkiewicz et al. [6] introduced an implicit generalised Newmark integration scheme from the truncated Taylor
series expansion of the displacement function u and its derivatives, repeated here for convenience as follows:

n+1

AtP AtP
. (») () »)
un+1=un+Atun+---+?unp +,8,,F(up —unp)

AtP~? AtP?
. . . () (€2) (€2)
Ups1 —un+Atun+---+mun +,8p—1 (p_l)!(un+1_un )

u® = uP™V 4+ Atu® + Bt (u,(ﬁr)l - u,(lp)) )

where u, 1, il are displacement, velocity and acceleration. Setting p = 2 forms the equivalent Newmark scheme
[2] which consists of two recurrence equations of displacement and velocity, which, when combined with the
governing second-order differential equation (1), gives three simultaneous equations in three unknowns.

1.3 Forward-backwards implicit scheme

Carrying on from these contributions, a forward-backwards difference time-integration scheme was developed by
Kaunda [7], using Taylor series, for solutions of nonlinear oscillatory systems. This scheme allows for more
accurate implicit generalised one-step multiple-value algorithms [7],[8], repeated here for convenience, and
summarised in Table 1.

k=p [(-Dk aik N k=p |1 aik
Sn+1 T Tyt [T Yult - Sn+1] =s" =5, + Ly [E [ﬁwAt E] Sn] )

k=p-1[(1¥ ayk . k=p-1[1 aik
Vi + S S [ ] v | = v = v+ S [ Bt 2] v )

Table 1: Forward-backward difference scheme illustration

forward — dif ference B At backward — dif ference y; At 1At

Bult = (t™ — t)At Virht = (tngq — tAE 1At

where s = x denotes displacement, v = x "denotes velocity and a = X "represents acceleration. Equations (3) and
(4) provide the necessary extra equations to solve the differential equation (1) such that there are three equations
in three unknowns. The implicit algorithms presented in [6],[7],[8], permitted to determine and optimise stability
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and accuracy of the recurrence equations by choosing appropriate tuneable integration parameters, By, Vik, Bik-
Numerical dissipation or algorithmic damping, mostly desired in finite element methods, may also be incorporated
to filter out high frequency responses, as considered in Hilber et al. [2].

1.4 Article organisation

This article is organised as follows: Section 2 develops the solution of nonlinear vector-valued oscillatory systems.
These are two-degrees-of-freedom system, and extension to multiple-degree-of-freedom systems using mass,
damping and stiffness matrices such as those obtained from finite element methods. Section 3 presents and
discusses the results, and Section 4 draws conclusions.

2. Nonlinear vector-valued oscillatory systems
2.1 Extended forward-backward implicit schemes

The displacement is expanded in two forward-backward implicit schemes as shown in equation (5), and
summarised in Table 2.

k=p X k k=p k
(- 1) d ) 1 d
Sp+1 T Z [VnkAt dt] Spy1| =S1 =Sp t Z X! Vizk + Y13k]AtE Sn
k=1 k=1|

=Dk 1) k . k=p[1 alk
Sp+1 T Z Vi + V12k]At Sne1| =53 = Sp+ Xpoy E[VnkAtE Sn @)

Table 2: Extended forward-backward difference scheme illustration

forward backward — dif ference (t, 41 1At
—dif ference (t]{ — t,) —t)
(V12k + V1z)At = ¢ — & Y11kt = tpyq — 8] 1At
Yzt = (63 — ty)At Y11k + V121)AL 1At
= (ther — t2)AL

Two different expansions are used for displacement with the first expansion using the middle point, t; and the
second expansion using a different middle point, t;. The last subscript, k = 1,2,..., p, is for the summation term.
The velocity is similarly expanded as shown in equation (6).

k=p
(= 1)" dy*
Vnyr t Z [V21kAt dt] Uniq| = V1 = VU + Z T [V22r + V23k]At
k=1

Vny1 T Z [( D" [[Vz1k + V221 AL ]k Vn+1] =V, =V, + Z [k, [V23kAt ] Un] (6)

