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Abstract:- In this paper, we introduce the concept of Pythagorean fuzzy nano 𝑀 open and Pythagorean fuzzy nano 

𝑀 closed mappings in Pythagorean fuzzy nano topological spaces. Also, we study about  Pythagorean fuzzy nano 

𝑀 Homeomorphism, almost Pythagorean fuzzy nano 𝑀 totally mappings, almost Pythagorean fuzzy nano 𝑀 

totally continuous mappings and super Pythagorean fuzzy nano 𝑀 clopen continuous functions and their 

properties in Pythagorean fuzzy nano topological spaces. 
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1. Introduction 

The first successful attempt towards containing non-probabilistic uncertainty, i.e. uncertainty which is not incite 

by randomness of an event, into mathematical modeling was made in 1965 by Zadeh [8] through his significant 

theory on fuzzy sets. A fuzzy set is a set where each element of the universe belongs to it but with some value or 

degree of belongingness which lies between 0 and 1 and such values are called membership value of an element 

in that set. Later on Chang [1] was the first to introduce the concept of fuzzy topology. Rough set theory is 

introduced by Pawlak [7] as a replacement mathematical tool for representing reasoning and deciding handling 

vagueness and uncertainty. This theory provides the approximation of sets by means of equivalence relations and 

is taken into account together of the primary non-statistical approaches in data analysis. A rough set are often 

described by a pair of definable sets called lower and upper approximations. The lower approximation is that the 

greatest definable set contained within the given set of objects while the upper approximation is that the smallest 

definable set that contains the given set. Rough set concept are often defined quite generally by means of 

topological operations, interior and closure, called approximations. 

In 2013, a new topology called Nano topology was introduced by Lellis Thivagar [3] which is an extension of 

rough set theory. He also introduced Nano topological spaces which were defined in terms of approximations and 

boundary region of a subset of a universe using an equivalence relation on it. The elements of a Nano topological 

space are called the Nano open sets and its complements are called the Nano closed sets. Nano means something 

very small. Nano topology thus literally means the study of very small surface. The fundamental ideas in Nano 

topology are those of approximations and indiscernibility relation. Furthermore nano 𝛿 open sets in nano 

topological space was studied in [6]. Recently, Lellis Thivagar et. al [4] explored a new concept of neutrosophic 

nano topology. The notion of M-open sets in topological spaces were introduced by El-Maghrabi and Al-Juhani 

[2] in 2011 and studied some of their properties, and also 𝑀-open sets in a nano topological spaces by Padma et. 

al [5]. 
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Research Gap: No investigation on some new mappings such as Pythagorean fuzzy nano 𝑀 open, Pythagorean 

fuzzy nano 𝑀 closed mappings, Pythagorean fuzzy nano 𝑀 Homeomorphism, almost Pythagorean fuzzy nano 𝑀 

totally mappings, almost Pythagorean fuzzy nano 𝑀 totally continuous mappings and super Pythagorean fuzzy 

nano 𝑀 clopen continuous functions on Pythagorean fuzzy nano topological space has been reported in the 

Pythagorean fuzzy literature. 

In this paper we introduce Pythagorean fuzzy nano 𝑀 open and Pythagorean fuzzy nano 𝑀 closed mappings in 

Pythagorean fuzzy nano topological spaces. Also, we study about Pythagorean fuzzy nano 𝑀 Homeomorphism, 

almost Pythagorean fuzzy nano 𝑀 totally mappings, almost Pythagorean fuzzy nano 𝑀 totally continuous 

mappings and super Pythagorean fuzzy nano 𝑀 clopen continuous functions and discuss their properties in 

𝒫ℱ𝔑𝑡𝑠’s. 

2  Preliminaries 

Definition 1  [8] A function 𝜆 from 𝑋 into the unit interval 𝐼 is called a fuzzy set in 𝑋. For every 𝑥 ∈ 𝑋, 𝜆(𝑥) ∈ 𝐼 

is called the grade of membership of 𝑥 in 𝜆. Some authors say that 𝜆 is a Pythagorean fuzzy subset of 𝑋 instead 

of saying that 𝜆 is a fuzzy set in 𝑋. The class of all fuzzy sets from 𝑋 into the closed unit interval 𝐼 will be denoted 

by 𝐼𝑋 .  

Definition 2  [8] If 𝜆 and 𝜉 are any two fuzzy subsets of a set 𝑋, then 𝜆 is said to be included in 𝜉 or 𝜆 is contained 

in 𝜉 or 𝜆 is less than or equal to 𝜉 iff 𝜆(𝑥) ≤ 𝜉(𝑥) for all 𝑥 in 𝑋 and is denoted by 𝜆 ≤ 𝜉. Equivalently, 𝜆 ≤ 𝜉 iff 

𝜇𝜆(𝑥) ≤ 𝜇𝜉(𝑥) for all 𝑥 in 𝑋.  

Note that every fuzzy subset is included in itself and empty fuzzy subset is included in every fuzzy subset. 

Definition 3  [8] Two fuzzy subsets 𝜆 and 𝜇 of a set 𝑋 are said to be equal, written 𝜆 = 𝜇, if 𝜆(𝑥) = 𝜇(𝑥) for 

every 𝑥 in 𝑋.  

Definition 4  [8] The complement of a fuzzy subset 𝜆 in a set 𝑋, denoted by 1 − 𝜆, is the fuzzy subset of 𝑋 defined 

by 1 − 𝜆(𝑥) for all 𝑥 in 𝑋. Note that 1 − (1 − 𝜆) = 𝜆.  

Definition 5  [8] The union of two fuzzy subsets 𝜆 and 𝜇 in a set 𝑋, denoted by 𝜆 ∨ 𝜇, is fuzzy subset in 𝑋 defined 

by (𝜆 ∨ 𝜇)(𝑥) = 𝑚𝑎𝑥{𝜆(𝑥), 𝜇(𝑥)}, for all 𝑥 in 𝑋.  

In general, the union of a family of fuzzy subsets {𝜉𝑖: 𝑖 ∈ 𝐼} is a fuzzy subset denoted by ∨𝑖∈𝐼 𝜉𝑖  and defined by 

(∨𝑖∈𝐼 𝜉𝑖)(𝑥) = sup{𝜉𝑖(𝑥): 𝑖 ∈ 𝐼}, for all 𝑥 in 𝑋. 

Definition 6  [8] The intersection of two fuzzy subsets 𝜆 and 𝜇 in a set 𝑋, denoted by 𝜆 ∧ 𝜇, is fuzzy subset in 𝑋 

defined by (𝜆 ∧ 𝜇)(𝑥) = 𝑚𝑖𝑛{𝜆(𝑥), 𝜇(𝑥)}, for all 𝑥 in 𝑋.  

In general, the intersection of a family of fuzzy subsets {𝜉𝑖: 𝑖 ∈ 𝐼} in a Pythagorean fuzzy subset is denoted by 

∧𝑖∈𝐼 𝜉𝑖 and defined by (∧𝑖∈𝐼 𝜉𝑖)(𝑥) = inf{𝜉𝑖(𝑥): 𝑖 ∈ 𝐼}, for all 𝑥 in 𝑋. 

Definition 7  [4] Let 𝑈 be a non-empty set and 𝑅 be an equivalence relation on 𝑈. Let 𝐹 be a Pythagorean fuzzy 

set in 𝑈 with the membership function 𝜇𝐹. The Pythagorean fuzzy nano lower, Pythagorean fuzzy nano upper 

approximation and Pythagorean fuzzy nano boundary approximation of 𝐹 in (𝑈, 𝑅) are denoted by 

𝒫ℱ𝔑(𝐹), 𝒫ℱ𝔑(𝐹) and 𝐵𝒫ℱ𝔑(𝐹) respectively, and defined as follows:   

    1.  𝒫ℱ𝔑(𝐹) = {〈𝑥, 𝜇𝑅(𝐴)(𝑥)〉/𝑦 ∈ [𝑥]𝑅, 𝑥 ∈ 𝑈}  

    2.  𝒫ℱ𝔑(𝐹) = {〈𝑥, 𝜇𝑅(𝐴)(𝑥)〉/𝑦 ∈ [𝑥]𝑅, 𝑥 ∈ 𝑈}  

    3.  𝐵𝒫ℱ𝔑(𝐹) = 𝒫ℱ𝔑(𝐹) − 𝒫ℱ𝔑(𝐹)  

 where 𝜇𝑅(𝐴)(𝑥) =∧𝑦∈[𝑥]𝑅
𝜇𝐴(𝑦). 𝜇𝑅(𝐴)(𝑥) =∨𝑦∈[𝑥]𝑅

𝜇𝐴(𝑦). 

Definition 8  [4] Let 𝑈 be an universe, 𝑅 be an equivalence relation on 𝑈 and 𝐹 be a Pythagorean fuzzy set in 𝑈 

and if the collection 𝜏𝑃(𝐹) = {0𝒫 , 1𝒫 , 𝒫ℱ𝔑(𝐹), 𝒫ℱ𝔑(𝐹), 𝐵𝒫ℱ𝔑(𝐹)} forms a topology then it is said to be a 
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Pythagorean fuzzy nano topology. We call (𝑈, 𝜏𝑃(𝐹)) as the Pythagorean fuzzy nano topological space. The 

elements of 𝜏𝑃(𝐹) are called Pythagorean fuzzy nano open (briefly, 𝒫ℱ𝔑𝑜) sets.  

Remark 1  [4] [𝜏𝑃(𝐹)]𝑐 is called the dual Pythagorean fuzzy nano topology of 𝜏𝑃(𝐹). Elements of [𝜏𝑃(𝐹)]𝑐 are 

called Pythagorean fuzzy nano closed (briefly, 𝒫ℱ𝔑𝑐) sets. Thus, we note that a Pythagorean fuzzy set 𝐺 of 𝑈 is 

Pythagorean fuzzy nano closed in 𝜏𝑃(𝐹) if and only if 𝑈 − 𝐺 is Pythagorean fuzzy nano open in 𝜏𝑃(𝐹).  

Definition 9  Let (𝑈, 𝜏𝑃(𝐹)) be a 𝒫ℱ𝔑𝑡𝑠 with respect to 𝐹 where 𝐹 is a Pythagorean fuzzy subset of 𝑈. Then a 

Pythagorean fuzzy subset 𝑆 in 𝑈 is said to be a Pythagorean fuzzy nano   

1.  interior of 𝑆 (briefly, 𝒫ℱ𝔑𝑖𝑛𝑡(𝑆)) is defined by 𝒫ℱ𝔑𝑖𝑛𝑡(𝑆) =∪ {𝐼: 𝐼 ⊆ 𝑆 & 𝐼isa𝒫ℱ𝔑𝑜set in𝑈}.  

2.  closure of 𝑆 (briefly, 𝒫ℱ𝔑𝑐𝑙(𝑆)) is defined by 𝒫ℱ𝔑𝑐𝑙(𝑆) =∩ {𝐴: 𝑆 ⊆ 𝐴 & 𝐴isa𝒫ℱ𝔑𝑐set in𝑈}.  

 3.  regular open (briefly, 𝒫ℱ𝔑𝑟𝑜) set if 𝑆 = 𝒫ℱ𝔑𝑖𝑛𝑡(𝒫ℱ𝔑𝑐𝑙(𝑆)).  

 4.  regular closed (briefly, 𝒫ℱ𝔑𝑟𝑐) set if 𝑆 = 𝒫ℱ𝔑𝑐𝑙(𝒫ℱ𝔑𝑖𝑛𝑡(𝑆)).  

5.  𝜃 interior of 𝑆 (briefly, 𝒫ℱ𝔑𝜃𝑖𝑛𝑡(𝑆)) is defined by 𝒫ℱ𝔑𝜃𝑖𝑛𝑡(𝑆) =∪ {𝒫ℱ𝔑𝑖𝑛𝑡(𝐼): 𝐼 ⊆ 𝑆 & 𝐼isa𝒫ℱ𝔑𝑐 

set in𝑈}.  

 6.  𝜃 closure of 𝑆 (briefly, 𝒫ℱ𝔑𝜃𝑐𝑙(𝑆)) is defined by 𝒫ℱ𝔑𝜃𝑐𝑙(𝑆) =∩ {𝒫ℱ𝔑𝑐𝑙(𝐴): 𝑆 ⊆ 𝐴 & 𝐴isa𝒫ℱ𝔑𝑜set in𝑈}. 

7.  𝛿 interior of 𝑆 (briefly, 𝒫ℱ𝔑𝛿𝑖𝑛𝑡(𝑆)) is defined by 𝒫ℱ𝔑𝛿𝑖𝑛𝑡(𝑆) =∪ {𝐼: 𝐼 ⊆ 𝑆 & 𝐼isa𝒫ℱ𝔑𝑟𝑜 set in𝑈}.  

8.  𝛿 closure of 𝑆 (briefly, 𝒫ℱ𝔑𝛿𝑐𝑙(𝑆)) is defined by 𝒫ℱ𝔑𝛿𝑐𝑙(𝑆) =∩ {𝐴: 𝑆 ⊆ 𝐴 & 𝐴isa𝒫ℱ𝔑𝑟𝑐set in 𝑈}.  

9.  𝜃 open (briefly, 𝒫ℱ𝔑𝜃𝑜) set if 𝑆 = 𝒫ℱ𝔑𝜃𝑖𝑛𝑡(𝑆).  

10.  semi open (briefly, 𝒫ℱ𝔑𝒮𝑜) set if 𝑆 ⊆ 𝒫ℱ𝔑𝑐𝑙(𝒫ℱ𝔑𝑖𝑛𝑡(𝑆)).  

11.  𝜃 semi open (briefly, 𝒫ℱ𝔑𝜃𝒮𝑜) set if 𝑆 ⊆ 𝒫ℱ𝔑𝑐𝑙(𝒫ℱ𝔑𝜃𝑖𝑛𝑡(𝑆)).  

12.  pre open (briefly, 𝒫ℱ𝔑𝒫𝑜) set if 𝑆 ⊆ 𝒫ℱ𝔑𝑖𝑛𝑡(𝒫ℱ𝔑𝑐𝑙(𝑆)).  

 13.  𝜃 pre open (briefly, 𝒫ℱ𝔑𝜃𝒫𝑜) set if 𝑆 ⊆ 𝒫ℱ𝔑𝑖𝑛𝑡(𝒫ℱ𝔑𝜃𝑐𝑙(𝑆)).  

 14.  𝛿 pre open (briefly, 𝒫ℱ𝔑𝛿𝒫𝑜) set if 𝑆 ⊆ 𝒫ℱ𝔑𝑖𝑛𝑡(𝒫ℱ𝔑𝛿𝑐𝑙(𝑆)).  

 15.  𝜃 semi interior of 𝑆 (briefly, 𝒫ℱ𝔑𝜃𝒮𝑖𝑛𝑡(𝑆)) is defined by 𝒫ℱ𝔑𝜃𝒮𝑖𝑛𝑡(𝑆) =∪ {𝐼: 𝐼 ⊆ 𝑆 & 𝐼isa𝒫ℱ𝔑𝜃𝒮𝑜 

set in𝑈}.  

16.  𝜃 semi closure of 𝑆 (briefly, 𝒫ℱ𝔑𝜃𝒮𝑐𝑙(𝑆)) is defined by 𝒫ℱ𝔑𝜃 𝒮𝑐𝑙(𝑆) =∩ {𝐴: 𝑆 ⊆ 𝐴 & 𝐴isa𝒫ℱ𝔑𝜃𝒮𝑐set in 

𝑈}.  

17.  pre interior of 𝑆 (briefly, 𝒫ℱ𝔑𝒫𝑖𝑛𝑡(𝑆)) is defined by 𝒫ℱ𝔑 𝒫𝑖𝑛𝑡(𝑆) =∪ {𝐼: 𝐼 ⊆ 𝑆 & 𝐼isa𝒫ℱ𝔑𝒫𝑜 set in𝑈}.  

 18.  pre closure of 𝑆 (briefly, 𝒫ℱ𝔑𝒫𝑐𝑙(𝑆)) is defined by 𝒫ℱ𝔑𝒫 𝑐𝑙(𝑆) =∩ {𝐴: 𝑆 ⊆ 𝐴 & 𝐴isa𝒫ℱ𝔑𝒫𝑐set in 𝑈}.  

 19.  𝜃 pre interior of 𝑆 (briefly, 𝒫ℱ𝔑𝜃𝒫𝑖𝑛𝑡(𝑆)) is defined by 𝒫ℱ𝔑𝜃𝒫𝑖𝑛𝑡(𝑆) =∪ {𝐼: 𝐼 ⊆ 𝑆 & 𝐼isa𝒫ℱ𝔑𝜃𝒫𝑜 

set in𝑈}.  

