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Abstract: The work examines the heat and mass transfer in the melting process of a hybrid Nanofluid (SWCNTs
+ Ag + Gasoline) flow subject to a magnetic field over a sheet of variable thickness. Analysis incorporates multiple
physical phenomena such as melting heat, viscous dissipation, magnetic field, Brownian diffusion and
thermophoretic diffusion in mass concentration. Through similarity variable transformations, the PDEs are
reduced to coupled ODEs. The influence of mass concentration on diffusion and heat transfer properties as well
as its interplay with temperature field is examined in detail. The MHD effects are explored, highlighting the role
of the magnetic field on fluid velocity, temperature and mass transfer rates. To solve the boundary value problem,
the bvp4c solver of MATLAB (9.14) is employed. The analysis explores the influence of various dimensionless
parameters on the flow characteristics such as velocity, temperature, concentration, wall shear stress, rate of heat
and mass transfer. The results visually provide insights that are applicable to energy storage systems, industrial
melting processes and magnetic cooling applications.

Keywords: Nanofluid, Hybrid nanofluid, viscous dissipation, MHD, melting heat, Brownian diffusion,
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Introduction

In recent years, nanofluids have emerged as highly efficient materials with diverse applications in pharmaceutical,
biological and industrial sectors. Choi and Eastman [1] pioneered the concept of nanofluids to demonstrate that
suspending nanoparticles in base fluids significantly enhances thermal conductivity. This ground breaking work
established the scientific basis for using nanofluids in heat transfer applications. Vajravelu [2] conducted
foundational work analyzing viscous flow characteristics along nonlinear stretching surfaces. His theoretical
studies explained how nonlinear stretching parameters influence velocity profiles and boundary layer
development, providing crucial insights for industrial processes involving material stretching. Based upon these
concepts Fang et. al. [3] explored the flow and heat transfer phenomena in the boundary layer over a stretched
sheet exhibiting variable thickness, with an emphasis on mathematical modeling and computational analysis of
how thickness change affects flow behavior. The study by Ali et al. [4] focused on magnetohydrodynamic
peristaltic transport involving Jeffery material through a TiO2-Cu/H20 hybrid nanofluid considering the effects
of slip conditions. Jahan et al. [5] conducted a study on the thermal and flow characteristics of nanofluids
interacting with a permeable surface exhibiting nonlinear stretching or shrinking sheet using a new mathematical
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model and stability analysis. Mukhopadhyay [6] studied thermal magnetohydrodynamic boundary layer flow
across an exponentially stretching sheet by assessing its thermal stratification throughout the fluid. Robert [7]
investigated hot air stream effects on semi-infinite ice masses during melting while identifying the relevant fluid
dynamic factors involved in heat transfer. Gireesha et al. [8-9] studied stagnation point nanofluid boundary layers
on stretched sheets while analyzing induced magnetic fields effects in their work. Hayat et al. [10] investigated
stagnation point behavior in pair stress fluids while studying heat exchange effect on flow system. Khilap Singh
and Manoj Kumar [11] studied the motion of a stagnation point boundary as it travels through a micropolar fluid
adjacent to a stretched sheet while analyzing heat and melting absorption effects. Hayat et al. [12] studied how
carbon nanotubes transfer melting heat when flowing toward surfaces of different thicknesses at stagnation points.
Turkyilmazoglu [13] investigated natural convective nanofluid flow near a sudden vertical plate under thermal
radiation conditions. Khader and Megahed [14] performed numerical simulations on boundary layer flow emerged
from a nonlinear stretching sheet with variable thickness while taking into account slip velocity effects. Prasad et
al. [15] studied thermal behaviour of magnetohydrodynamic (MHD) nanofluid flow that occurred on a flexible
sheet with variable thickness. Sharma et al. [16] examined the thermal and flow characteristics of
magnetohydrodynamic (MHD) nanofluids near slender stretching sheets while analyzing dual effects of variable
thickness alongside dissolution heat transfer models. Mabood et al. [17] conducted a numerical investigation on
MHD boundary layer flow and heat transfer of nanofluids over a nonlinearly extending sheet while examining the
effects between magnetic fields and nanofluid dynamics. The study by Krishnamurthy et al. [18] explored the
process of slip flow and heat transfer during nanofluid melting under conditions of heat radiation and chemical
reactions near a nonlinear extending sheet. Alkasasbeh [19] conducted a numerical study to analyze heat transfer
in Casson hybrid nanofluid flowing near a vertical extending sheet under magnetic field influence. The study by
Khan et al. [20] explored heat and mass transfer behavior of Williamson nanofluids under slanted Lorentz force
acting on a nonlinear extending sheet. Wei-Miao et al. [21] expressed the effects of joule heating and
electromagnetic power about Williamson nanofluid flows over a surface with changing thickness. Basit et al. [22]
analyzed MHD hybrid nanofluid flows past an exponentially stretching sheet under thermal radiation and viscous
dissipation conditions. Jain et al. [23] simulated a numerical model to understand how Williamson hybrid
nanofluid (CuO / CNTs — water) behaves through permeable surfaces during extension or contraction under
combined convective boundary conditions. Muhammed et al. [24] conducted numerical investigations into
dissipative hybrid nanofluid flow over surfaces with uneven thickness which enabled melting heat transfer
analysis. Recently Narmatha et al. [25] evaluated the magnetohydrodynamic flow of gasoline oil-based hybrid
nanofluid with SWCNTs and Ag nanoparticles across non-uniform stretching surface. The current research
investigates heat and mass transfer processes in the presence of melting conditions in the magnetohydrodynamic
flows of hybrid nanofluids across thin stretching sheet.