Similarly, the acceleration is expanded as shown in equation (7).

k

k=p Kk
(- 1)k d d
Apyq + Z [V31kAt dt] Aniq| = a1 = ap + Z T [V32r + V33k]At an
k=1
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e=p |(-D* a]” . k=p [ 1 a)”
Ani1 + Xich [T [[V31k + V321]At E] an+1] =a;=a,+ Y} [E [V33kAt E] an] @)

The recurrence equations for displacement and velocity are then combined with the governing differential
equation to form a set of simultaneous equations written in matrix form.

It may be shown, for example, that for the upper summation limit set to p = 2, the recurrence equations can be
used in solving a second order differential equation as shown in equation (8).

K D M (Sps1) [0 O 07(Sn) (Fous
1 C22 C23] {vn+1} B [1 d22 d23] {vn} + { 0 ] (8)
0 1 C33 an+1 0 1 d33 an 0

Similarly, for the upper summation limit set to p = 3, which includes terms of the first derivative of acceleration,
a, the recurrence equations can be used in solving a second order differential equation as shown in equation (9).

K D M 07 /Sn+ 0 0 0 0 /5 Fri

0 K D M Un+1 _ 0 0 0 0 Un Fn+1

1 e3 €33 €3] |lnia |1 fsx faz faa n * 0 ©
0 1 es3 egdl\anyy 0 1 faz faal\On 0

The second equation results from the derivative of the first equation with respect to time, t, and the last two
recurrence equations consist of the displacement and velocity, respectively.

Similarly, for the upper summation limit set to p =4, which includes terms of the second derivative of acceleration,
d, the recurrence equations can be used in solving a second order differential equation as shown in equation (10).

K D MO0 0 Sn+1 0000 0 Sn Froat

0 K D M O Un+1 0 00 0O Uy Frt

00 KD M [{aal=l 0000 o0 nt 4| (10)
1 gap 943 YGaa YGas||dnis 1 hyy has has hys||dn 78'1
0 1 Y9ss Ysa Yss 4 \dnya 0 1 hsy hsg, hss 1\dy 0

The third equation results from the derivative of the second equation with respect to time, t, and the last two
recurrence equations consist of the displacement and velocity, respectively.

The elements of [3x3] matrices C and D, corresponding to setting p = 2, are defined in the set of equations (11).

1
Cr2 = _5(2)’111 + ¥121)At

1 2 2TA+2
Z[Vnz + (V112 + V122)° 1At

C23 = —
1
C33 = _5(2)’211 + ¥221)At

1
dy; = E(V121 + 2y131)At
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1, 21742
dy3 = Z[YBZ + (V122 + v132)° 1At

1
ds3 = ;(2)/231 + ¥221)At

(11)

The elements of [4x4] matrices E and F, corresponding to setting p = 3, are defined in the set of equations (12).

1
€32 = _5(2)’111 + ¥121)At
1, 27742
€33 = Py [yiiz + (Y112 + vi22)?1AL
15 37443
€34 = _ﬁ[h“ + (Y113 + ¥123)°]At
1
€43 = _5(2)’211 + ¥221)At
1, 27742
€44 = Z[V212 + (V212 + V222)° 1At
1( + 2y131)At
f32 = 2 V121 Y131
1 2 2 2
fzz = 7 [(V122 + V132)° + viz2]AL
1 3 3 3
fza = 12 [(Y123 + ¥133)° + ¥i33]At
1
faz = > (Y221 + 2Y231)At

1
" [(V222 + V232)° + V332 AL?

faa =

(12)

The elements of [5x5] matrices G and H, corresponding to setting p = 4, are defined in the set of equations (13).