 20.  𝜃 pre closure of 𝑆 (briefly, 𝒫ℱ𝔑𝜃𝒫𝑐𝑙(𝑆)) is defined by 𝒫ℱ𝔑𝜃 𝒫𝑐𝑙(𝑆) =∩ {𝐴: 𝑆 ⊆ 𝐴 & 𝐴isa𝒫ℱ𝔑𝜃𝒫𝑐set in 

𝑈}.  

 21.  𝛿 pre interior of 𝑆 (briefly, 𝒫ℱ𝔑𝛿𝒫𝑖𝑛𝑡(𝑆)) is defined by 𝒫ℱ𝔑𝛿𝒫𝑖𝑛𝑡(𝑆) =∪ {𝐼: 𝐼 ⊆ 𝑆 & 𝐼isa𝒫ℱ𝔑𝛿𝒫𝑜 

set in𝑈}.  

 22.  𝛿 pre closure of 𝑆 (briefly, 𝒫ℱ𝔑𝛿𝒫𝑐𝑙(𝑆)) is defined by 𝒫ℱ𝔑𝛿 𝒫𝑐𝑙(𝑆) =∩ {𝐴: 𝑆 ⊆ 𝐴 & 𝐴isa𝒫ℱ𝔑𝛿𝒫𝑐set in 

𝑈}.  
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The complement of the respective Pythagorean fuzzy nano open sets are called as Pythagorean fuzzy nano closed 

sets.  

 

Definition 10   Let (𝑈, 𝜏𝑃(𝐹)) be a 𝒫ℱ𝔑𝑡𝑠 with respect to 𝐹 where 𝐹 is a Pythagorean fuzzy subset of 𝑈. Then a 

Pythagorean fuzzy subset 𝑆 in 𝑈 is said to be a Pythagorean fuzzy nano   

1.  𝑀-open (briefly, 𝒫ℱ𝔑𝑀𝑜) set if 𝑆 ⊆ 𝒫ℱ𝔑𝑐𝑙(𝒫ℱ𝔑𝜃𝑖𝑛𝑡(𝑆)) ∪ 𝒫ℱ𝔑𝑖𝑛𝑡(𝒫ℱ𝔑𝛿𝑐𝑙(𝑆)),  

2.  𝑀-closed (briefly, 𝒫ℱ𝔑𝑀𝑐) set if 𝒫ℱ𝔑𝑖𝑛𝑡(𝒫ℱ𝔑𝜃𝑐𝑙(𝑆)) ∩ 𝒫ℱ𝔑𝑐𝑙(𝒫ℱ𝔑𝛿𝑖𝑛𝑡(𝑆)) ⊆ 𝑆.  

3.  Pythagorean fuzzy nano 𝑀-interior of 𝐾 is the union of all 𝒫ℱ𝔑𝑀𝑜 sets contained in 𝐾 and denoted by 

𝒫ℱ𝔑𝑀𝑖𝑛𝑡(𝐾).  

4.  Pythagorean fuzzy nano 𝑀-closure of 𝐾 is the intersection of all 𝒫ℱ𝔑𝑀𝑐 sets containing 𝐾 and denoted by 

𝒫ℱ𝔑𝑀𝑐𝑙(𝐾).  

The family of all 𝒫ℱ𝔑𝑀𝑜 (resp. 𝒫ℱ𝔑𝑀𝑐) sets of a space (𝑈, 𝜏𝑃(𝐹)) will be as always denoted by 𝒫ℱ𝔑𝑀𝑂(𝑈, 𝐴) 

(resp. 𝒫ℱ𝔑𝑀𝐶(𝑈, 𝐴)). 

Theorem 1   Let 𝐾 be a Pythagorean fuzzy subset of a space (𝑈, 𝜏𝑃(𝐹)) Then   

 1.  𝐾 is a 𝒫ℱ𝔑𝑀𝑜 set iff 𝐾 = 𝒫ℱ𝔑𝑀𝑖𝑛𝑡(𝐾),  

 2.  𝐾 is a 𝒫ℱ𝔑𝑀𝑐 set iff 𝐾 = 𝒫ℱ𝔑𝑀𝑐𝑙(𝐾).  

Definition 11  A function ℎ𝑃: (𝑈1, 𝜏𝑃(𝐹1)) → (𝑈2, 𝜏𝑃(𝐹2)) is said to be Pythagorean fuzzy nano   

1.  continuous (briefly, 𝒫ℱ𝔑𝐶𝑡𝑠), if for each 𝒫ℱ𝔑𝑜 set 𝑀 of 𝑈2, the set ℎ𝑃
−1(𝑀) is 𝒫ℱ𝔑𝑜 set of 𝑈1.  

 2.  𝜃 continuous (briefly, 𝒫ℱ𝔑𝜃𝐶𝑡𝑠), if for each 𝒫ℱ𝔑𝑜 set 𝑀 of 𝑈2, the set ℎ𝑃
−1(𝑀) is 𝒫ℱ𝔑𝜃𝑜 set of 𝑈1.  

3.  𝜃 semi continuous (briefly, 𝒫ℱ𝔑𝜃𝒮𝐶𝑡𝑠), if for each 𝒫ℱ𝔑𝑜 set 𝑀 of 𝑈2, the set ℎ𝑃
−1(𝑀) is 𝒫ℱ𝔑𝜃𝒮𝑜 set of 𝑈1.  

4.  𝛿 pre continuous (briefly, 𝒫ℱ𝔑𝛿𝒫𝐶𝑡𝑠), if for each 𝒫ℱ𝔑𝑜 set 𝑀 of 𝑈2, the set ℎ𝑃
−1(𝑀) is 𝒫ℱ𝔑𝛿𝒫𝑜 set of 𝑈1.  

 5.  𝑀 continuous (briefly, 𝒫ℱ𝔑𝑀𝐶𝑡𝑠), if for each 𝒫ℱ𝔑𝑜 set 𝑀 of 𝑈2, the set ℎ𝑃
−1(𝑀) is 𝒫ℱ𝔑𝑀𝑜 set of 𝑈1.  

Theorem 2  A function ℎ𝑃: (𝑈1, 𝜏𝑃(𝐹1)) → (𝑈2, 𝜏𝑃(𝐹2)) is 𝒫ℱ𝔑𝑀𝐶𝑡𝑠 iff the inverse image of every 𝒫ℱ𝔑𝑐 set in 

𝑈2 is 𝒫ℱ𝔑𝑀𝑐 set in 𝑈1.  

Definition 12  A function ℎ𝑃: (𝑈1, 𝜏𝑃(𝐹1)) → (𝑈2, 𝜏𝑃(𝐹2)) is called Pythagorean fuzzy nano   

1.  irresolute (briefly, 𝒫ℱ𝔑𝐼𝑟𝑟) function, if for each 𝒫ℱ𝔑𝒮𝑜 set 𝑀 of 𝑈2, the set ℎ𝑃
−1(𝑀) is 𝒫ℱ𝔑𝒮𝑜 set of 𝑈1. 2.  

𝜃 semi irresolute (briefly, 𝒫ℱ𝔑𝜃𝒮𝐼𝑟𝑟) function, if for each 𝒫ℱ𝔑𝜃𝒮𝑜 set 𝑀 of 𝑈2, the set ℎ𝑃
−1(𝑀) is 𝒫ℱ𝔑𝜃𝒮𝑜 

set of 𝑈1.  

 3.  𝛿 pre irresolute (briefly, 𝒫ℱ𝔑𝛿𝒫𝐼𝑟𝑟) function, if for each 𝒫ℱ𝔑𝛿𝒫𝑜 set 𝑀 of 𝑈2, the set ℎ𝑃
−1(𝑀) is 𝒫ℱ𝔑𝛿𝒫𝑜 

set of 𝑈1.  

 4.  𝑀 irresolute (briefly, 𝒫ℱ𝔑𝑀𝐼𝑟𝑟) function, if for each 𝒫ℱ𝔑𝑀𝑜 set 𝑀 of 𝑈2, the set ℎ𝑃
−1(𝑀) is 𝒫ℱ𝔑𝑀𝑜 set 

of 𝑈1.  

3   Fuzzy nano 𝑴-open map and Pytha- gorean fuzzy nano 𝑴-closed map 

In this section, we introduce Pythagorean fuzzy nano 𝑀 open maps and Pythagorean fuzzy nano 𝑀 closed maps 

in 𝒫ℱ𝔑𝑡𝑠 and obtain certain characterizations of these classes of maps. 

Definition 13  Let (𝑈1, 𝜏𝑃(𝐹1)) and (𝑈2, 𝜏𝑃(𝐹2)) be two 𝒫ℱ𝔑𝑡𝑠. A function 𝑓: (𝑈1, 𝜏𝑃(𝐹1)) → (𝑈2, 𝜏𝑃(𝐹2)) is 

said to be Pythagorean fuzzy nano (resp. 𝛿, 𝛿𝒮, 𝑒, 𝜃, 𝜃𝒮, 𝛿𝒫 and 𝑀) open map (briefly, 𝒫ℱ𝔑𝑂 (resp. 𝒫ℱ𝔑𝛿𝑂, 
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𝒫ℱ𝔑𝛿𝒮𝑂, 𝒫ℱ𝔑𝑒𝑂, 𝒫ℱ𝔑𝜃𝑂, 𝒫ℱ𝔑𝜃𝒮𝑂, 𝒫ℱ𝔑𝛿𝒫𝑂 and 𝒫ℱ𝔑𝑀𝑂)) if the image of each 𝒫ℱ𝔑𝑜 set in 𝑈1 is 

𝒫ℱ𝔑𝑜 (resp. 𝒫ℱ𝔑𝛿𝑜, 𝒫ℱ𝔑𝛿𝒮𝑜, 𝒫ℱ𝔑𝑒𝑜, 𝒫ℱ𝔑𝜃𝑜, 𝒫ℱ𝔑𝜃𝒮𝑜, 𝒫ℱ𝔑𝛿𝒫𝑜 and 𝒫ℱ𝔑𝑀𝑜)-set in 𝑈2.  

 

Definition 14  Let (𝑈1, 𝜏𝑃(𝐹1)) and (𝑈2, 𝜏𝑃(𝐹2)) be two 𝒫ℱ𝔑𝑡𝑠. A function 𝑓: (𝑈1, 𝜏𝑃(𝐹1)) → (𝑈2, 𝜏𝑃(𝐹2)) is 

said to be Pythagorean fuzzy nano (resp. 𝛿, 𝛿𝒮, 𝑒, 𝜃, 𝜃𝒮, 𝛿𝒫 and 𝑀) closed map (briefly, 𝒫ℱ𝔑𝐶 (resp. 𝒫ℱ𝔑𝛿𝐶, 

𝒫ℱ𝔑𝛿𝒮𝐶, 𝒫ℱ𝔑𝑒𝐶, 𝒫ℱ𝔑𝜃𝐶, 𝒫ℱ𝔑𝜃𝒮𝐶, 𝒫ℱ𝔑𝛿𝒫𝐶 and 𝒫ℱ𝔑𝑀𝐶)) if the image of each 𝒫ℱ𝔑𝑐 set in 𝑈1 is 𝒫ℱ𝔑𝑐 

(resp. 𝒫ℱ𝔑𝛿𝑐, 𝒫ℱ𝔑𝛿𝒮𝑐, 𝒫ℱ𝔑𝑒𝑐, 𝒫ℱ𝔑𝜃𝑐, 𝒫ℱ𝔑𝜃𝒮𝑐, 𝒫ℱ𝔑𝛿𝒫𝑐 and 𝒫ℱ𝔑𝑀𝑐)-set in 𝑈2.  

Proposition 1  Let (𝑈1, 𝜏𝑃(𝐴1)) & (𝑈2, 𝜏𝑃(𝐴2)) be a 𝒫ℱ𝔑𝑡𝑠’s. Let ℎ𝑃: (𝑈1, 𝜏𝑃(𝐴1)) → (𝑈2, 𝜏𝑃(𝐴2)) be a 

mapping. Then the following statements are hold for 𝒫ℱ𝔑𝑡𝑠, but not conversely.   

1.  Every 𝒫ℱ𝔑𝜃𝑂 is a 𝒫ℱ𝔑𝑂.  

2.  Every 𝒫ℱ𝔑𝜃𝑂 is a 𝒫ℱ𝔑𝜃𝒮𝑂.  

3.  Every 𝒫ℱ𝔑𝜃𝒮𝑂 is a 𝒫ℱ𝔑𝑀𝑂.  

4.  Every 𝒫ℱ𝔑𝛿𝑂 is a 𝒫ℱ𝔑𝑂.  

5.  Every 𝒫ℱ𝔑𝛿𝑂 is a 𝒫ℱ𝔑𝛿𝒮𝑂.  

 6.  Every 𝒫ℱ𝔑𝛿𝑂 is a 𝒫ℱ𝔑𝛿𝒫𝑂.  

7.  Every 𝒫ℱ𝔑𝛿𝒮𝑂 is a 𝒫ℱ𝔑𝑒𝑂.  

 8.  Every 𝒫ℱ𝔑𝛿𝒫𝑂 is a 𝒫ℱ𝔑𝑀𝑂.  

 9.  Every 𝒫ℱ𝔑𝑀𝑂 is a 𝒫ℱ𝔑𝑒𝑂. 

Proof.  

1.  Let 𝐵 be a 𝒫ℱ𝔑𝑜𝑠 in (𝑈2, 𝜏𝑃(𝐴2)). Since ℎ𝑃 is 𝒫ℱ𝔑𝜃𝑂, ℎ𝑃
−1(𝐵) is 𝒫ℱ𝔑𝜃𝑜𝑠 in (𝑈1, 𝜏𝑃(𝐴1)). Since every 

𝒫ℱ𝔑𝜃𝑜𝑠 is a 𝒫ℱ𝔑𝑜𝑠, ℎ𝑃
−1(𝐵) is a 𝒫ℱ𝔑𝑜𝑠 in (𝑈1, 𝜏𝑃(𝐴1)). Hence, ℎ𝑃 is a 𝒫ℱ𝔑𝑂. 

 2.  Let 𝐵 be a 𝒫ℱ𝔑𝑜𝑠 in (𝑈2, 𝜏𝑃(𝐴2)). Since ℎ𝑃 is 𝒫ℱ𝔑𝜃𝑂, ℎ𝑃
−1(𝐵) is 𝒫ℱ𝔑𝜃𝑜𝑠 in (𝑈1, 𝜏𝑃(𝐴1)). Since every 

𝒫ℱ𝔑𝜃𝑜𝑠 is a 𝒫ℱ𝔑𝜃𝒮𝑜𝑠, ℎ𝑃
−1(𝐵) is a 𝒫ℱ𝔑𝑜𝑠 in (𝑈1, 𝜏𝑃(𝐴1)). Hence, ℎ𝑃 is a 𝒫ℱ𝔑𝜃𝒮𝑂. 

 3.  Let 𝐵 be a 𝒫ℱ𝔑𝑜𝑠 in (𝑈2, 𝜏𝑃(𝐴2)). Since ℎ𝑃 is 𝒫ℱ𝔑𝜃𝒮𝑂, ℎ𝑃
−1(𝐵) is 𝒫ℱ𝔑𝜃𝒮𝑜𝑠 in (𝑈1, 𝜏𝑃(𝐴1)). Since every 

𝒫ℱ𝔑𝜃𝒮𝑜𝑠 is a 𝒫ℱ𝔑𝑀𝑜𝑠, ℎ𝑃
−1(𝐵) is a 𝒫ℱ𝔑𝑀𝑜𝑠 in (𝑈1, 𝜏𝑃(𝐴1)). Hence, ℎ𝑃 is a 𝒫ℱ𝔑𝑀𝑂. 

 4.  Let 𝐵 be a 𝒫ℱ𝔑𝑜𝑠 in (𝑈2, 𝜏𝑃(𝐴2)). Since ℎ𝑃 is 𝒫ℱ𝔑𝛿𝑂, ℎ𝑃
−1(𝐵) is 𝒫ℱ𝔑𝛿𝑜𝑠 in (𝑈1, 𝜏𝑃(𝐴1)). Since every 

𝒫ℱ𝔑𝛿𝑜𝑠 is a 𝒫ℱ𝔑𝑜𝑠, ℎ𝑃
−1(𝐵) is a 𝒫ℱ𝔑𝑜𝑠 in (𝑈1, 𝜏𝑃(𝐴1)). Hence, ℎ𝑃 is a 𝒫ℱ𝔑𝑂. 