2.MATHEMATICAL FORMULATION:

This study examines the flow dynamics of a hybrid nanofluid containing SWCNTs, 4g nanoparticles
and gasoline oil over a slender stretching sheet. The sheet is stretched along the x —direction in a
cartesian coordinate system (x, y) with a velocity profile expressed as Uy, = Uy(x + b)™, where
U,,is the stretching velocity, Uy, is a constant, b is a scaling factor and m is an index behavior. The y —
direction is taken normal to the surface of the sheet. This situation exhibits a non-uniform thickness that

1-m
changes along the x — direction, described by the relation y = b*(x + b) z  indicating varying
thicknesses in x- direction. Here b* denotes the thickness parameter and the exponent ensures a variable
thickness profile dependent on the stretching parameter m.

Governing equations are
ou Ov

21 %9

ox  dy

(1
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The initial and boundary conditions imposed on (1) - (4) are,

1-m
u=U0,x)=Uyx+b)"v=0T=T,,C= Chaty=b"(x+b) 2z

U Upg(x) =Up(x+b)™,T 5 Ts,,C = Cop aty — oo
(%)

Melting heat conditions are exposed as;

aT
k m = + Cs(Ty, — T, -m
hnf (6y)y b* (x+b)1 = Phnf 8 s( 0)lv y= b*(x+b)1T
(6)

Table 1. Thermophysical properties of nanoparticles by Mohammed et al. [24]
Nanoparticle/Thermophysical (k__g) Kk ( w ) C ( J ) Pr
properties P s mK P\kgK
SWCNTs 1600 3000 796 -

Ag 10490 235 429 -
Gasoline oil 750 0.114 425 9.4
We adopt the following similarity transformations,
+1 v T 2 C—Cm
1= B UoCe+ by, = [ELUGe b, 67 = @) =
A (m+1)v _
w=UgCe+ D ), v = = [0y et byt (7 g ) 22
(7)
where ¥ denotes the stream function, mathematically expressed as
L.
u= ay’~ ~  ox
®)

By applying the above similarity transformations, the equations (1)-(4) are simplified to
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A1q U - Z_m 2 *,2 B L Ha? ¥ ~ ~
(1_(p1)2'5(1_‘p2)2'5f R A m+1 A =f") m+1 1+42 (f A) =0
)
M o PrEc 112 Vo
kr (1_(P1)2'5(1_(Pz)2'5f + By Pr" =0

(10)
" + Led” f* + 29" = 0
Np
(11)
The corresponding boundary conditions are

khnf m—1

fr (@) =1,6"(a) =0, k;

m+1
a=b" 2y,
ZUf

£ (0) > 4,0 () > 1,d*(x0) > 1 as a — oo.