1
Ga2 = _5(2)&11 + ¥121)At
1, 27A42
gz = Z[Vnz + (V112 + V122)° 1At

1 3 31743
[yi1s + (Y113 + ¥123)°]At

Gaa = 12

1
[Vf14 + (V112 + ]’124)4]At4

945=E

1
9s3 = _E(Zyzn + ¥221)At
1, 27842
Gs4 = 2 [Vi12 + (V212 + V222)° 1AL

1 3 37A+3
YGss = _E[Vzm + (V213 + ¥223)° 1At

1
hyy = 3 (Y121 + 2v131)At
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hys = —[(V122 + V132)* + V132 AL?

L

hys = 12 [(123 + ¥133)® + visslAL?
1 4 4 4
hys = 78 [(V124 + V134)" + Vi34]AL
1
hss = 2 (Y221 + 2Y231)At

1 2 2 2
hsy = 7 [(V222 + 7232)" + Vva32]At

1
hss = Py [(V223 + ¥233)° + ¥333]AL3 (13)

Values of integration parameters, ¥y, are determined from stability and accuracy analyses.
2.2 Determination of integration parameters for implicit schemes
2.2.1 Lyapunov stability analysis

Applying Lyapunov stability of system matrix equations for asymptotic stability of the one-step multiple-value
algorithms [7],[8], or to ensure that the matrix E is non-singular, Sylvester’s theorem is applied (a Hermitian
matrix, E, is positive-semidefinite if and only if all principal minors of E are non-negative). This enforces the
positive-semidefinite properties of the dynamics matrices using the theorem given in matrix equations as in the
set of equations (14).

e;1 >0
|€11 e12| >0
€21 €221 —

€11 €12 €33
€21 €32 €33
€31 €32 €33

B >0 (14)

Sylvester’s theorem is also applied to check the positive-semidefinite properties of the dynamics matrices, M, D,
K, especially those matrices that need an inverse. For the above matrix equations, matrices C, E, and G,
corresponding to setting p = 2, 3, 4, need to have inverses to compute kinematic variables, S,,1, Vn+1, Gns1, €EC.
Matrices E and G, by inspection, present better properties of stability by the Lyapunov method. Hence, the values
of integration parameters, yjjx, may be determined from stability analyses.

2.2.2 Accuracy analysis

The next stage is to compare XXXX with the one-step four-value method of Kaunda [7],[8] that was rigorously

derived using theoretical accuracy analyses given in Hildebrand [11], with error accuracies of order, Eg =

7 5
1votsoo s (¢,) for displacement and E, = %V(S) (¢,) for velocity. This may be shown in the set of equations

(15), such that,

Y111 = V121 = VY131 =

W] = W]

Y211 = V221 = V231 =
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1 1
V311 = V321 = V331 = 3Va11 = Vaz21 = Vaz1 = 3 (15)

may be suitable in conjunction with the set of equations (16):

Y112 = VY122 = V132 =

&l o

Y212 = V222 = V232 =

G =

Y312 = V322 = V332 =

Y113 = V123 = V133 =

w
N —_
m s

w

Uy
u-ll"‘

V213 = V223 = V233 =

4|24

P (16)

Y114 = V124 = V134 =

Hence, the values of integration parameters, ¥;jx, may also be determined from accuracy analyses. A compromise

between the values from stability and accuracy analyses may be necessary for optimal selection of integration
parameters.

In addition to checking the determinants and ranks of matrices to ensure that a matrix inverse exists, an eigenvalue
problem usually needs to be solved for matrices, for example, G and H above, to calculate the eigenvalues, A, with
the corresponding natural frequencies, @, from which the fundamental frequency, f, and period, t, can be obtained,
which may then be used to set an appropriate time step. From a calculated period, 1, by a rule of thumb, it is
recommended to set the time step as At < ZT—O. In addition, an eigenvalue problem needs to be solved for the mass

and stiffness matrices, M and K.
3. Results and discussion of results
3.1 Two-degrees-of-freedom systems (2-dof)