 5.  Let 𝐵 be a 𝒫ℱ𝔑𝑜𝑠 in (𝑈2, 𝜏𝑃(𝐴2)). Since ℎ𝑃 is 𝒫ℱ𝔑𝛿𝑂, ℎ𝑃
−1(𝐵) is 𝒫ℱ𝔑𝛿𝑜𝑠 in (𝑈1, 𝜏𝑃(𝐴1)). Since every 

𝒫ℱ𝔑𝛿𝑜𝑠 is a 𝒫ℱ𝔑𝛿𝒮𝑜𝑠, ℎ𝑃
−1(𝐵) is a 𝒫ℱ𝔑𝛿𝒮𝑜𝑠 in (𝑈1, 𝜏𝑃(𝐴1)). Hence, ℎ𝑃 is a 𝒫ℱ𝔑𝛿𝒮𝑂. 

6.  Let 𝐵 be a 𝒫ℱ𝔑𝑜𝑠 in (𝑈2, 𝜏𝑃(𝐴2)). Since ℎ𝑃 is 𝒫ℱ𝔑𝛿𝑂, ℎ𝑃
−1(𝐵) is 𝒫ℱ𝔑𝛿𝑜𝑠 in (𝑈1, 𝜏𝑃(𝐴1)). Since every 

𝒫ℱ𝔑𝛿𝑜𝑠 is a 𝒫ℱ𝔑𝛿𝒫𝑜𝑠, ℎ𝑃
−1(𝐵) is a 𝒫ℱ𝔑𝛿𝒫𝑜𝑠 in (𝑈1, 𝜏𝑃(𝐴1)). Hence, ℎ𝑃 is a 𝒫ℱ𝔑𝛿𝒫𝑂. 

 7.  Let 𝐵 be a 𝒫ℱ𝔑𝑜𝑠 in (𝑈2, 𝜏𝑃(𝐴2)). Since ℎ𝑃 is 𝒫ℱ𝔑𝛿𝒮𝑂, ℎ𝑃
−1(𝐵) is 𝒫ℱ𝔑𝛿𝒮𝑜𝑠 in (𝑈1, 𝜏𝑃(𝐴1)). Since every 

𝒫ℱ𝔑𝛿𝒮𝑜𝑠 is a 𝒫ℱ𝔑𝑒𝑜𝑠, ℎ𝑃
−1(𝐵) is a 𝒫ℱ𝔑𝑒𝑜𝑠 in (𝑈1, 𝜏𝑃(𝐴1)). Hence, ℎ𝑃 is a 𝒫ℱ𝔑𝑒𝑂. 

 8.  Let 𝐵 be a 𝒫ℱ𝔑𝑜𝑠 in (𝑈2, 𝜏𝑃(𝐴2)). Since ℎ𝑃 is 𝒫ℱ𝔑𝛿𝒫𝑂, ℎ𝑃
−1(𝐵) is 𝒫ℱ𝔑𝛿𝒫𝑜𝑠 in (𝑈1, 𝜏𝑃(𝐴1)). Since every 

𝒫ℱ𝔑𝛿𝒫𝑜𝑠 is a 𝒫ℱ𝔑𝑀𝑜𝑠, ℎ𝑃
−1(𝐵) is a 𝒫ℱ𝔑𝑀𝑜𝑠 in (𝑈1, 𝜏𝑃(𝐴1)). Hence, ℎ𝑃 is a 𝒫ℱ𝔑𝑀𝑂. 

 9.  Let 𝐵 be a 𝒫ℱ𝔑𝑜𝑠 in (𝑈2, 𝜏𝑃(𝐴2)). Since ℎ𝑃 is 𝒫ℱ𝔑𝑀𝑂, ℎ𝑃
−1(𝐵) is 𝒫ℱ𝔑𝑀𝑜𝑠 in (𝑈1, 𝜏𝑃(𝐴1)). Since every 

𝒫ℱ𝔑𝑀𝑜𝑠 is a 𝒫ℱ𝔑𝑒𝑜𝑠, ℎ𝑃
−1(𝐵) is a 𝒫ℱ𝔑𝑒𝑜𝑠 in (𝑈1, 𝜏𝑃(𝐴1)). Hence, ℎ𝑃 is a 𝒫ℱ𝔑𝑒𝑂. 
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Remark 2  We obtain the following diagram from the results are discussed above.  

           

Note: 𝐴 → 𝐵 denotes 𝐴 implies 𝐵, but not conversely. 

Example 1   Assume 𝑈1 = 𝑈2 = 𝑈 = {𝑠1, 𝑠2, 𝑠3, 𝑠4} be the universe set and the equivalence relation is 𝑈/𝑅 =

{{𝑠1, 𝑠4}, {𝑠2}, {𝑠3}}. Let 𝐴 = {⟨
𝑠1

0.3,0.1
⟩ , ⟨

𝑠2

0.1,0.5
⟩ , ⟨

𝑠3

0.2,0.45
⟩ , ⟨

𝑠4

0.4,0.25
⟩} be a Pythagorean fuzzy subset of 𝑈.  

 𝒫ℱ𝔑(𝐴) = {⟨
𝑠1,𝑠4

0.3,0.25
⟩ , ⟨

𝑠2

0.1,0.5
⟩ , ⟨

𝑠3

0.2,0.45
⟩}, 

 𝒫ℱ𝔑(𝐴) = {⟨
𝑠1,𝑠4

0.4,0.1
⟩ , ⟨

𝑠2

0.1,0.5
⟩ , ⟨

𝑠3

0.2,0.45
⟩}, 

 𝐵𝒫ℱ𝔑(𝐴) = {⟨
𝑠1,𝑠4

0.25,0.3
⟩ , ⟨

𝑠2

0.1,0.5
⟩ , ⟨

𝑠3

0.2,0.45
⟩}. 

Now 𝜏𝑃(𝐴1) = 𝜏𝑃(𝐴2) = 𝜏𝑃(𝐴) = {0𝒫 , 1𝒫 , 𝒫ℱ𝔑(𝐴), 𝒫ℱ𝔑(𝐴), 𝐵𝒫ℱ𝔑(𝐴)}. Let ℎ𝑃: (𝑈, 𝜏𝑃(𝐴2)) →

(𝑈, 𝜏𝑃(𝐴1)) be an identity function, Then ℎ𝑃 is 𝒫ℱ𝒩𝑂 (resp. 𝒫ℱ𝒩𝑂, 𝒫ℱ𝒩𝛿𝒫𝑂, 𝒫ℱ𝒩𝑀𝑂 and 𝒫ℱ𝒩𝑒𝑂) but 

not 𝒫ℱ𝒩𝜃𝑂 (resp. 𝒫ℱ𝒩𝛿𝑂, 𝒫ℱ𝒩𝛿𝑂, 𝒫ℱ𝒩𝜃𝒮𝑂 and 𝒫ℱ𝒩𝛿𝒮𝑂). Since, 𝒫ℱ𝔑(𝐴) is a 𝒫ℱ𝒩𝑜 set in 𝑈2 but ℎ𝑃 

(𝒫ℱ𝔑(𝐴)) = 𝒫ℱ𝔑(𝐴) is not 𝒫ℱ𝒩𝜃𝑜 (resp. 𝒫ℱ𝒩𝛿𝑜, 𝒫ℱ𝒩𝛿𝑜, 𝒫ℱ𝒩𝜃𝒮𝑜 and 𝒫ℱ𝒩𝛿𝒮𝑜 ) set in 𝑈1. 

Example 2   Let 𝑈1 = {𝑠1, 𝑠2, 𝑠3, 𝑠4} = 𝑈2 = {𝑡1, 𝑡2, 𝑡3, 𝑡4} are the universe sets and the equivalence relations are 

𝑈1/𝑅 = {{𝑠1, 𝑠4}, {𝑠2}, {𝑠3}} and 𝑈2/𝑅 = {{𝑡1, 𝑡4}, {𝑡2}, {𝑡3}} . Let 𝐴1 = {⟨
𝑠1

0.3,0.7
⟩ , ⟨

𝑠2

0.1,0.6
⟩ , ⟨

𝑠3

0.4,0.4
⟩ , ⟨

𝑠4

0.4,0.6
⟩} and 

𝐴2 = {⟨
𝑡1

0.6,0.4
⟩ , ⟨

𝑡2

0.6,0.2
⟩ , ⟨

𝑡3

0.6,0.4
⟩ , ⟨

𝑡4

0.6,0.4
⟩} be a Pythagorean fuzzy subsets of 𝑈1 and 𝑈2 respectively.  

 𝒫ℱ𝔑(𝐴1) = {⟨
𝑠1,𝑠4

0.3,0.7
⟩ , ⟨

𝑠2

0.1,0.6
⟩ , ⟨

𝑠3

0.4,0.4
⟩}, 

 𝒫ℱ𝔑(𝐴1) = {⟨
𝑠1,𝑠4

0.4,0.6
⟩ , ⟨

𝑠2

0.1,0.6
⟩ , ⟨

𝑠3

0.4,0.4
⟩}, 

 𝐵𝒫ℱ𝔑(𝐴1) = {⟨
𝑠1,𝑠4

0.4,0.6
⟩ , ⟨

𝑠2

0.1,0.6
⟩ , ⟨

𝑠3

0.4,0.4
⟩}, 

 𝒫ℱ𝔑(𝐴2) = {⟨
𝑡1,𝑡4

0.6,0.4
⟩ , ⟨

𝑡2

0.6,0.2
⟩ , ⟨

𝑡3

0.6,0.4
⟩}, 

 𝒫ℱ𝔑(𝐴2) = {⟨
𝑡1,𝑡4

0.6,0.4
⟩ , ⟨

𝑡2

0.6,0.2
⟩ , ⟨

𝑡3

0.6,0.4
⟩}, 
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 𝐵𝒫ℱ𝔑(𝐴2) = {⟨
𝑡1,𝑡4

0.4,0.6
⟩ , ⟨

𝑡2

0.2,0.6
⟩ , ⟨

𝑡3

0.4,0.6
⟩}. 

Now 𝜏𝑃(𝐴1) = {0𝒫 , 1𝒫, 𝒫ℱ𝔑(𝐴1), 𝒫ℱ𝔑(𝐴1) = 𝐵𝒫ℱ𝔑(𝐴1)}, 𝜏𝑃(𝐴2) = {0𝒫 , 1𝒫 , 𝒫ℱ𝔑(𝐴2) =

𝒫ℱ𝔑(𝐴2), 𝐵𝒫ℱ𝔑(𝐴2)}. Let ℎ𝑃: (𝑈2, 𝜏𝑃(𝐴2)) → (𝑈1, 𝜏𝑃(𝐴1)) be an identity function, then ℎ𝑃 is 𝒫ℱ𝒩𝛿𝒮𝑂 but not 

𝒫ℱ𝒩𝛿𝑂. Since, 𝐵𝒫ℱ𝔑(𝐴2) is a 𝒫ℱ𝒩𝛿𝒮𝑜 set in 𝑈2 but ℎ𝑃(𝐵𝒫ℱ𝔑(𝐴2)) = 𝐵𝒫ℱ𝔑(𝐴2) is not 𝒫ℱ𝒩𝛿𝑜 set in 𝑈1. 

Example 3   Let 𝑈1 = {𝑠1, 𝑠2, 𝑠3, 𝑠4} = 𝑈2 = {𝑡1, 𝑡2, 𝑡3, 𝑡4} are the universe sets and the equivalence relations are 

𝑈1/𝑅 = {{𝑠1, 𝑠4}, {𝑠2}, {𝑠3}} and 𝑈2/𝑅 = {{𝑡1, 𝑡4}, {𝑡2}, {𝑡3}} . Let 𝐴1 = {⟨
𝑠1

0.7,0.4
⟩ , ⟨

𝑠2

0.6,0.6
⟩ , ⟨

𝑠3

0.7,0.7
⟩ , ⟨

𝑠4

0.7,0.6
⟩} and 

𝐴2 = {⟨
𝑡1

0.7,0.6
⟩ , ⟨

𝑡2

0.5,0.5
⟩ , ⟨

𝑡3

0.6,0.6
⟩ , ⟨

𝑡4

0.6,0.7
⟩} be a Pythagorean fuzzy subsets of 𝑈1 and 𝑈2 respectively.  

 𝒫ℱ𝔑(𝐴1) = {⟨
𝑠1,𝑠4

0.7,0.6
⟩ , ⟨

𝑠2

0.6,0.6
⟩ , ⟨

𝑠3

0.7,0.7
⟩}, 

 𝒫ℱ𝔑(𝐴1) = {⟨
𝑠1,𝑠4

0.7,0.4
⟩ , ⟨

𝑠2

0.6,0.6
⟩ , ⟨

𝑠3

0.7,0.7
⟩}, 

 𝐵𝒫ℱ𝔑(𝐴1) = {⟨
𝑠1,𝑠4

0.6,0.7
⟩ , ⟨

𝑠2

0.6,0.6
⟩ , ⟨

𝑠3

0.7,0.7
⟩}, 

 𝒫ℱ𝔑(𝐴2) = {⟨
𝑡1,𝑡4

0.6,0.7
⟩ , ⟨

𝑡2

0.5,0.5
⟩ , ⟨

𝑡3

0.6,0.6
⟩}, 

 𝒫ℱ𝔑(𝐴2) = {⟨
𝑡1,𝑡4

0.7,0.6
⟩ , ⟨

𝑡2

0.5,0.5
⟩ , ⟨

𝑡3

0.6,0.6
⟩}, 

 𝐵𝒫ℱ𝔑(𝐴2) = {⟨
𝑡1,𝑡4

0.7,0.6
⟩ , ⟨

𝑡2

0.5,0.5
⟩ , ⟨

𝑡3

0.6,0.6
⟩}. 

Now 𝜏𝑃(𝐴1) = {0𝒫 , 1𝒫, 𝒫ℱ𝔑(𝐴1), 𝒫ℱ𝔑(𝐴1), 𝐵𝒫ℱ𝔑(𝐴1)}, 𝜏𝑃 (𝐴2) = {0𝒫 , 1𝒫 , 𝒫ℱ𝔑(𝐴2), 𝒫ℱ𝔑(𝐴2) =

𝐵𝒫ℱ𝔑(𝐴2)}. Let ℎ𝑃: (𝑈2, 𝜏𝑃(𝐴2)) → (𝑈1, 𝜏𝑃(𝐴1)) be an identity function, then ℎ𝑃 is 𝒫ℱ𝒩𝜃𝒮𝑂 but not 𝒫ℱ𝒩𝜃𝑂. 

Since, 𝐵𝒫ℱ𝔑(𝐴2) is a 𝒫ℱ𝒩𝑜 set in 𝑈2 but ℎ𝑃(𝐵𝒫ℱ𝔑(𝐴2)) = 𝐵𝒫ℱ𝔑(𝐴2) is not 𝒫ℱ𝒩𝜃𝑜 set in 𝑈1. 

Example 4   Let 𝑈1 = {𝑠1, 𝑠2, 𝑠3, 𝑠4} = 𝑈2 = {𝑡1, 𝑡2, 𝑡3, 𝑡4} are the universe sets and the equivalence relations are 

𝑈1/𝑅 = {{𝑠1, 𝑠4}, {𝑠2}, {𝑠3}} and 𝑈2/𝑅 = {{𝑡1, 𝑡4}, {𝑡2}, {𝑡3}}. Let 𝐴1 = {⟨
𝑠1

0.8,0.4
⟩ , ⟨

𝑠2

0.6,0.6
⟩ , ⟨

𝑠3

0.7,0.7
⟩ , ⟨

𝑠4

0.5,0.7
⟩} and  

𝐴2 = {⟨
𝑡1

0.6,0.3
⟩ , ⟨

𝑡2

0.6,0.6
⟩ , ⟨

𝑡3

0.7,0.7
⟩ , ⟨

𝑡4

0.6,0.3
⟩} be a Pythagorean fuzzy subsets of 𝑈1 and 𝑈2 respectively.  