MH*’(a) + A (Prf*(a) +a ) =0,9"(a) =0at

m+1

(12)
where
1
Ay =
(1-<p2)<(1—<p1)+(p1‘;—5;>+go2‘;—5;
(13)
_ (pcp)sz (pcp)sl
Bi1 = <(1 ®2) <(1 ©1)Cpr + @4 Py + @2 Py
(14)
Here prime denotes differentiation and Wall thickness is @ = b* T;:l 0-
f

Here we define f*(n) = f(n —a) = f(£),6°(n) = 0(n —a) = 6(5), ®*(n) = P(n — a) = ().
Hence equations (8) - (10) become

A1 " " Z_m 2 )2 L 5 . _
(1—(p1)2-5(1_(p2)2.5f +ff7+ il (A "+ m+1Ha (f"-4)=0
(15)

Knng onr PrEc 12 P e
kr * (1—¢1)2-5(1—<pz)2-5f +BuPré’f =0
(16)
D"+ Led' f +2Lp" =
Np
(17)

Boundary conditions are
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khnf
ky

£1(0) = 1,0(0) = 0,~2L M7 (0) + Ay, (Prf(O) +a

f'(0) = A,0() > 1,&(0) > 1 when§ >
(18)

The non-dimensional parameters involved are

Us m+1 c UZ(x + b)?™ Cp,(Too — Tip)
A=-2a=b" UO,Przﬂ—”,Eczu,Mz Pr s
Us 2v; k (Teo = )Gy, A+ Co(Ty, — To)

O'Bg(x+b)m_1 Le = y_f N, = DT(Too_Tm) N, = DB(Coo_Cm) (19)

prUo T pp’t T Yhnf b Yhnf

3.MATHEMATICAL REPRESENTATION OF NONDIMENSIONALESS PARAMETERS

Ha? =

Skin friction coefﬁcient(Cf) is defined as

Tw

Cr = PrU%
(20)
ou
where T, = Upns (a_)
Y y=p+ [2Hy,
vf
21)

Local Nusselt number(Nu,) is defined as

_ (x+b)qw
N X k(Too—Tm)

(22)
T

where q, = —Kpns (o -
(ay)y=b* T“;UO
(23) Local Sherwood number(Sh, ) is defined as

th — (x"'b)Qm

N DB(Coo_Cm)
(24)
ac
where g, = _DBhnf (5) _,- [
y= 2vp 0
(25)

Substitute equations (21), (23) and (25) in equations (20),(22) and (24) we get,
= 1 m+1 .,
CryRex = (1-91)25(1-92)?5 4 2 7

(26)

Nu, _khnf ’m+1 ,
Re, - kg 2 4 (0)
27)
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Shy _  |m+1l .,
o
(28)
m+1
where the local Reynolds number is defined as Re, = %.
f

4.FRAMEWORK FOR NANOFLUID AND HYBRID NANOFLUID

For nanofluid we obtained [16];

_ Mg
Hns 1- (P1)2'5

Hng

Unf = é

(pCo),, = A= 01)(pCy) . + P1(0Cp)
pnr = (1 = @1)ps + Q1ps1

@ _ k1 + (n— Dks— (n— 1)§01(kf - ksl)
ke kg1 + (n— Dks + (Pl(kf - ksl)

For hybrid nanofluid, we have:

_ i
Hrnf = (1= 9251 — 9)2°

(PCo) = (1= @2) ((1 —01)(pCp) , + 91(nCp) ) +2(pCp).,

Prny = (1= @2) ((1 — ¢1)pp + q)lpsl) + ¢2ps2

kg ks, + (n — Dks + §02(kf - ksz)