A linear second-order two-degrees-of-freedom system subjected to a history of loading f;(t), and the initial
conditions of displacement x;(0), and velocity x;(0), forms a vector-valued function, and is shown in Figure 1.
The differential equation is given in equation (17).

my1 M2 (8 b1 b12]{5.1} [kn k12] S1 _{fl}
myq mzz] {§z}+[b21 by, 1 (s, + ko1 ki {52}_ f2 a7
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=

Trey . fl(t)

o, f2(t)

}

S=2(L)

Figure 1: 2-dof Mass-spring-damper system
A linear two-degrees-of-freedom system was taken from Thomson [16] with:
myy = my = 100; my; = myy = 05 My = my = 25; byy = byy = byy = byy = 05 kyy = 540005 ki = kyy =
—18000; f; = 0; and f, = 400. The eigenvalues were found as, A; = 258.9 with the corresponding fundamental

natural frequency, w; = 16.09 rad/s, and A, = 1001 with the corresponding natural frequency, w, = 31.6 rad/s.
Figure 2 shows a graph of displacements versus time. The results given in Thomson [16] are confirmed.
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Figure 2: Graph of displacements (m) vs time (t)
3.2 Multiple-degrees-of-freedom systems (m-dof)

A finite element example was taken from Wang et al. [19], which was a multiple-degree-of-freedom mass-spring
system with up to 1500 nonlinear springs, whose details are shown in Table 3.

Table 3: Multiple-degree-of-freedom nonlinear mass-spring system

1224



Tuijin Jishu/Journal of Propulsion Technology
ISSN: 1001-4055

Vol. 46 No. 3 (2025)
Mass (kg) Spring (N/m) Force (N)
my; = 1 kl = k fl = Sln(t)
m; k, f2 = sin(t)
ms ks fz = sin(t)
m, ky, fn = sin(t)
k=10°N/m a=-2

m;=1kg;a=-2;k; =k[1+ a(y; — w;_1)?*]; 2 < i <n;n = number of dof

Figure 3 shows a graph of displacement vs time for a 10-dof system solved using a fixed time step of Aty = 1le —
03 (s) for the duration of simulation of 10 7(s) or 5 periodic cycles. The corresponding phase trajectory is shown
in Figure 4 as a closed path (see Jordan et al. [17]), with a duration of 2 n(s).

L

Displacement (m)

10 15 20 25 30 35
Time (s)

Figure 3: Displacement vs time
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Figure 4: Velocity vs displacement

Figure 5 shows a graph of displacement vs time for a 100-dof system for the same duration of simulation of 10
7(s). The corresponding phase trajectory is shown in Figure 6 as a closed path (see Jordan et al.[17]), with a
duration of 2 7(s).
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Figure 5: Displacement vs time
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Figure 6: Velocity vs displacement
The results shown in Figure 5 agree with those of Wang et al. [19].
3. Conclusions

This paper has developed extended forward-backward difference numerical solution procedures for a class of
nonlinear systems. The theoretical accuracy analysis revealed a high order accuracy, with an error of order O(At”)
for displacement, and an error of order O(At®) for velocity. This is an improvement from simple second order
accurate implicit integration schemes. The Lyapunov stability analysis showed that the algorithm developed was
unconditionally stable, and values of integration parameters, yj;, may be determined from stability analyses.

A linear system of two-degrees-of-freedom was initially solved to illustrate how to extend the methods to deal
with multiple-degrees-of-freedom systems using matrices and vectors. The results of Thomson [16] were
confirmed.

Two nonlinear finite element problems were successfully solved. The hundred-degrees-of-freedom system
confirmed the results of Wang [19]. The graphs of displacement versus time look similar. In addition, phase
trajectory plots and a velocity versus displacement graph revealed the property of a closed path for the nonlinear
mass-spring system. The accuracy of the results was not compared because such an exercise would have required
getting access to the authors’ data.
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