 𝒫ℱ𝔑(𝐴1) = {⟨
𝑠1,𝑠4

0.5,0.7
⟩ , ⟨

𝑠2

0.6,0.6
⟩ , ⟨

𝑠3

0.7,0.7
⟩}, 

 𝒫ℱ𝔑(𝐴1) = {⟨
𝑠1,𝑠4

0.8,0.4
⟩ , ⟨

𝑠2

0.6,0.6
⟩ , ⟨

𝑠3

0.7,0.7
⟩}, 

𝐵𝒫ℱ𝔑(𝐴1) = {⟨
𝑠1, 𝑠4

0.7,0.5
⟩ , ⟨

𝑠2

0.6,0.6
⟩ , ⟨

𝑠3

0.7,0.7
⟩}, 

 𝒫ℱ𝔑(𝐴2) = {⟨
𝑡1,𝑡4

0.6,0.3
⟩ , ⟨

𝑡2

0.6,0.6
⟩ , ⟨

𝑡3

0.7,0.7
⟩}, 

 𝒫ℱ𝔑(𝐴2) = {⟨
𝑡1,𝑡4

0.6,0.3
⟩ , ⟨

𝑡2

0.6,0.6
⟩ , ⟨

𝑡3

0.7,0.7
⟩}, 

 𝐵𝒫ℱ𝔑(𝐴2) = {⟨
𝑡1,𝑡4

0.3,0.6
⟩ , ⟨

𝑡2

0.6,0.6
⟩ , ⟨

𝑡3

0.7,0.7
⟩}. 

Now 𝜏𝑃(𝐴1) = {0𝒫 , 1𝒫, 𝒫ℱ𝔑(𝐴1), 𝒫ℱ𝔑(𝐴1), 𝐵𝒫ℱ𝔑(𝐴1)}, 𝜏𝑃 (𝐴2) = {0𝒫 , 1𝒫 , 𝒫ℱ𝔑(𝐴2) =

𝒫ℱ𝔑(𝐴2), 𝐵𝒫ℱ𝔑(𝐴2)}. Let ℎ𝑃: (𝑈2, 𝜏𝑃(𝐴2)) → (𝑈1, 𝜏𝑃(𝐴1)) be an identity function, then ℎ𝑃 is 𝒫ℱ𝒩𝑀𝑂 but not 

𝒫ℱ𝒩𝛿𝒫𝑂. Since, 𝐵𝒫ℱ𝔑(𝐴2) is a 𝒫ℱ𝒩𝑜 set in 𝑈2 but ℎ𝑃(𝐵𝒫ℱ𝔑(𝐴2)) = 𝐵𝒫ℱ𝔑(𝐴2) is not 𝒫ℱ𝒩𝛿𝒫𝑜 set in 𝑈1. 
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Example 5   Let 𝑈1 = {𝑠1, 𝑠2, 𝑠3, 𝑠4} = 𝑈2 = {𝑡1, 𝑡2, 𝑡3, 𝑡4} are the universe sets and the equivalence relations are 

𝑈1/𝑅 = {{𝑠1, 𝑠3}, {𝑠2, 𝑠4}} and 𝑈2/𝑅 = {{𝑡1, 𝑡3}, {𝑡2, 𝑡4}}. Let 𝐴1 = {⟨
𝑠1

0.1,0.8
⟩ , ⟨

𝑠2

0.3,0.7
⟩ , ⟨

𝑠3

0.2,0.9
⟩ , ⟨

𝑠4

0.4,0.6
⟩} and  

𝐴2 = {⟨
𝑡1

0.4,0.8
⟩ , ⟨

𝑡2

0.5,0.4
⟩ , ⟨

𝑡3

0.6,0.6
⟩ , ⟨

𝑡4

0.7,0.6
⟩} be a Pythagorean fuzzy subsets of 𝑈1 and 𝑈2 respectively.  

 𝒫ℱ𝔑(𝐴1) = {⟨
𝑠1,𝑠3

0.1,0.9
⟩ , ⟨

𝑠2,𝑠4

0.3,0.7
⟩}, 

 𝒫ℱ𝔑(𝐴1) = {⟨
𝑠1,𝑠3

0.2,0.8
⟩ , ⟨

𝑠2,𝑠4

0.4,0.6
⟩}, 

 𝐵𝒫ℱ𝔑(𝐴1) = {⟨
𝑠1,𝑠3

0.2,0.8
⟩ , ⟨

𝑠2,𝑠4

0.4,0.6
⟩}, 

 𝒫ℱ𝔑(𝐴2) = {⟨
𝑡1,𝑡3

0.4,0.8
⟩ , ⟨

𝑡2,𝑡4

0.5,0.6
⟩}, 

 𝒫ℱ𝔑(𝐴2) = {⟨
𝑡1,𝑡3

0.6,0.6
⟩ , ⟨

𝑡2,𝑡4

0.7,0.4
⟩}, 

                              𝐵𝒫ℱ𝔑(𝐴2) = {⟨
𝑡1,𝑡3

0.6,0.6
⟩ , ⟨

𝑡2,𝑡4

0.6,0.5
⟩}. 

Now 𝜏𝑃(𝐴1) = {0𝒫 , 1𝒫, 𝒫ℱ𝔑(𝐴1), 𝒫ℱ𝔑(𝐴1) = 𝐵𝒫ℱ𝔑(𝐴1)},𝜏𝑃(𝐴2) = 0𝒫 , 1𝒫 , 𝒫ℱ𝔑(𝐴2), 𝒫ℱ𝔑(𝐴2), 𝐵𝒫ℱ𝔑(𝐴2)}.  

Let ℎ𝑃: (𝑈2, 𝜏𝑃(𝐴2)) → (𝑈1, 𝜏𝑃(𝐴1)) be an identity function, then ℎ𝑃 is 𝒫ℱ𝒩𝑒𝑂 but not 𝒫ℱ𝒩𝑀𝑂. Since, 

𝐵𝒫ℱ𝔑(𝐴2) is a 𝒫ℱ𝒩𝑜 set in 𝑈2 but ℎ𝑃(𝐵𝒫ℱ𝔑(𝐴2)) = 𝐵𝒫ℱ𝔑(𝐴2) is not 𝒫ℱ𝒩𝑀𝑜 set in 𝑈1. 

Theorem 3   A function ℎ𝑃: (𝑈1, 𝜏𝑃(𝐹1)) → (𝑈2, 𝜏𝑃(𝐹2)) is 𝒫ℱ𝔑𝑀𝐶 mapping if and only if 𝒫ℱ𝔑𝑀𝑐𝑙(ℎ𝑃(𝐴)) ⊆

ℎ𝑃(𝒫ℱ𝔑 𝑐𝑙(𝐴)) for every Pythagorean fuzzy set 𝐴 of 𝑈1.  

Proof. Suppose ℎ𝑃: (𝑈1, 𝜏𝑃(𝐹1)) → (𝑈2, 𝜏𝑃(𝐹2)) is a 𝒫ℱ𝔑𝑀𝐶 function and 𝐴 is any Pythagorean fuzzy set in 𝑈1. 

Then 𝒫ℱ𝔑𝑐𝑙(𝐴) is a 𝒫ℱ𝔑𝑐 set in 𝑈1. Since ℎ𝑃 is 𝒫ℱ𝔑𝑀𝐶, ℎ𝑃(𝒫ℱ𝔑𝑐𝑙(𝐴)) is a 𝒫ℱ𝔑𝑀𝑐 set in 𝑈2. Then by 

Theorem 1 (ii), 𝒫ℱ𝔑𝑀𝑐𝑙(ℎ𝑃(𝒫ℱ𝔑 𝑐𝑙(𝐴))) = ℎ𝑃(𝒫ℱ𝔑𝑐𝑙(𝐴)). Therefore 𝒫ℱ𝔑𝑀𝑐𝑙ℎ𝑃(𝐴)) ⊆ 𝒫ℱ𝔑𝑀𝑐𝑙 

(ℎ𝑃(𝒫ℱ𝔑𝑐𝑙(𝐴))) = ℎ𝑃(𝒫ℱ𝔑𝑐𝑙(𝐴)). Hence 𝒫ℱ𝔑𝑀𝑐𝑙(ℎ𝑃(𝐴)) ⊆ ℎ𝑃(𝒫ℱ𝔑𝑐𝑙(𝐴)). 

Conversely, Let 𝐴 be a 𝒫ℱ𝔑𝑐 set in 𝑈1. Then 𝒫ℱ𝔑𝑐𝑙(𝐴) = 𝐴 and so ℎ𝑃(𝐴) = ℎ𝑃(𝒫ℱ𝔑𝑐𝑙(𝐴)). By our 

assumption 𝒫ℱ𝔑𝑀𝑐𝑙 (ℎ𝑃(𝐴)) ⊆ ℎ𝑃(𝐴). But ℎ𝑃(𝐴) ⊆ 𝒫ℱ𝔑𝑀𝑐𝑙(ℎ𝑃(𝐴)). Hence 𝒫ℱ𝔑 𝑀𝑐𝑙(ℎ𝑃(𝐴)) = ℎ𝑃(𝐴) 

and therefore by Theorem 1 (ii), ℎ𝑃(𝐴) is 𝒫ℱ𝔑𝑀𝑐 in 𝑈2. Thus ℎ𝑃 is a 𝒫ℱ𝔑𝑀𝐶 map.  

Theorem 4   A map ℎ𝑃: (𝑈1, 𝜏𝑃(𝐹1)) → (𝑈2, 𝜏𝑃(𝐹2)) is 𝒫ℱ𝔑𝑀𝐶 mapping if and only if for each Pythagorean 

fuzzy set 𝑆 of 𝑈2 and for each 𝒫ℱ𝔑𝑜 set 𝑈 of 𝑈1 containing ℎ𝑃
−1(𝑆) there exists a 𝒫ℱ𝔑𝑀𝑜 set 𝑉 of 𝑈2 such that 

𝑆 ⊆ 𝑉 and ℎ𝑃
−1(𝑉) ⊆ 𝑈.  

Proof. Suppose ℎ𝑃 is a 𝒫ℱ𝔑𝑀𝐶 map. Let 𝑆 be any Pythagor- ean fuzzy set in 𝑈2 and 𝑈 be a 𝒫ℱ𝔑𝑀𝑜 set of 𝑈1 

such that ℎ𝑃
−1(𝑆) ⊆ 𝑈. Then 𝑉 = (ℎ𝑃(𝑈𝑐))𝑐 is 𝒫ℱ𝔑𝑀𝑜 set containing 𝑆 such that ℎ𝑃

−1(𝑉) ⊆ 𝑈. Conversely, Let 

𝑆 be a 𝒫ℱ𝔑𝑐 set of 𝑈1. Then ℎ𝑃
−1((ℎ𝑃(𝑆))𝑐) ⊆ 𝑆𝑐 and 𝑆𝑐 is 𝒫ℱ𝔑𝑜 in 𝑈1. 

By assumption, there exists a 𝒫ℱ𝔑𝑀𝑜 set 𝑉 of 𝑈2 such that (ℎ𝑃(𝑆))𝑐 ⊆ 𝑉 and ℎ𝑃
−1(𝑉) ⊆ 𝑆𝑐 and so 𝑆 ⊆

(ℎ𝑃
−1(𝑉))𝑐. Hence 𝑉𝑐 ⊆ ℎ𝑃(𝑆) ⊆ ℎ𝑃((ℎ𝑃

−1(𝑉))𝑐) ⊆ 𝑉𝑐, which implies ℎ𝑃(𝑆) = 𝑉𝑐. Since 𝑉𝑐 is 𝒫ℱ𝔑𝑀𝑐, ℎ𝑃(𝑆) 

is 𝒫ℱ𝔑𝑀𝑐 and ℎ𝑃 is 𝒫ℱ𝔑𝑀𝐶 map.  

Remark 3   The composition of two 𝒫ℱ𝔑𝑀𝑂 maps need not be a 𝒫ℱ𝔑𝑀𝑂 map, which is shown in the following 

example.  

Example 6  Let 𝑈1 = {𝑠1, 𝑠2, 𝑠3, 𝑠4} = 𝑈2 = {𝑡1, 𝑡2, 𝑡3, 𝑡4} = 𝑈3 = {𝑢1, 𝑢2, 𝑢3, 𝑢4} are the universe sets and the 

equivalence relations are 𝑈1/𝑅 = {{𝑠1, 𝑠4}, {𝑠2}, {𝑠3}}, 𝑈2/𝑅 = {{𝑡1, 𝑡4}, {𝑡2}, {𝑡3}} and 𝑈3/𝑅 =

{{𝑢1, 𝑢4}, {𝑢2}, {𝑢3}}. 
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Let 𝐴1 = {⟨
𝑠1

0.4,0.3
⟩ , ⟨

𝑠2

0.4,0.2
⟩ , ⟨

𝑠3

0.5,0.3
⟩ , ⟨

𝑠4

0.5,0.2
⟩},  

𝐴2 = {⟨
𝑡1

0.9,0.3
⟩ , ⟨

𝑡2

0.5,0.7
⟩ , ⟨

𝑡3

0.3,0.5
⟩ , ⟨

𝑡4

0.6,0.7
⟩} and  

𝐴3 = {⟨
𝑢1

0.3,0.25
⟩ , ⟨

𝑢2

0.1,0.5
⟩ , ⟨

𝑢3

0.2,0.45
⟩ , ⟨

𝑢4

0.4,0.25
⟩} be a Pythagorean fuzzy subsets of 𝑈1, 𝑈2 and 𝑈3 respectively.  

 𝒫ℱ𝔑(𝐴1) = {⟨
𝑠1,𝑠4

0.4,0.3
⟩ , ⟨

𝑠2

0.4,0.2
⟩ , ⟨

𝑠3

0.5,0.3
⟩}, 

 𝒫ℱ𝔑(𝐴1) = {⟨
𝑠1,𝑠4

0.5,0.2
⟩ , ⟨

𝑠2

0.4,0.2
⟩ , ⟨

𝑠3

0.5,0.3
⟩}, 

 𝐵𝒫ℱ𝔑(𝐴1) = {⟨
𝑠1,𝑠4

0.3,0.4
⟩ , ⟨

𝑠2

0.2,0.4
⟩ , ⟨

𝑠3

0.3,0.5
⟩}, 

 𝒫ℱ𝔑(𝐴2) = {⟨
𝑡1,𝑡4

0.6,0.7
⟩ , ⟨

𝑡2

0.5,0.7
⟩ , ⟨

𝑡3

0.3,0.5
⟩}, 

 𝒫ℱ𝔑(𝐴2) = {⟨
𝑡1,𝑡4

0.9,0.3
⟩ , ⟨

𝑡2

0.5,0.7
⟩ , ⟨

𝑡3

0.3,0.5
⟩}, 

 𝐵𝒫ℱ𝔑(𝐴2) = {⟨
𝑡1,𝑡4

0.7,0.6
⟩ , ⟨

𝑡2

0.5,0.7
⟩ , ⟨

𝑡3

0.3,0.5
⟩}, 

 𝒫ℱ𝔑(𝐴3) = {⟨
𝑢1,𝑢4

0.3,0.25
⟩ , ⟨

𝑢2

0.1,0.5
⟩ , ⟨

𝑢3

0.2,0.45
⟩}, 

 𝒫ℱ𝔑(𝐴3) = {⟨
𝑢1,𝑢4

0.4,0.1
⟩ , ⟨

𝑢2

0.1,0.5
⟩ , ⟨

𝑢3

0.2,0.45
⟩}, 

                             𝐵𝒫ℱ𝔑(𝐴3) = {⟨
𝑢1,𝑢4

0.25,0.3
⟩ , ⟨

𝑢2

0.1,0.5
⟩ , ⟨

𝑢3

0.2,0.45
⟩}. 

Now 𝜏𝑃(𝐴1) = {0𝒫 , 1𝒫, 𝒫ℱ𝔑(𝐴1), 𝒫ℱ𝔑(𝐴1), 𝐵𝒫ℱ𝔑(𝐴1)}, 𝜏𝑃 (𝐴2) = {0𝒫 , 1𝒫 , 𝒫ℱ𝔑(𝐴2), 𝒫ℱ𝔑(𝐴2), 𝐵𝒫ℱ𝔑(𝐴2)}, 

𝜏𝑃(𝐴3) = {0𝒫 , 1𝒫, 𝒫ℱ𝔑(𝐴3) = 𝒫ℱ𝔑(𝐴3), 𝐵𝒫ℱ𝔑(𝐴3)}. Let ℎ𝑃: (𝑈1, 𝜏𝑃(𝐴1)) → (𝑈2, 𝜏𝑃(𝐴2)) and 

𝑔𝑃: (𝑈2, 𝜏𝑃(𝐴2)) → (𝑈3, 𝜏𝑃(𝐴3)) be an identity function, then ℎ𝑃 and 𝑔𝑃 are 𝒫ℱ𝒩𝑀𝑂 but (ℎ𝑃 ∘ 𝑔𝑃) is not 

𝒫ℱ𝒩𝑀𝑂. Since, 𝐵𝒫ℱ𝔑(𝐴1) is a 𝒫ℱ𝒩𝑜 set in 𝑈1 but (ℎ𝑃 ∘ 𝑔𝑃)(𝐵𝒫ℱ𝔑(𝐴1)) = 𝐵𝒫ℱ𝔑(𝐴1) is not 𝒫ℱ𝒩𝑀𝑜 set in 

𝑈3. 