@ _ ksy + (n— l)kf —(n— l)q)l(kf - ksl)

kg ks1 + (n— Dk + @1 (kp — ks1)
5.NUMERICAL RESULTS

The flow expressions are transformed into ODEs and subsequently solved utilizing the shooting
method that involve these computational steps.

fi=fh=A=f"fs=Ff=f"

I 22 (1-¢1)?3(1-¢,)*5 2 2Ha?
fu=fi=f"=— " (ﬁfz + = (A2 - ) - —=(f2 —A));
1
(khnf>
kg

! ! 1A n N
f7=fe=®; fg=f=@ :_Lef7f1_N_Zf6-

l 1 ! " PrEc
fs=fi=0"; fo=fi=0 (=BuPrfifs — qrpsegme U9)2):
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_ _ khnf m — _ _
£ = 11500 = 0,2 ME©) + Ay (PrAO) + e o) = 0.5 =0
f2(0) = A, fs(0) = 1, f;(0) = 1as § — o,

6. GRAPHS:

f(n)
f(n)

Plot 2. Modulation of ¢4 on f'(n).

— M = 0.1
M = 0.2
m— M = 0.3 |
V] = 0.4

f(n)
f(n)

Plot 4. Modulation of M on f'(n).
Plot 3. Modulation of ¢, on f'(17).
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Plot 5. Modulation of Ha on f'(n). Plot 6. Modulation of A on f'(n).
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Plot 7. Behavior of Le on f'(n). Plot 8. Behavior of @ on f'(1).
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Plot 9. Modulation of m on f'(1). Plot 10. Modulation of ¢, on 0(n).
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Plot 11. Modulation of @3 on 6(1). Plot 12. Modulation of M on 6(1).
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Plot 15. Modulation of @ on 6(n).
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Plot 17. Modulation of Le on ().
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Plot 14. Modulation of m on 0(n).
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Plot 16. Modulation of EC on 6(n).
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Plot 18. Modulation of @41 on ®(1).
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Plot 19. Modulation of @1 on @(n).
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Plot Plot 22. Modulation of m on ®@(n).
21. Modulation of Ha on @ (n).
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Plot 23. Modulation of Le on ®(17).
lot 23. Modulation of Le on ® (1) Plot 24. Modulation of @and @, on Nu.
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Plot 25. Modulation of M and A on Nu,.
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Plot 27. Modulation of M and A on Cg,.

-0.002

-0.004

-0.006

Sh

-0.008

-0.01 f

-0.012

-0.014 = = = = &
0 0.2 0.4 0.6 0.8 1 1.2
A
Plot 29. Modulation of M and A on Sh,.

7. RESULTS AND DISCUSSION:

JSpET=m=T=Te =T prp s
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Plot 26. Modulation of @1and @, on Cp,.
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Plot 28. Modulation of @qand @, on Sh,.

In this research, the shooting method is used to analyse the model represented by equations
(15)-(17) along with the respective boundary constraints in equation (18) for varying parameter values.
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This work investigates how various flow parameters affect dimensionless velocity, temperature and
concentration distributions in addition to skin friction and the rates of heat and mass transfer.