Theorem 5   Let ℎ𝑃: (𝑈1, 𝜏𝑃(𝐹1)) → (𝑈2, 𝜏𝑃(𝐹2)) be a 𝒫ℱ𝔑𝐶 map and 𝑔𝑃: (𝑈2, 𝜏𝑃(𝐹2)) → (𝑈3, 𝜏𝑃(𝐹3)) be a 

𝒫ℱ𝔑𝑀𝐶 map. Then their composition 𝑔𝑃 ∘ ℎ𝑃: (𝑈1, 𝜏𝑃(𝐹1)) → (𝑈3, 𝜏𝑃(𝐹3)) is 𝒫ℱ𝔑𝑀𝐶.  

Proof. Let 𝐹 be a 𝒫ℱ𝔑𝑐 set in 𝑈1. Since ℎ𝑃 is 𝒫ℱ𝔑𝐶, ℎ𝑃(𝐹) is 𝒫ℱ𝔑𝑐 in 𝑈2. Since 𝑔𝑃 is 𝒫ℱ𝔑𝑀𝐶, 𝑔𝑃(ℎ𝑃(𝐹)) =

(𝑔𝑃 ∘ ℎ𝑃)(𝐹) is 𝒫ℱ𝔑𝑀𝑐 in 𝑈3. Hence 𝑔𝑃 ∘ ℎ𝑃 is a 𝒫ℱ𝔑𝑀𝐶 map.  

Theorem 6   Let ℎ𝑃: (𝑈1, 𝜏𝑃(𝐹1)) → (𝑈2, 𝜏𝑃(𝐹2)) and 𝑔𝑃: (𝑈2, 𝜏𝑃(𝐹2)) → (𝑈3, 𝜏𝑃(𝐹3)) be two mappings such that 

their composition 𝑔𝑃 ∘ ℎ𝑃: (𝑈1, 𝜏𝑃(𝐹1)) → (𝑈3, 𝜏𝑃(𝐹3)) is 𝒫ℱ𝔑𝑀𝐶 map. Then the followings are true.   

 1.  If ℎ𝑃 is 𝒫ℱ𝔑𝐶𝑡𝑠 and surjective, then 𝑔𝑃 is 𝒫ℱ𝔑𝑀𝐶 map.  

 2.  If 𝑔𝑃 is 𝒫ℱ𝔑𝑀𝐼𝑟𝑟 and injective, then ℎ𝑃 is 𝒫ℱ𝔑𝑀𝐶 map.  

Proof. (i) Let 𝐴 be a 𝒫ℱ𝔑𝑐 set of 𝑈2. Since ℎ𝑃 is 𝒫ℱ𝔑𝐶𝑡𝑠 map, ℎ𝑃
−1(𝐴) is 𝒫ℱ𝔑𝑐𝑠 in 𝑈1. Since 𝑔𝑃 ∘ ℎ𝑃 is 

𝒫ℱ𝔑𝑀𝐶 map, (𝑔𝑃 ∘ ℎ𝑃)(ℎ𝑃
−1(𝐴)) is 𝒫ℱ𝔑𝑀𝑐𝑠 in 𝑀. Since ℎ𝑃 is surjective, 𝑔𝑃(𝐴) is 𝒫ℱ𝔑𝑀𝑐𝑠 in 𝑈3. Hence 𝑔𝑃 

is 𝒫ℱ𝔑𝑀𝐶 map. 

(ii) Let 𝐵 be any 𝒫ℱ𝔑𝑐 set of 𝑈1. Since 𝑔𝑃 ∘ ℎ𝑃 is 𝒫ℱ𝔑𝑀𝐶 map, (𝑔𝑃 ∘ ℎ𝑃)(𝐵) is 𝒫ℱ𝔑𝑀𝑐𝑠 in 𝑈3. Since 𝑔𝑃 is 

𝒫ℱ𝔑𝑀𝐼𝑟𝑟, 𝑔𝑃
−1(𝑔𝑃 ∘ ℎ𝑃(𝐵)) is 𝒫ℱ𝔑𝑀𝑐𝑠 in 𝑈2. Since 𝑔𝑃 is injective, ℎ𝑃(𝐵) is 𝒫ℱ𝔑𝑀𝑐𝑠 in 𝑈2. Hence ℎ𝑃 is 

𝒫ℱ𝔑𝑀𝐶 map.  
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Theorem 7   Let ℎ𝑃: (𝑈1, 𝜏𝑃(𝐹1)) → (𝑈2, 𝜏𝑃(𝐹2)) be 𝒫ℱ𝔑𝑀𝐶 map.   

1.  If 𝐴 is 𝒫ℱ𝔑𝑐 set of 𝑈1, then the restriction ℎ𝑃: (𝑈𝐴, 𝜏𝑃(𝐹𝐴)) → (𝑈2, 𝜏𝑃(𝐹2)) is 𝒫ℱ𝔑𝑀𝐶 map.  

2.  If 𝐴 = ℎ𝑃
−1(𝐵) for some 𝒫ℱ𝔑𝑐 set 𝐵 of 𝑈2, then the restriction ℎ𝑃: (𝑈𝐴, 𝜏𝑃(𝐹𝐴)) → (𝑈2, 𝜏𝑃(𝐹2)) is 𝒫ℱ𝔑𝑀𝐶 

map.  

Proof. (i) Let 𝐵 be any 𝒫ℱ𝔑𝑐 set of 𝐴. Then 𝐵 = 𝐴 ∩ 𝐿 for some 𝒫ℱ𝔑𝑐 set 𝐿 of 𝑈1 and so 𝐵 is 𝒫ℱ𝔑𝑐𝑠 in 𝑈1. 

By hypothesis, ℎ𝑃(𝐵) is 𝒫ℱ𝔑𝑀𝑐𝑠 in 𝑈2. But ℎ𝑃(𝐵) = ℎ𝑃(𝐵), therefore ℎ𝑃 is a 𝒫ℱ𝔑𝑀𝐶 map. 

(ii) Let 𝐷 be a 𝒫ℱ𝔑𝑐 set of 𝐴. Then 𝐷 = 𝐴 ∩ 𝐻, for some 𝒫ℱ𝔑𝑐 set 𝐻 in 𝑈1. Now, ℎ𝑃(𝐷) = ℎ𝑃(𝐴 ∩ 𝐻) =

ℎ𝑃(ℎ𝑃
−1(𝐵) ∩ 𝐻) = 𝐵 ∩ ℎ𝑃(𝐻). Since ℎ𝑃 is 𝒫ℱ𝔑𝑀𝐶, ℎ𝑃(𝐻) is 𝒫ℱ𝔑𝑀𝑐𝑠 in 𝑈2. Hence ℎ𝑃 is a 𝒫ℱ𝔑𝑀𝐶 map.  

Theorem 8   A function ℎ𝑃: (𝑈1, 𝜏𝑃(𝐹1)) → (𝑈2, 𝜏𝑃(𝐹2)) is 𝒫ℱ𝔑𝑀𝑂 map if and only if ℎ𝑃(𝒫ℱ𝔑𝑖𝑛𝑡(𝐴)) ⊆

𝒫ℱ𝔑𝑀𝑖𝑛𝑡(ℎ𝑃(𝐴)), for every Pythagorean fuzzy set 𝐴 of 𝑈1.  

Proof. Suppose ℎ𝑃: (𝑈1, 𝜏𝑃(𝐹1)) → (𝑈2, 𝜏𝑃(𝐹2)) is a 𝒫ℱ𝔑𝑀𝑂 function and 𝐴 is any Pythagorean fuzzy set in 𝑈1. 

Then 𝒫ℱ𝔑𝑖𝑛𝑡(𝐴) is a 𝒫ℱ𝔑𝑜 set in 𝑈1. Since ℎ𝑃 is 𝒫ℱ𝔑𝑀𝑂, ℎ𝑃(𝒫ℱ𝔑𝑖𝑛𝑡(𝐴)) is a 𝒫ℱ𝔑𝑀𝑜 set. Since 

𝒫ℱ𝔑𝑀𝑖𝑛𝑡(ℎ𝑃(𝒫ℱ𝔑𝑖𝑛𝑡(𝐴))) ⊆ 𝒫ℱ𝔑𝑀𝑖𝑛𝑡 (ℎ𝑃(𝐴)), ℎ𝑃(𝒫ℱ𝔑𝑖𝑛𝑡(𝐴)) ⊆ 𝒫ℱ𝔑𝑀𝑖𝑛𝑡(ℎ𝑃(𝐴)). 

Conversely, ℎ𝑃(𝒫ℱ𝔑𝑖𝑛𝑡(𝐴)) ⊆ 𝒫ℱ𝔑𝑀𝑖𝑛𝑡(ℎ𝑃(𝐴)) for every Pythagorean fuzzy set 𝐴 in 𝑈1. Let 𝑈 be 

a 𝒫ℱ𝔑𝑜 set in 𝑈1. Then 𝒫ℱ𝔑𝑖𝑛𝑡(𝑈) = 𝑈 and by hypothesis, ℎ𝑃(𝑈) ⊆ 𝒫ℱ𝔑𝑀𝑖𝑛𝑡(ℎ𝑃(𝑈)). But 

𝒫ℱ𝔑𝑀𝑖𝑛𝑡(ℎ𝑃(𝑈)) ⊆ ℎ𝑃(𝑈). Therefore, ℎ𝑃(𝑈) = 𝒫ℱ𝔑𝑀𝑖𝑛𝑡 (ℎ𝑃(𝑈)). Then by Theorem 1 (i), ℎ𝑃(𝑈) is 

𝒫ℱ𝔑𝑀𝑜. Hence ℎ𝑃 is a 𝒫ℱ𝔑𝑀𝑂 map.  

Definition 15  Let 𝐴 and 𝐵 be any two Pythagorean fuzzy subsets of a 𝒫ℱ𝔑𝑡𝑠’s. Then 𝐴 is Pythagorean fuzzy 

nano (resp. 𝜃, 𝜃𝒮, 𝛿𝒫 and 𝑀) 𝑞-neighbourhood (briefly, 𝒫ℱ𝔑𝑞-𝑛𝑏ℎ𝑑 (resp. 𝒫ℱ𝔑𝜃𝑞-𝑛𝑏ℎ𝑑, 𝒫ℱ𝔑𝜃𝒮𝑞-𝑛𝑏ℎ𝑑, 

𝒫ℱ𝔑𝛿𝒫𝑞-𝑛𝑏ℎ𝑑 & 𝒫ℱ𝔑𝑀𝑞-𝑛𝑏ℎ𝑑)) with 𝐵 if there exists a 𝒫ℱ𝔑𝑜 (resp. 𝒫ℱ𝔑𝜃𝑜, 𝒫ℱ𝔑𝜃𝒮𝑜, 𝒫ℱ𝔑𝛿𝒫𝑜 and 

𝒫ℱ𝔑𝑀𝑜) set 𝑂 with 𝐴𝑞𝑂 ⊆ 𝐵.  

Theorem 9   Let ℎ𝑃: (𝑈1, 𝜏𝑃(𝐹1)) → (𝑈2, 𝜏𝑃(𝐹2)) be a mapping. Then the following statements are equivalent.   

1.  ℎ𝑃 is a 𝒫ℱ𝔑𝑀𝑂 mapping,  

 2.  For a subset 𝐴 of 𝑈1, ℎ𝑃(𝒫ℱ𝔑𝑖𝑛𝑡(𝐴)) ⊆ 𝒫ℱ𝔑𝑀𝑖𝑛𝑡(𝑓(𝐴)).  

 3.  For each 𝑥𝛼 ∈ 𝑈1 and for each 𝒫ℱ𝔑𝑞-𝑛𝑏ℎ𝑑 𝑈 of 𝑥𝛼  in 𝑈1, there exists 𝐴 𝒫ℱ𝔑𝑀𝑞-𝑛𝑏ℎ𝑑 𝑊 of ℎ𝑃(𝑥𝛼) in 𝑈2 

such that 𝑊 ⊆ ℎ𝑃(𝑈).  

Proof. (i) ⇒ (ii): Suppose ℎ𝑃: (𝑈1, 𝜏𝑃(𝐹1)) → (𝑈2, 𝜏𝑃(𝐹2)) is a 𝒫ℱ𝔑𝑀𝑂 function and 𝐴 ⊆ 𝑈1. Then 𝒫ℱ𝔑𝑖𝑛𝑡(𝐴) 

is a 𝒫ℱ𝔑𝑜 set in 𝑈1. Since ℎ𝑃 is 𝒫ℱ𝔑𝑀𝑂 map, ℎ𝑃(𝒫ℱ𝔑𝑖𝑛𝑡(𝐴)) is a 𝒫ℱ𝔑𝑀𝑜 set. Since 

𝒫ℱ𝔑𝑀𝑖𝑛𝑡(ℎ𝑃(𝒫ℱ𝔑𝑖𝑛𝑡(𝐴))) ⊆ 𝒫ℱ𝔑𝑀𝑖𝑛𝑡(ℎ𝑃(𝐴)), ℎ𝑃 (𝒫ℱ𝔑𝑖𝑛𝑡(𝐴)) ⊆ 𝒫ℱ𝔑𝑀𝑖𝑛𝑡(ℎ𝑃(𝐴)). This proves (ii). 

(ii) ⇒ (iii): Let 𝑥𝛼 ∈ 𝑈1 and 𝑈 be any arbitrary 𝒫ℱ𝔑𝑞-𝑛𝑏ℎ𝑑 of 𝑥𝛼  in 𝑈1. Then there exists a 𝒫ℱ𝔑𝑜 set 

𝐺 such that 𝑥𝛼 ∈ 𝐺 ⊆ 𝑈. By (ii), ℎ𝑃(𝐺) = ℎ𝑃(𝒫ℱ𝔑𝑖𝑛𝑡(𝐺)) ⊆ 𝒫ℱ𝔑𝑀𝑖𝑛𝑡(ℎ𝑃(𝐺)). But, 𝒫ℱ𝔑𝑀𝑖𝑛𝑡(ℎ𝑃(𝐺)) ⊆

ℎ𝑃(𝐺). Therefore, 𝒫ℱ𝔑𝑀𝑖𝑛𝑡(ℎ𝑃(𝐺)) = ℎ𝑃(𝐺) and hence ℎ𝑃(𝐺) is 𝒫ℱ𝔑𝑀𝑜𝑠 in 𝑈2. Since 𝑥𝛼 ∈ 𝐺 ⊆ 𝑈, 

ℎ𝑃(𝑥𝛼) ∈ ℎ𝑃(𝐺) ⊆ ℎ𝑃(𝑈) and so (iii) holds, by taking 𝑊 = ℎ𝑃(𝐺). 

(iii) ⇒ (i): Let 𝑈 be any 𝒫ℱ𝔑𝑜 set in 𝑈1. Let 𝑥𝛼 ∈ 𝑈 and ℎ𝑃(𝑥𝛼) = 𝑦𝛽. Then for each 𝑥𝛼 ∈ 𝑈, 𝑦 ∈

ℎ𝑃(𝑈), by assumption there exists a 𝒫ℱ𝔑𝑞𝑀-𝑛𝑏ℎ𝑑 𝑊(𝑦𝛽) of 𝑦𝛽 in 𝑈2 such that 𝑊(𝑦𝛽) ⊆ ℎ𝑃(𝑈). Since 𝑊(𝑦𝛽) 

is a 𝒫ℱ𝔑𝑞𝑀-𝑛𝑏ℎ𝑑 of 𝑦𝛽, there exists a 𝒫ℱ𝔑𝑀𝑜 set 𝑉(𝑦𝛽) in 𝑈2 such that 𝑦𝛽 ∈ 𝑉(𝑦𝛽) ⊆ 𝑊(𝑦𝛽). Therefore, 

ℎ𝑃(𝑈) =∪ {𝑉(𝑦𝛽)|𝑦𝛽 ∈ ℎ𝑃(𝑈)}. Since the union of 𝒫ℱ𝔑𝑀𝑜 sets is 𝒫ℱ𝔑𝑀𝑜, ℎ𝑃(𝑈) is a 𝒫ℱ𝔑𝑀𝑜 set in 𝑈2. 

Thus, ℎ𝑃 is a 𝒫ℱ𝔑𝑀𝑂 map.  

Theorem 10   For any bijective map ℎ𝑃: (𝑈1, 𝜏𝑃(𝐹1)) → (𝑈2, 𝜏𝑃(𝐹2)) the following statements are equivalent:   

 1.  ℎ𝑃
−1: (𝑈2, 𝜏𝑃(𝐹2)) → (𝑈1, 𝜏𝑃(𝐹1)) is 𝒫ℱ𝔑𝑀𝐶𝑡𝑠.  

 2.  ℎ𝑃 is 𝒫ℱ𝔑𝑀𝑂 map.  
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3.  ℎ𝑃 is 𝒫ℱ𝔑𝑀𝐶 map.  

 Proof. (i) → (ii): Let 𝑈 be a 𝒫ℱ𝔑𝑜 set in 𝑈1. By assumption, (ℎ𝑃
−1)−1(𝑈) = ℎ𝑃(𝑈) is 𝒫ℱ𝔑𝑀𝑜𝑠 in 𝑈2 and so ℎ𝑃 

is 𝒫ℱ𝔑𝑀𝑂 map. 

(ii) → (iii): Let 𝐹 be a 𝒫ℱ𝔑𝑐 set of 𝑈1. Then 𝐹𝑐 is a 𝒫ℱ𝔑𝑜 set in 𝑈1. By assumption ℎ𝑃(𝐹𝑐) is 𝒫ℱ𝔑𝑀𝑜 set in 

𝑈2. But ℎ𝑃(𝐹𝑐) = (ℎ𝑃(𝐹))𝑐 . Therefore ℎ𝑃(𝐹) is 𝒫ℱ𝔑𝑀𝑐 set in 𝑈2. Hence, ℎ𝑃 is 𝒫ℱ𝔑𝑀𝐶 map. 

(iii) ⇒ (i): Let 𝐹 be a 𝒫ℱ𝔑𝑀𝑐 set of 𝑈1. By assumption, ℎ𝑃(𝐹) is 𝒫ℱ𝔑𝑀𝑐 set in 𝑈2. But ℎ𝑃(𝐹) = (ℎ𝑃
−1)−1(𝐹) 

and therefore by Theorem 2, ℎ𝑃
−1 is 𝒫ℱ𝔑𝑀𝐶𝑡𝑠.  

Remark 4  Theorems 3 to 10 and Remark 3 are holds for 𝒫ℱ𝔑𝑜, 𝒫ℱ𝔑𝜃𝑜, 𝒫ℱ𝔑𝜃𝒮𝑜 & 𝒫ℱ𝔑𝛿𝒫𝑜 sets.  

4   Pythagorean Fuzzy nano 𝑴 homeomorphism 

The purpose of this section is to introduces the idea of Pythagorean fuzzy nano 𝑀 homeomorphism in 𝒫ℱ𝔑𝑡𝑠 

and establish some of their attributes. 

Definition 16   Let (𝑈1, 𝜏𝑃(𝐹1)) and (𝑈2, 𝜏𝑃(𝐹2)) be 𝒫ℱ𝔑𝑡𝑠. A mapping ℎ𝑃: (𝑈1, 𝜏𝑃(𝐹1)) → (𝑈2, 𝜏𝑃(𝐹2)) is said 

to be a Pythag- orean fuzzy nano (resp. 𝜃, 𝜃𝒮, 𝛿𝒫 and 𝑀) homeomorphism (briefly, 𝒫ℱ𝔑𝐻𝑜𝑚 (resp. 𝒫ℱ𝔑𝜃𝐻𝑜𝑚, 

𝒫ℱ𝔑𝜃𝒮𝐻𝑜𝑚, 𝒫ℱ𝔑𝛿𝒫𝐻𝑜𝑚 and 𝒫ℱ𝔑𝑀𝐻𝑜𝑚)) if ℎ𝑃 is bijective, 𝒫ℱ𝔑𝑂 (resp. 𝒫ℱ𝔑𝜃𝑂, 𝒫ℱ𝔑𝜃𝒮𝑂, 𝒫ℱ𝔑𝛿𝒫𝑂 

and 𝒫ℱ𝔑𝑀𝑂) function and 𝒫ℱ𝔑𝑂 (resp. 𝒫ℱ𝔑𝜃𝑂, 𝒫ℱ𝔑𝜃𝒮𝑂, 𝒫ℱ𝔑𝛿𝒫𝑂 and 𝒫ℱ𝔑𝑀𝑂) mapping.  

Example 7  In example 6, ℎ𝑃: (𝑈1, 𝜏𝑃(𝐴1)) → (𝑈2, 𝜏𝑃(𝐴2)) be an identity function, then ℎ𝑃 is 𝒫ℱ𝒩𝑀𝑂 and ℎ𝑃
−1 

is 𝒫ℱ𝒩𝑀𝑂. Then ℎ𝑃 is 𝒫ℱ𝔑𝑀𝐻𝑜𝑚.  

Theorem 11   Let (𝑈1, 𝜏𝑃(𝐹1)) and (𝑈2, 𝜏𝑃(𝐹2)) be two 𝒫ℱ𝔑𝑡𝑠 and ℎ𝑃: (𝑈1, 𝜏𝑃(𝐹1)) → (𝑈2, 𝜏𝑃(𝐹2)) be a 

bijective function. Then ℎ𝑃 is a 𝒫ℱ𝔑𝑀𝐻𝑜𝑚 if and only if ℎ𝑃 is a 𝒫ℱ𝔑𝑀𝐶𝑡𝑠 function and 𝒫ℱ𝔑𝑀𝐶 mapping.  

Proof. Let ℎ𝑃 be a 𝒫ℱ𝔑𝑀𝐻𝑜𝑚 homeomorphism. From Definition 16 ℎ𝑃 is a 𝒫ℱ𝔑𝑀𝐶𝑡𝑠 function. From Theorem 

10, we have ℎ𝑃
−1 is a 𝒫ℱ𝔑𝑀𝐶 function. So, (ℎ𝑃

−1)−1 = ℎ𝑃 is a 𝒫ℱ𝔑𝑀𝐶 function.  

Theorem 12   Let 𝑔𝑃: (𝑈1, 𝜏𝑃(𝐹1)) → (𝑈2, 𝜏𝑃(𝐹2)) be a bijective mapping. If 𝑔𝑃 is 𝒫ℱ𝔑𝑀𝐶𝑡𝑠, then the following 

statements are equivalent: [(a)]  

 1.  𝑔𝑃 is a 𝒫ℱ𝔑𝑀𝐶 mapping.  

 2.  𝑔𝑃 is a 𝒫ℱ𝔑𝑀𝑂 mapping.  

3.  𝑔𝑃
−1 is a 𝒫ℱ𝔑𝑀𝐻𝑜𝑚.  

 Proof. (a) ⇒ (b) Let us assume that 𝑔𝑃 is a bijective mapping and a 𝒫ℱ𝔑𝑀𝐶 mapping. Hence, 𝑔𝑃
−1 is a 𝒫ℱ𝔑𝑀𝐶𝑡𝑠 

mapping. Since each 𝒫ℱ𝔑𝑜 set is a 𝒫ℱ𝔑𝑀𝑜 set, 𝑔𝑃 is a 𝒫ℱ𝔑𝑀𝑂 mapping. 

(b) ⇒ (c) Let 𝑔𝑃 be a bijective and 𝒫ℱ𝔑𝑀𝑂 mapping. Furthermore, 𝑔𝑃
−1 is a 𝒫ℱ𝔑𝑀𝐶𝑡𝑠 mapping. 

Hence, 𝑔𝑃 and 𝑔𝑃
−1 are 𝒫ℱ𝔑𝑀𝐶𝑡𝑠. Therefore, 𝑔𝑃 is a 𝒫ℱ𝔑𝑀𝐻𝑜𝑚. 

(c) ⇒ (a) Let 𝑔𝑃 be a 𝒫ℱ𝔑𝑀𝐻𝑜𝑚. Then 𝑔𝑃 and 𝑔𝑃
−1 are 𝒫ℱ𝔑𝑀𝐶𝑡𝑠. Since each 𝒫ℱ𝔑𝑐 set in 𝑈1 is a 

𝒫ℱ𝔑𝑀𝑐 set in 𝑈2, hence 𝑔𝑃 is a 𝒫ℱ𝔑𝑀𝐶 mapping.  

Remark 5  Theorems 11 and 12 are holds for 𝒫ℱ𝔑𝑜, 𝒫ℱ𝔑𝜃𝑜, 𝒫ℱ𝔑𝜃𝒮𝑜 & 𝒫ℱ𝔑𝛿𝒫𝑜 sets.  

5   Almost Pythagorean fuzzy nano 𝑴 totally mappings 

 In this section, we introduce almost Pythagorean fuzzy nano 𝑀 totally mappings and we discuss some basic 

properties. 

Definition 17  A function ℎ𝑃: (𝑈1, 𝜏𝑃(𝐹1)) → (𝑈2, 𝜏𝑃(𝐹2)) is said to be   

 1.  Almost Pythagorean fuzzy nano (resp. 𝜃, 𝜃𝒮, 𝛿𝒫 and 𝑀) open map (briefly, 𝒜𝒫ℱ𝔑𝑂 (resp. 𝒜𝒫ℱ𝔑𝜃𝑂, 

𝒜𝒫ℱ𝔑𝜃𝒮𝑂, 𝒜𝒫ℱ𝔑𝛿𝒫𝑂 and 𝒜𝒫ℱ𝔑𝑀𝑂)) if the image of each 𝒫ℱ𝔑𝑟𝑜 set in 𝑈1 is 𝒫ℱ𝔑𝑜 (resp. 𝒫ℱ𝔑𝜃𝑜, 

𝒫ℱ𝔑𝜃𝒮𝑜, 𝒫ℱ𝔑𝛿𝒫𝑜 and 𝒫ℱ𝔑𝑀𝑜)-set in 𝑈2.  
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2.  Almost Pythagorean fuzzy nano (resp. 𝜃, 𝜃𝒮, 𝛿𝒫 and 𝑀) closed map (briefly, 𝒜𝒫ℱ𝔑𝐶 (resp. 𝒜𝒫ℱ𝔑𝜃𝐶, 

𝒜𝒫ℱ𝔑𝜃𝒮𝐶, 𝒜𝒫ℱ𝔑𝛿𝒫𝐶 and 𝒜𝒫ℱ𝔑𝑀𝐶)) if the image of each 𝒫ℱ𝔑𝑟𝑐 set in 𝑈1 is 𝒫ℱ𝔑𝑐 (resp. 𝒫ℱ𝔑𝜃𝑐, 

𝒫ℱ𝔑𝜃𝒮𝑐, 𝒫ℱ𝔑𝛿𝒫𝑐 and 𝒫ℱ𝔑𝑀𝑐)-set in 𝑈2.  

3.  Almost Pythagorean fuzzy nano (resp. 𝜃, 𝜃𝒮, 𝛿𝒫 and 𝑀) clopen map (briefly, 𝒜𝒫ℱ𝔑𝑐𝑙𝑂 (resp. 𝒜𝒫ℱ𝔑𝜃𝑐𝑙𝑂, 

𝒜𝒫ℱ𝔑𝜃 𝒮𝑐𝑙𝑂, 𝒜𝒫ℱ𝔑𝛿𝒫𝑐𝑙𝑂 and 𝒜𝒫ℱ𝔑𝑀𝑐𝑙𝑂)) if the image of each 𝒫ℱ𝔑𝑟𝑐𝑙𝑜 set in 𝑈1 is 𝒫ℱ𝔑𝑐𝑙𝑜 (resp. 

𝒫ℱ𝔑𝜃𝑐𝑙𝑜, 𝒫ℱ𝔑𝜃𝒮𝑐𝑙𝑜, 𝒫ℱ𝔑𝛿𝒫𝑐𝑙𝑜 and 𝒫ℱ𝔑𝑀𝑐𝑙𝑜)-set in 𝑈2.  

 4.  Pythagorean fuzzy nano (resp. 𝜃, 𝜃𝒮, 𝛿𝒫 and 𝑀) totally open map (briefly, 𝒫ℱ𝔑𝒯𝑂 (resp. 𝒫ℱ𝔑𝜃𝒯𝑂, 

𝒫ℱ𝔑𝜃𝒮𝒯𝑂, 𝒫ℱ𝔑𝛿𝒫𝒯𝑂 and 𝒫ℱ𝔑𝑀𝒯𝑂)) if the image of each 𝒫ℱ𝔑𝑜 (resp. 𝒫ℱ𝔑𝜃𝑜, 𝒫ℱ𝔑𝜃𝒮𝑜, 𝒫ℱ𝔑𝛿𝒫𝑜 and 

𝒫ℱ𝔑𝑀𝑜) set in 𝑈1 is 𝒫ℱ𝔑𝑐𝑙𝑜 (resp. 𝒫ℱ𝔑𝜃𝑐𝑙𝑜, 𝒫ℱ𝔑𝜃𝒮𝑐𝑙𝑜, 𝒫ℱ𝔑𝛿𝒫𝑐𝑙𝑜 and 𝒫ℱ𝔑𝑀𝑐𝑙𝑜)-set in 𝑈2.  

5.  Pythagorean fuzzy nano (resp. 𝜃, 𝜃𝒮, 𝛿𝒫 and 𝑀) totally closed map (briefly, 𝒫ℱ𝔑𝒯𝐶 (resp. 𝒫ℱ𝔑𝜃𝒯𝐶, 

𝒫ℱ𝔑𝜃𝒮𝒯𝐶, 𝒫ℱ𝔑𝛿𝒫𝒯𝐶 and 𝒫ℱ𝔑𝑀𝒯𝐶)) if the image of each 𝒫ℱ𝔑𝑐 (resp. 𝒫ℱ𝔑𝜃𝑐, 𝒫ℱ𝔑𝜃𝒮𝑐, 𝒫ℱ𝔑𝛿𝒫𝑐 and 

𝒫ℱ𝔑𝑀𝑐) set in 𝑈1 is 𝒫ℱ𝔑𝑐𝑙𝑜 (resp. 𝒫ℱ𝔑𝜃𝑐𝑙𝑜, 𝒫ℱ𝔑𝜃𝒮𝑐𝑙𝑜, 𝒫ℱ𝔑𝛿𝒫𝑐𝑙𝑜 and 𝒫ℱ𝔑𝑀𝑐𝑙𝑜)-set in 𝑈2.  

6.  Almost Pythagorean fuzzy nano (resp. 𝜃, 𝜃𝒮, 𝛿𝒫 and 𝑀) totally open map (briefly, 𝒜𝒫ℱ𝔑𝒯𝑂 (resp. 

𝒜𝒫ℱ𝔑𝜃𝒯𝑂, 𝒜𝒫ℱ𝔑𝜃𝒮𝒯𝑂, 𝒜𝒫ℱ𝔑𝛿𝒫𝒯𝑂 and 𝒜𝒫ℱ𝔑𝑀𝒯𝑂)) if the image of each 𝒫ℱ𝔑𝑟𝑜 set in 𝑈1 is 𝒫ℱ𝔑𝑐𝑙𝑜 

(resp. 𝒫ℱ𝔑𝜃𝑐𝑙𝑜, 𝒫ℱ𝔑𝜃𝒮𝑐𝑙𝑜, 𝒫ℱ𝔑𝛿𝒫𝑐𝑙𝑜 and 𝒫ℱ𝔑𝑀𝑐𝑙𝑜)-set in 𝑈2.  

7.  Almost Pythagorean fuzzy nano (resp. 𝜃, 𝜃𝒮, 𝛿𝒫 and 𝑀) totally closed map (briefly, 𝒜𝒫ℱ𝔑𝒯𝐶 (resp. 

𝒜𝒫ℱ𝔑𝜃𝒯𝐶, 𝒜𝒫ℱ𝔑𝜃𝒮𝒯𝐶, 𝒜𝒫ℱ𝔑𝛿𝒫𝒯𝐶 and 𝒜𝒫ℱ𝔑𝑀𝒯𝐶)) if the image of each 𝒫ℱ𝔑𝑟𝑐 set in 𝑈1 is 𝒫ℱ𝔑𝑐𝑙𝑜 

(resp. 𝒫ℱ𝔑𝜃𝑐𝑙𝑜, 𝒫ℱ𝔑𝜃𝒮𝑐𝑙𝑜, 𝒫ℱ𝔑𝛿𝒫𝑐𝑙𝑜 and 𝒫ℱ𝔑𝑀𝑐𝑙𝑜)-set in 𝑈2.  