Plot 1 illustrates the impact of volume fraction of SWCNTSs on f'(7n) at vanishing Hartmann
number. It shows that f'(#n) increases with increments in the volume fraction when compared to the
earlier study of Muhammed et al. [24], These results show a strong consistency with earlier studies. The
volume fraction of ¢, (SWCNTS) on the dimensionless velocity profile f'(n) as shown in Plot 2, shows
an apparent rise with the higher values throughout the boundary layer as ¢rises from[0.1, 0.4]. Plot 3
depicts that as volume fraction of ¢,(Ag) increases, the velocity profile f'(n) . Plot 4 reveals that
increasing melting heat parameter M enhances the velocity profile f'(n), Higher melting heat leads to
increased thermal energy absorption near the surface which facilitates the melting process. The velocity
profile decreases with rising Hartmann number (Ha) as shown in Plot 5. The magnetic field generates a
Lorentz force that opposes the flow of fluid which causes the velocity profile to decrease. The influence
of parameter A on the velocity profile f'(n) is shown in Plot 6. It illustrates about how it significantly
influences the flow motion and boundary layering. The graph shows that when A > 1, the boundary
layer becomes thicker due to the acceleration of the velocity profile. Conversely, the boundary layer
thins when A < 1, indicating restrained flow near the surface. At A = 1, the absence of a boundary
layer signifies a critical transitional state in the fluid flow. The impact of Lewis number (Le), on f'(n)
fixed as [0.1, 0.4] is illustrated in Plot 7. The heat transfer rate becomes more prominent, in improving
the characteristics of thermal boundary layer and reduces viscous resistance leading to higher velocity
gradients near the surface of the boundary layer.

The velocity profile f'(n), shows faster decay with increasing values of o, indicating stronger
restriction of fluid movement near the surface as demonstrated in Plot 8. Plot 9 represents the influence
of index behaviour parameter m on f'(n). It can be noticed that the velocity profile declines faster with
increasing index parameter m, highlighting an accelerated decay in fluid motion. Plot 10 exhibits the
effects of volume fraction of ¢;, on temperature profile 6(n). Temperature profile minimizes with
increasing values of ¢, from 0.1 to 0.4. Plot 11 presents the influence of volume fraction of @,on 8(n).
The thermal conductivity improves alongside heat transfer efficiency as the parameter ¢, rises from
[0.1,0.4], because the temperature profile 8(n) decreases in this range. The temperature distribution
0(n) decreases according to Plot 12 because increasing the melting parameter M reduces 6(n). The
rising values of Hartmann number (Ha) from [0.1, 0.4] result in decrease of 6(7) as evident in Plot 13.
The Lorentz force acts to suppress heat transfer thus creating a thicker thermal boundary layer.

The temperature profile 6(n) decreases according to Plot 14 when the index behaviour
parameter m grows from [0.1,0.4]. The wall thickness parameter a affects 6(n) according to Plot 15
where temperature rises when o values increase from [0.1,0.4]. The surface heat retention increases
because of which thermal energy spreads more effectively throughout the fluid. The temperature profile
0(n) grows higher as the Eckert number (Ec) ranges from [0.1,0.4] in Plot 16 because kinetic energy
transforms into thermal energy. Plot 17 demonstrates that the Lewis number increase produces raised
values of 6(n) while maintaining its constant range. A higher nanoparticle volume fraction from
[0.1,0.4] produces stronger concentration profile @(n) in Plot 18 due to better microparticle interaction
and better mass transportation. A higher volume fraction ¢, as per Plot 19 results in increased
concentration profile @ () which leads to better distribution uniformity along with superior system
performance. The concentration profile @(n) shows a steady rise during the increase of M from
[0.1,0.4] in Plot 20, since improved melting heat increases mass diffusion near the surface and
throughout the fluid solution. The increase in Hartmann number elevates @(n) values because
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intensifying magnetic effects minimize fluid movement and accelerate mass diffusion which
strengthens the concentration boundary layer stability as shown in Plot 21. The graphical analysis in
Plot 22 shows that increasing m values in index produces an elevation of @(n) which indicates better
fluid behaviour and enhanced mass transport capabilities. Studies represented in Plot 23 demonstrate
that increasing the Lewis number enhances @(n). Higher concentration gradients result in improving
mass transfer efficiency inside the boundary layer.

As illustrated in Plots 1-23, the hybrid nanofluid demonstrates superior efficiency over the
conventional nanofluid. The influence of ¢4, ¢,, M and A respectively on the rate of heat transfer Nu,,
wall shear stress Cfx and mass transfer Sh, are depicted respectively in Plots 24 & 25, 26&27 and
28&29. It can be observed that skin friction and mass transfer rate increase with higher values of ¢4, ¢,
M and A. Conversely, the heat transfer rate declines as these parameters rise.