 8.  Almost Pythagorean fuzzy nano (resp. 𝜃, 𝜃𝒮, 𝛿𝒫 and 𝑀) totally clopen map (briefly, 𝒜𝒫ℱ𝔑𝒯𝑐𝑙𝑂 (resp. 

𝒜𝒫ℱ𝔑𝜃𝒯𝑐𝑙𝑂, 𝒜𝒫ℱ𝔑𝜃𝒮𝒯𝑐𝑙𝑂, 𝒜𝒫ℱ𝔑𝛿𝒫𝒯𝑐𝑙𝑂 and 𝒜𝒫ℱ𝔑𝑀𝒯𝑐𝑙𝑂)) if the image of each 𝒫ℱ𝔑𝑟𝑐𝑙𝑜 set in 𝑈1 is 

𝒫ℱ𝔑𝑐𝑙𝑜 (resp. 𝒫ℱ𝔑𝜃𝑐𝑙𝑜, 𝒫ℱ𝔑𝜃𝒮𝑐𝑙𝑜, 𝒫ℱ𝔑𝛿𝒫𝑐𝑙𝑜 and 𝒫ℱ𝔑𝑀𝑐𝑙𝑜)-set in 𝑈2.  

Theorem 13   Every 𝒜𝒫ℱ𝔑𝑀𝒯𝐶 map is 𝒜𝒫ℱ𝔑𝑀𝐶.  

Proof. Let 𝑈1 and 𝑈2 be 𝒫ℱ𝔑𝑡𝑠. Let ℎ𝑃: (𝑈1, 𝜏𝑃(𝐹1)) → (𝑈2, 𝜏𝑃(𝐹2)) be an 𝒜𝒫ℱ𝔑𝑀𝒯𝐶 mapping. To prove ℎ𝑃 

is 𝒜𝒫ℱ𝔑 𝑀𝐶, let 𝐻 be any 𝒫ℱ𝔑𝑟𝑐 subset of 𝑈1. Since ℎ𝑃 is 𝒜𝒫ℱ𝔑𝑀𝒯𝐶 mapping, ℎ𝑃(𝐻) is 𝒜𝒫ℱ𝔑𝑀𝑐𝑙𝑜 in 

𝑈2. This implies that ℎ𝑃(𝐻) is 𝒫ℱ𝔑𝑐 in 𝑈2. Therefore ℎ𝑃 is 𝒜𝒫ℱ𝔑𝑀𝐶.  

Corollary 1   Every 𝒜𝒫ℱ𝔑𝑀𝒯𝑂 map is 𝒜𝒫ℱ𝔑𝑀𝑂.  

Theorem 14   If a bijective function ℎ𝑃: (𝑈1, 𝜏𝑃(𝐹1)) → (𝑈2, 𝜏𝑃(𝐹2)) is 𝒜𝒫ℱ𝔑𝑀𝒯𝑂, then the image of each 

𝒫ℱ𝔑𝑟𝑐 set in 𝑈1 is 𝒜𝒫ℱ𝔑𝑀𝑐𝑙𝑜 set in 𝑈2.  

Proof. Let 𝐹 be a 𝒫ℱ𝔑𝑟𝑐 set in 𝑈1. Then 𝐹𝑐 is 𝒫ℱ𝔑𝑟𝑜 in 𝑈1. Since ℎ𝑃 is 𝒜𝒫ℱ𝔑𝑀𝒯𝑂, ℎ𝑃
𝑐 = [𝑓(𝐹)]𝑐 is 

𝒜𝒫ℱ𝔑𝑀𝑐𝑙𝑜 in 𝑈2. This implies that ℎ𝑃(𝐹) is 𝒜𝒫ℱ𝔑𝑀𝑐𝑙𝑜 set in 𝑈2.  

Theorem 15   A surjective function ℎ𝑃: (𝑈1, 𝜏𝑃(𝐹1)) → (𝑈2, 𝜏𝑃(𝐹2)) is 𝒜𝒫ℱ𝔑𝑀𝒯𝑂 if and only if for each subset 

𝐵 of 𝑈2 and for each 𝒫ℱ𝔑𝑟𝑜 set 𝑈 containing ℎ𝑃
−1(𝐵), there is a 𝒫ℱ𝔑𝑀𝑐𝑙𝑜 set 𝑉 of 𝑈2 such that 𝐵 ⊆ 𝑉 and 

ℎ𝑃
−1(𝑉) ⊆ 𝑈.  

Proof. Suppose ℎ𝑃: (𝑈1, 𝜏𝑃(𝐹1)) → (𝑈2, 𝜏𝑃(𝐹2)) is a surjective and 𝒜𝒫ℱ𝔑𝑀𝒯𝑂 function and 𝐵 ⊆ 𝑉. Let 𝑈 be 

𝒫ℱ𝔑𝑟𝑜 set of 𝑈1 such that ℎ𝑃
−1(𝐵) ⊆ 𝑈. Since ℎ𝑃 is 𝒜𝒫ℱ𝔑𝑀𝒯𝑂 function, ℎ𝑃(𝑈) = [ℎ𝑃(𝑈𝑐)]𝑐 is 𝒫ℱ𝔑𝑀𝑐𝑙𝑜 

set. Then 𝑉 = [ℎ𝑃(𝑈𝑐)]𝑐 is 𝒫ℱ𝔑𝑀𝑐𝑙𝑜 set of 𝑈2 containing 𝐵 such that ℎ𝑃
−1(𝑉) ⊆ 𝑈.  

Theorem 16   A map ℎ𝑃: (𝑈1, 𝜏𝑃(𝐹1)) → (𝑈2, 𝜏𝑃(𝐹2)) is 𝒜𝒫ℱ𝔑𝑀𝒯𝑂 if and only if for each subset 𝐴 of 𝑈2 and 

each 𝒫ℱ𝔑𝑟𝑐 set 𝑈 containing ℎ𝑃
−1(𝐴) there is a 𝒫ℱ𝔑𝑀𝑐𝑙𝑜 set 𝑉 of 𝑈2 such that 𝐴 ⊆ 𝑉 and ℎ𝑃

−1(𝑉) ⊆ 𝑈.  

Proof. Suppose ℎ𝑃 is 𝒜𝒫ℱ𝔑𝑀𝒯𝑂. Let 𝐴 ⊆ 𝑌 and 𝑈 be a 𝒫ℱ𝔑𝑟𝑐 set of 𝑈1 such that ℎ𝑃
−1(𝐴) ⊆ 𝑈. Now 𝑈𝑐 is 

𝒫ℱ𝔑𝑟𝑜 and ℎ𝑃 is 𝒜𝒫ℱ𝔑𝑀𝒯𝑂, ℎ𝑃(𝑈𝑐) is 𝒫ℱ𝔑𝑀𝑐𝑙𝑜 set in 𝑈2. Then 𝑉 = (ℎ𝑃(𝑈𝑐))𝑐 is a 𝒫ℱ𝔑𝑀𝑐𝑙𝑜 set in 𝑈2. 

Note that ℎ𝑃
−1(𝐴) ⊆ 𝑈 implies 𝐴 ⊆ 𝑉 and ℎ𝑃

−1(𝑉) = (ℎ𝑃
−1(ℎ𝑃(𝑈𝑐)))𝑐 ⊆ (𝑈𝑐)𝑐 = 𝑈. That is ℎ𝑃

−1(𝑉) ⊆ 𝑈. 
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Conversely, let 𝐹 be a 𝒫ℱ𝔑𝑟𝑜 set of 𝑈1. Then ℎ𝑃
−1(ℎ𝑃(𝐹)𝑐) ⊆ 𝐹𝑐 and 𝐹𝑐 is 𝒫ℱ𝔑𝑟𝑐 set in 𝑈1. By 

hypothesis, there exist a 𝒫ℱ𝔑𝑀𝑐𝑙𝑜 set 𝑉 in 𝑈2 such that ℎ𝑃(𝐹𝑐) ⊆ 𝑉 and 𝑉𝑐 ⊆ ℎ𝑃(𝐹) and so 𝐹 ⊆ (ℎ𝑃
−1(𝑉))𝑐. 

Hence ℎ𝑃(𝐹) ⊆ ℎ𝑃((ℎ𝑃
−1(𝑉))𝑐) which implies ℎ𝑃(𝐹) ⊆ 𝑉𝑐. Since 𝑉𝑐 is 𝒫ℱ𝔑𝑀𝑐𝑙𝑜, ℎ𝑃(𝐹) is 𝒫ℱ𝔑𝑀𝑐𝑙𝑜. That is 

ℎ𝑃(𝐹) is 𝒫ℱ𝔑𝑀𝑐𝑙𝑜 in 𝑈2. Therefore ℎ𝑃 is 𝒜𝒫ℱ𝔑𝑀𝒯𝑂.  

Corollary 2   A map ℎ𝑃: (𝑈1, 𝜏𝑃(𝐹1)) → (𝑈2, 𝜏𝑃(𝐹2)) is 𝒜𝒫ℱ𝔑𝑀𝒯𝐶 if and only if for each subset 𝐴 of 𝑈2 and 

each 𝒫ℱ𝔑𝑟𝑜 set 𝑈 containing ℎ𝑃
−1(𝐴), there is a 𝒫ℱ𝔑𝑀𝑐𝑙𝑜 set 𝑉 of 𝑈2 such that 𝐴 ⊆ 𝑉 and ℎ𝑃

−1(𝑉) ⊆ 𝑈.  

Theorem 17   If ℎ𝑃: (𝑈1, 𝜏𝑃(𝐹1)) → (𝑈2, 𝜏𝑃(𝐹2)) is 𝒜𝒫ℱ𝔑𝑀 𝒯𝐶 and 𝐴 is 𝒫ℱ𝔑𝑟𝑐 subset of 𝑈1 then 

ℎ𝑃: (𝑈𝐴, 𝜏𝑃(𝐹1)) → (𝑈2, 𝜏𝑃(𝐹2)) is 𝒜𝒫ℱ𝔑𝑀𝒯𝐶.  

Proof. Consider the function ℎ𝑃: (𝑈𝐴, 𝜏𝑃(𝐹𝐴)) → (𝑈2, 𝜏𝑃(𝐹2)) and let 𝑉 be any 𝒫ℱ𝔑𝑀𝑐𝑙𝑜 set in 𝑈2. Since ℎ𝑃 is 

𝒜𝒫ℱ𝔑𝑀𝒯𝐶, ℎ𝑃
−1(𝑉) is 𝒫ℱ𝔑𝑟𝑐 subset of 𝑈1. Since 𝐴 is 𝒫ℱ𝔑𝑟𝑐 susset of 𝑈1 and ℎ𝑃

−1(𝑉) = 𝐴 ∩ ℎ𝑃
−1(𝑉) is 

𝒫ℱ𝔑𝑟𝑐𝑠 in 𝐴, it follows ℎ𝑃
−1(𝑉) is 𝒫ℱ𝔑𝑟𝑐𝑠 in 𝐴. Hence ℎ𝑃 is 𝒜𝒫ℱ𝔑𝑀𝒯𝐶.  

Remark 6   𝒜𝒫ℱ𝔑𝑀𝒯𝑐𝑙𝑂 mapping is 𝒜𝒫ℱ𝔑𝑀𝒯𝑂 and 𝒜𝒫ℱ𝔑𝑀𝒯𝐶 map.  

Remark 7  Theorems 13 to 17, Corollaries 1 and 2 and Remark 6 are holds for 𝒫ℱ𝔑𝑜, 𝒫ℱ𝔑𝜃𝑜, 𝒫ℱ𝔑𝜃𝒮𝑜 & 

𝒫ℱ𝔑𝛿𝒫𝑜 sets.  

6   Almost Pythagorean fuzzy nano 𝑴 totally continuous functions 

In this section, some new continuous functions are introduced and discussed their characterizations. 

Definition 18  A map ℎ𝑃: (𝑈1, 𝜏𝑃(𝐹1)) → (𝑈2, 𝜏𝑃(𝐹2)) is said to be   

 1.  Pythagorean fuzzy nano (resp. 𝜃, 𝜃𝒮, 𝛿𝒫 and 𝑀) totally continuous (briefly, 𝒫ℱ𝔑𝒯𝐶𝑡𝑠 (resp. 𝒫ℱ𝔑𝜃𝒯𝐶𝑡𝑠, 

𝒫ℱ𝔑𝜃𝒮𝒯𝐶𝑡𝑠, 𝒫ℱ𝔑𝛿𝒫𝒯𝐶𝑡𝑠 and 𝒫ℱ𝔑𝑀𝒯𝐶𝑡𝑠)) if ℎ𝑃
−1(𝑉) is 𝒫ℱ𝔑𝑐𝑙𝑜 (resp. 𝒫ℱ𝔑𝜃𝑐𝑙𝑜, 𝒫ℱ𝔑𝜃𝒮𝑐𝑙𝑜, 𝒫ℱ𝔑𝛿𝒫𝑐𝑙𝑜 

and 𝒫ℱ𝔑𝑀𝑐𝑙𝑜) set in 𝑈1 for each 𝒫ℱ𝔑𝑜 (resp. 𝒫ℱ𝔑𝜃𝑜, 𝒫ℱ𝔑𝜃𝒮𝑜, 𝒫ℱ𝔑𝛿𝒫𝑜 and 𝒫ℱ𝔑𝑀𝑜) set 𝑉 in 𝑈2.  

2.  Almost Pythagorean fuzzy nano (resp. 𝜃, 𝜃𝒮, 𝛿𝒫 and 𝑀) totally continuous (briefly, 𝒜𝒫ℱ𝔑𝒯𝐶𝑡𝑠 (resp. 

𝒜𝒫ℱ𝔑𝜃𝒯𝐶𝑡𝑠, 𝒜𝒫ℱ𝔑𝜃𝒮𝒯𝐶𝑡𝑠, 𝒜𝒫ℱ𝔑𝛿𝒫𝒯𝐶𝑡𝑠 and 𝒜𝒫ℱ𝔑𝑀𝒯𝐶𝑡𝑠)) if ℎ𝑃
−1 (𝑉) is 𝒫ℱ𝔑𝑐𝑙𝑜 (resp. 𝒫ℱ𝔑𝜃𝑐𝑙𝑜, 

𝒫ℱ𝔑𝜃𝒮𝑐𝑙𝑜, 𝒫ℱ𝔑𝛿𝒫𝑐𝑙𝑜 and 𝒫ℱ𝔑𝑀𝑐𝑙𝑜) set in 𝑈1 for each 𝒫ℱ𝔑𝑟𝑜 set 𝑉 in 𝑈2.  

 3.  Almost Pythagorean fuzzy nano (resp. 𝜃, 𝜃𝒮, 𝛿𝒫 and 𝑀) totally clopen continuous (briefly, 𝒜𝒫ℱ𝔑𝒯𝑐𝑙𝑜𝐶𝑡𝑠 

(resp. 𝒜𝒫ℱ𝔑 𝜃𝒯𝑐𝑙𝑜𝐶𝑡𝑠, 𝒜𝒫ℱ𝔑𝜃𝒮𝒯𝑐𝑙𝑜𝐶𝑡𝑠, 𝒜𝒫ℱ𝔑𝛿𝒫𝒯𝑐𝑙𝑜𝐶𝑡𝑠 and 𝒜𝒫ℱ𝔑 𝑀𝒯𝑐𝑙𝑜𝐶𝑡𝑠)) if ℎ𝑃
−1(𝑉) is 𝒫ℱ𝔑𝑐𝑙𝑜 

(resp. 𝒫ℱ𝔑𝜃𝑐𝑙𝑜, 𝒫ℱ𝔑𝜃𝒮 𝑐𝑙𝑜, 𝒫ℱ𝔑𝛿𝒫𝑐𝑙𝑜 and 𝒫ℱ𝔑𝑀𝑐𝑙𝑜) set in 𝑈1 for each 𝒫ℱ𝔑𝑟𝑐𝑙𝑜 set 𝑉 in 𝑈2.  

Theorem 18   A function ℎ𝑃: (𝑈1, 𝜏𝑃(𝐹1)) → (𝑈2, 𝜏𝑃(𝐹2)) is 𝒜𝒫ℱ𝔑𝑀𝒯𝐶𝑡𝑠 function if the inverse image of every 

𝒫ℱ𝔑𝑟𝑐 set of 𝑈2 is 𝒫ℱ𝔑𝑀𝑐𝑙𝑜 set in 𝑈1.  

  

Proof. Let ℎ𝑃: (𝑈1, 𝜏𝑃(𝐹1)) → (𝑈2, 𝜏𝑃(𝐹2)) be 𝒜𝒫ℱ𝔑𝑀𝒯𝐶𝑡𝑠 and 𝐹 be any 𝒫ℱ𝔑𝑟𝑐 set in 𝑈2. Then 𝐹𝑐 is 𝒫ℱ𝔑𝑟𝑜 

set in 𝑈2. Since ℎ𝑃 is 𝒜𝒫ℱ𝔑𝑀𝒯𝐶𝑡𝑠, ℎ𝑃
−1(𝐹𝑐) is 𝒫ℱ𝔑𝑀𝑐𝑙𝑜 set in 𝑈1. That is (ℎ𝑃

−1(𝐹))𝑐 is 𝒫ℱ𝔑𝑀𝑐𝑙𝑜 set in 𝑈1. 