Across all cases, the hybrid nanofluid exhibits more pronounced enhancements in thermal and
fluid dynamic performance compared to the standard nanofluid.

8. SUMMARY OF SIGNIFICANT RESULTS

The main purpose of this study is to emphasize on melting heat on magnetohydrodynamic, heat
and mass transfer systems using SWCNTs mixed with Ag as a hybrid nanoparticle and Gasoline as the
base fluid.

The results of our study are

The flow gets accelerated with increases in the volume fraction of SWCNTSs (¢;), volume
fraction of Ag (¢,), melting heat (M), velocity ratio parameter (A) and Lewis number (Le).
The flow velocity f'(n) decelerates with increase in the index behaviour (m), Hartmann
number (Ha) and wall thickness parameter (o).

The temperature profile 6(n) diminishes with increments in the volume fraction of SWCNTSs
(1), the volume fraction of Ag (¢,), melting heat (M), Hartmann number (Ha), and index
behaviour (m).

The temperature profile increases with enhancements in the Eckert number (Ec), wall thickness
parameter (o), and Lewis number (Le).

Concentration profile ®(n) decreases with higher values of the volume fraction of SWCNTs
(1), volume fraction of Ag (¢,) and melting heat (M).

Flow of concentration profile ®(7) is maximized with increments in Hartmann number (Ha),
index behavior (m), and Lewis number (Le).

Wall shear stress coefficient is analyzed for various parameters such as of ¢q,¢@,, A & M.
Results reveal that shear stress increases with higher values of ¢, and ¢,and also it increases
with the values of M and A.

Analyses of the Nusselt number focused on the examination of parameters ¢4, ¢,, A & M. The
research findings show that elevating the values of ¢, and ¢, results in reduced Nusselt number
performance. The Nusselt number rises progressively alongside increasing the values M and
A.
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Sherwood number is analysed across parameters such as of ¢, ¢,, A & M. The results indicate
that the Sherwood number rises with the increasing values of ¢, and @,while it decays with
increasing values of M and A.

In particular, the above mentioned results show that the performance of hybrid nanofluid is
better when compared to the nanofluid.

9. NOMENCLATURE
u,v velocity components

ar thermal diffusivity (gasoline oil)
U dynamic viscosity (gasoline oil)
Pr density (gasoline oil)

X,y cartesian coordinates

ks thermal conductivity (gasoline oil)
A velocity ratio parameter

Ve kinematic viscosity

0 dimensionless temperature

o dimensionless Concentration

f non-dimensional velocity

T, wall temperature

m behavior index parameter about flow
qw wall heat flux

¥4 volume fraction (SWCNTSs)

® volume fraction (Ag)

(Cp) f specific heat (gasoline oil)

M melting parameter
Pr Prantl Number
a wall thickness parameter

Uy, Uy arbitrary constant

Cs heat capacity (solid surface)
U, free stream velocity

Tw ambient temperature

Co ambient concentration

Ty wall shear stress
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Uy stretching velocity
qm  wall mass flux
B latent heat

Ec Eckert number

T surface temperature
Cn surface concentration
Le Lewis number

N; Thermophoresis

Ny Brownian motion

kg1 thermal conductivity (SWCNTSs)
n nanoparticle shape

kg thermal conductivity (Ag)

CNTs carbon nanotubes

SWCNTs single valued carbon nanotubes
Ag Silver

CgHig Gasoline oil

For nanofluid

@nr  thermal diffusivity
Ung dynamic viscosity
Unf kinematic viscosity
kns  thermal conductivity
Pnf density

(Cp)n P specific heat

For hybrid nanofluid

Appns  thermal diffusivity

(Cp)hn p Specific heat

knns  thermal conductivity
Unns  dynamic viscosity
Upns  Kinematic viscosity

Phn f density

Dg, . p Brownian diffusion
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Dr,,, Thermophoresis diffusion
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