This implies that ℎ𝑃
−1(𝐹) is 𝒫ℱ𝔑𝑀𝑐𝑙𝑜 set in 𝑈1.  

Theorem 19   A function ℎ𝑃: (𝑈1, 𝜏𝑃(𝐹1)) → (𝑈2, 𝜏𝑃(𝐹2)) is 𝒜𝒫ℱ𝔑𝑀𝒯𝐶𝑡𝑠 is an 𝒜𝒫ℱ𝔑𝑀𝐶𝑡𝑠 function.  

Proof. Suppose ℎ𝑃: (𝑈1, 𝜏𝑃(𝐹1)) → (𝑈2, 𝜏𝑃(𝐹2)) is 𝒜𝒫ℱ𝔑𝑀𝒯 𝐶𝑡𝑠 and 𝑈 is any 𝒫ℱ𝔑𝑟𝑜 subset of 𝑈2. Since ℎ𝑃 

is 𝒜𝒫ℱ𝔑𝑀𝒯𝐶𝑡𝑠, ℎ𝑃
−1(𝑈) is 𝒫ℱ𝔑𝑀𝑐𝑙𝑜 in 𝑈1. This implies that ℎ𝑃

−1(𝑈) is 𝒫ℱ𝔑𝑀𝑜 in 𝑈1. Therefore the function 

ℎ𝑃 is 𝒜𝒫ℱ𝔑𝑀𝐶𝑡𝑠.  

Theorem 20   For any bijective map ℎ𝑃: (𝑈1, 𝜏𝑃(𝐹1)) → (𝑈2, 𝜏𝑃(𝐹2)) the following statements are equivalent:   

 1.  ℎ𝑃
−1: (𝑈2, 𝜏𝑃(𝐹2)) → (𝑈1, 𝜏𝑃(𝐹1)) is 𝒜𝒫ℱ𝔑𝑀𝒯𝐶𝑡𝑠.  

 2.  ℎ𝑃 is 𝒜𝒫ℱ𝔑𝑀𝒯𝑂.  

 3.  ℎ𝑃 is 𝒜𝒫ℱ𝔑𝑀𝒯𝐶.  
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Proof. (i) → (ii): Let 𝑈 be a 𝒫ℱ𝔑𝑟𝑜 set of 𝑈1. By assumption, (ℎ𝑃
−1)−1(𝑈) = ℎ𝑃(𝑈) is 𝒫ℱ𝔑𝑀𝑐𝑙𝑜 in 𝑈2 and so 

ℎ𝑃 is 𝒜𝒫ℱ𝔑𝑀𝒯𝑂. 

(ii) → (iii): Let 𝐹 be a 𝒫ℱ𝔑𝑟𝑐 set of 𝑈1. Then 𝐹𝑐 is 𝒫ℱ𝔑𝑟𝑜 set in 𝑈1. By assumption ℎ𝑃(𝐹𝑐) is 𝒫ℱ𝔑𝑀𝑐𝑙𝑜 set in 

𝑈2. Hence ℎ𝑃 is 𝒜𝒫ℱ𝔑𝑀𝒯𝐶. 

(iii) → (i): Let 𝐹 be a 𝒫ℱ𝔑𝑟𝑐 set of 𝑈1. By assumption, ℎ𝑃(𝐹) is 𝒫ℱ𝔑𝑀𝑐𝑙𝑜 set in 𝑈2. But ℎ𝑃(𝐹) = (ℎ𝑃
−1)−1(𝐹) 

and therefore ℎ𝑃
−1 is 𝒜𝒫ℱ𝔑𝑀𝒯𝐶𝑡𝑠.  

Remark 8  Theorems 18 to 20 are holds for 𝒫ℱ𝔑𝑜, 𝒫ℱ𝔑𝜃𝑜, 𝒫ℱ𝔑𝜃𝒮𝑜 & 𝒫ℱ𝔑𝛿𝒫𝑜 sets.  

7   Super Pythagorean fuzzy nano 𝑴 clopen continuous functions 

In this section, we introduce the concept of super 𝒫ℱ𝔑𝑀𝑐𝑙𝑜 continuous in 𝒫ℱ𝔑𝑡𝑠. 

Definition 19  A map ℎ𝑃: (𝑈1, 𝜏𝑃(𝐹1)) → (𝑈2, 𝜏𝑃(𝐹2)) is said to be super Pythagorean fuzzy nano (resp. 𝜃, 𝜃𝒮, 

𝛿𝒫 and 𝑀) clopen continuous (briefly, 𝒮𝒰𝒫ℱ𝔑𝑐𝑙𝑜𝐶𝑡𝑠 (resp. 𝒮𝒰𝒫ℱ𝔑𝜃𝑐𝑙𝑜𝐶𝑡𝑠, 𝒮𝒰𝒫ℱ𝔑𝜃𝒮𝑐𝑙𝑜𝐶𝑡𝑠, 

𝒮𝒰𝒫ℱ𝔑𝛿𝒫𝑐𝑙𝑜𝐶𝑡𝑠 and 𝒮𝒰𝒫ℱ𝔑𝑀𝑐𝑙𝑜𝐶𝑡𝑠)) if for each 𝑥𝛼 ∈ 𝑈1 and for each 𝒫ℱ𝔑𝑐𝑙𝑜 (resp. 𝒫ℱ𝔑𝜃𝑐𝑙𝑜, 

𝒫ℱ𝔑𝜃𝒮𝑐𝑙𝑜, 𝒫ℱ𝔑𝛿𝒫𝑐𝑙𝑜 and 𝒫ℱ𝔑𝑀𝑐𝑙𝑜) set 𝑉 containing ℎ𝑃(𝑥𝛼) in 𝑈2, there exist a 𝒫ℱ𝔑𝑟𝑜 set 𝑈 containing 

𝑥𝛼  such that ℎ𝑃(𝑈) ⊆ 𝑉.  

Theorem 21   Let ℎ𝑃: (𝑈1, 𝜏𝑃(𝐹1)) → (𝑈2, 𝜏𝑃(𝐹2)) be 𝒜𝒫ℱ𝔑 𝑀𝒯𝑂. Then ℎ𝑃 is 𝒮𝒰𝒫ℱ𝔑𝑀𝑐𝑙𝑜𝐶𝑡𝑠 if ℎ𝑃(𝑥𝛼) is 

𝒫ℱ𝔑𝑀𝑐𝑙𝑜 in 𝑈2.  

Proof. Let 𝐺 be 𝒫ℱ𝔑𝑀𝑐𝑙𝑜 set in 𝑈2. Now ℎ𝑃
−1(𝐺) is 𝒫ℱ𝔑𝑟𝑜𝑠 in 𝑈1. Since the intersection of 𝒫ℱ𝔑𝑀𝑐𝑙𝑜 set is 

𝒫ℱ𝔑𝑀𝑐𝑙𝑜 set in 𝑈2, ℎ𝑃(ℎ𝑃
−1(𝐺)) = 𝐺 ∧ ℎ𝑃(𝑥𝛼) is 𝒫ℱ𝔑𝑀𝑐𝑙𝑜 in 𝑈2. Therefore, ℎ𝑃

−1(𝐺) is 𝒫ℱ𝔑𝑟𝑜 in 𝑈1. Hence 

ℎ𝑃 is 𝒮𝒰𝒫ℱ𝔑𝑀𝑐𝑙𝑜𝐶𝑡𝑠 function.  

Theorem 22   If ℎ𝑃: (𝑈1, 𝜏𝑃(𝐹1)) → (𝑈2, 𝜏𝑃(𝐹2)) is surjective and 𝒜𝒫ℱ𝔑𝑀𝒯𝑂, then ℎ𝑃 is 𝒮𝒰𝒫ℱ𝔑𝑀𝑐𝑙𝑜𝐶𝑡𝑠.  

Proof. Let 𝐺 be 𝒫ℱ𝔑𝑀𝑐𝑙𝑜 set in 𝑈2. Take 𝐴 = ℎ𝑃
−1(𝐺). Since ℎ𝑃(𝐴) = 𝐺 is 𝒫ℱ𝔑𝑀𝑐𝑙𝑜 set in 𝑈2, by the Theorem 

21, 𝐴 is 𝒫ℱ𝔑𝑟𝑜 set in 𝑈1. Therefore ℎ𝑃 is 𝒮𝒰𝒫ℱ𝔑𝑀𝑐𝑙𝑜𝐶𝑡𝑠.  

Definition 20  A map ℎ𝑃: (𝑈1, 𝜏𝑃(𝐹1)) → (𝑈2, 𝜏𝑃(𝐹2)) is said to be Pythagorean fuzzy nano (resp. 𝜃, 𝜃𝒮, 𝛿𝒫 and 

𝑀) clopen irresolute function (briefly, 𝒫ℱ𝔑𝑐𝑙𝑜𝐼𝑟𝑟 (resp. 𝒫ℱ𝔑𝜃𝑐𝑙𝑜𝐼𝑟𝑟, 𝒫ℱ𝔑𝜃𝒮𝑐𝑙𝑜𝐼𝑟𝑟, 𝒫ℱ𝔑𝛿𝒫𝑐𝑙𝑜𝐼𝑟𝑟 and 

𝒫ℱ𝔑𝑀𝑐𝑙𝑜𝐼𝑟𝑟)) if ℎ𝑃
−1(𝑉) is 𝒫ℱ𝔑𝑐𝑙𝑜 (resp. 𝒫ℱ𝔑𝜃𝑐𝑙𝑜, 𝒫ℱ𝔑𝜃𝒮𝑐𝑙𝑜, 𝒫ℱ𝔑𝛿𝒫𝑐𝑙𝑜 and 𝒫ℱ𝔑𝑀𝑐𝑙𝑜) set in 𝑈1 for 

each 𝒫ℱ𝔑𝑐𝑙𝑜 (resp. 𝒫ℱ𝔑𝜃𝑐𝑙𝑜, 𝒫ℱ𝔑𝜃𝒮𝑐𝑙𝑜, 𝒫ℱ𝔑𝛿𝒫𝑐𝑙𝑜 and 𝒫ℱ𝔑𝑀𝑐𝑙𝑜) set 𝑉 in 𝑈2.  

Theorem 23   Let (𝑈1, 𝜏𝑃(𝐹1)), (𝑈2, 𝜏𝑃(𝐹2)) and (𝑈3, 𝜏𝑃(𝐹3)) be 𝒫ℱ𝔑𝑡𝑠. Then the composition 𝑔𝑃 ∘

ℎ𝑃: (𝑈1, 𝜏𝑃(𝐹1)) → (𝑈3, 𝜏𝑃 (𝐹3)) is 𝒮𝒰𝒫ℱ𝔑𝑀𝑐𝑙𝑜𝐶𝑡𝑠 function where ℎ𝑃: (𝑈1, 𝜏𝑃(𝐹1)) → (𝑈2, 𝜏𝑃(𝐹2)) is 

𝒮𝒰𝒫ℱ𝔑𝑀𝑐𝑙𝑜𝐶𝑡𝑠 function and 𝑔𝑃: (𝑈2, 𝜏𝑃(𝐹2)) → (𝑈3, 𝜏𝑃(𝐹3)) is 𝒫ℱ𝔑𝑀𝑐𝑙𝑜𝐼𝑟𝑟 function.  

Proof. Let 𝐴 be a 𝒫ℱ𝔑𝑟𝑐 set of 𝑈1. Since ℎ𝑃 is 𝒮𝒰𝒫ℱ𝔑𝑀𝑐𝑙𝑜 𝐶𝑡𝑠, ℎ𝑃(𝐴) is 𝒫ℱ𝔑𝑀𝑐𝑙𝑜 set in 𝑈2. Then by 

hypothesis, ℎ𝑃(𝐴) is 𝒫ℱ𝔑𝑀𝑐𝑙𝑜 set. Since 𝑔𝑃 is 𝒫ℱ𝔑𝑀𝑐𝑙𝑜𝐼𝑟𝑟, 𝑔𝑃(ℎ𝑃(𝐴)) = (𝑔𝑃 ∘ ℎ𝑃)(𝐴). Therefore 𝑔𝑃 ∘ ℎ𝑃 is 

𝒮𝒰𝒫ℱ𝔑𝑀𝑐𝑙𝑜𝐶𝑡𝑠.  

Theorem 24   If ℎ𝑃: (𝑈1, 𝜏𝑃(𝐹1)) → (𝑈2, 𝜏𝑃(𝐹2)) and 𝑔𝑃: (𝑈2, 𝜏𝑃(𝐹2)) → (𝑈3, 𝜏𝑃(𝐹3)) are two mappings such 

that their composition 𝑔𝑃 ∘ ℎ𝑃: (𝑈1, 𝜏𝑃(𝐹1)) → (𝑈3, 𝜏𝑃(𝐹3)) is 𝒜𝒫ℱ𝔑𝑀𝒯𝐶 mapping then the following 

statements are true.   

1.  If ℎ𝑃 is 𝒮𝒰𝒫ℱ𝔑𝑀𝑐𝑙𝑜𝐶𝑡𝑠 and surjective, then 𝑔𝑃 is a 𝒫ℱ𝔑𝑀 𝑐𝑙𝑜𝐼𝑟𝑟 function.  

2.  If 𝑔𝑃 is 𝒫ℱ𝔑𝑀𝑐𝑙𝑜𝐼𝑟𝑟 function and injective, then ℎ𝑃 is an 𝒜𝒫ℱ𝔑𝑀𝒯𝐶 function.  

Proof. (i) Let 𝐴 be a 𝒫ℱ𝔑𝑀𝑐𝑙𝑜 set of 𝑈2. Since ℎ𝑃 is 𝒮𝒰𝒫ℱ𝔑 𝑀𝑐𝑙𝑜𝐶𝑡𝑠, ℎ𝑃
−1(𝐴) is 𝒫ℱ𝔑𝑟𝑐𝑠 in 𝑈1. Since (𝑔𝑃 ∘

ℎ𝑃)(ℎ𝑃
−1(𝐴)) is 𝒫ℱ𝔑𝑀𝑐𝑙𝑜 set in 𝑀. Since ℎ𝑃 is surjective, 𝑔(𝐴) is 𝒫ℱ𝔑𝑀𝑐𝑙𝑜 set in 𝑈3. Therefore 𝑔𝑃 is 

𝒫ℱ𝔑𝑀𝑐𝑙𝑜𝐼𝑟𝑟 function. 
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(ii) Let 𝐵 be 𝒫ℱ𝔑𝑟𝑐 set of 𝑈1. Since 𝑔𝑃 ∘ ℎ𝑃 is 𝒜𝒫ℱ𝔑𝑀𝒯𝐶, 𝑔𝑃 ∘ ℎ𝑃(𝐵) is 𝒫ℱ𝔑𝑀𝑐𝑙𝑜 set in 𝑈3. Since 

𝑔𝑃 is a 𝒫ℱ𝔑𝑀𝑐𝑙𝑜𝐼𝑟𝑟 function, 𝑔𝑃
−1((𝑔𝑃 ∘ ℎ𝑃)(𝐵)) is 𝒫ℱ𝔑𝑀𝑐𝑙𝑜 set in 𝑈2. That is ℎ𝑃(𝐵) is 𝒫ℱ𝔑𝑀𝑐𝑙𝑜 set in 𝑈2. 

Since ℎ𝑃 is injective, ℎ𝑃 is an 𝒜𝒫ℱ𝔑𝑀𝒯𝐶 function.  

Remark 9  Theorems 21 to 24 are holds for 𝒫ℱ𝔑𝑜, 𝒫ℱ𝔑𝜃𝑜, 𝒫ℱ𝔑𝜃𝒮𝑜 & 𝒫ℱ𝔑𝛿𝒫𝑜 sets.  

Conclusion 

In this paper, we have continued to study the properties of Pythag- orean fuzzy nano 𝑀 open and Pythagorean 

fuzzy nano 𝑀 closed mappings in Pythagorean fuzzy nano topological spaces. Also, we study about Pythagorean 

fuzzy nano 𝑀 Homeomorphism, almost Pythagorean fuzzy nano 𝑀 totally mappings, almost Pythagorean fuzzy 

nano 𝑀 totally continuous mappings and super Pythagorean fuzzy nano 𝑀 clopen continuous functions and 

established the relations between them we obtain some new characterizations of these mappings in Pythagorean 

fuzzy nano topological spaces. 
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