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M closed mappings in Pythagorean fuzzy nano topological spaces. Also, we study about Pythagorean fuzzy nano
M Homeomorphism, almost Pythagorean fuzzy nano M totally mappings, almost Pythagorean fuzzy nano M
totally continuous mappings and super Pythagorean fuzzy nano M clopen continuous functions and their
properties in Pythagorean fuzzy nano topological spaces.

.Keywords: PFItMo set, PFIMO map, PFRMHom, APFRMT map, APFRMT Cts map, SUPFItMcloCts
map.

AMS(2000) Subject classification: 54A05, 54A40, 54C05, 03E72.

1. Introduction

The first successful attempt towards containing non-probabilistic uncertainty, i.e. uncertainty which is not incite
by randomness of an event, into mathematical modeling was made in 1965 by Zadeh [8] through his significant
theory on fuzzy sets. A fuzzy set is a set where each element of the universe belongs to it but with some value or
degree of belongingness which lies between 0 and 1 and such values are called membership value of an element
in that set. Later on Chang [1] was the first to introduce the concept of fuzzy topology. Rough set theory is
introduced by Pawlak [7] as a replacement mathematical tool for representing reasoning and deciding handling
vagueness and uncertainty. This theory provides the approximation of sets by means of equivalence relations and
is taken into account together of the primary non-statistical approaches in data analysis. A rough set are often
described by a pair of definable sets called lower and upper approximations. The lower approximation is that the
greatest definable set contained within the given set of objects while the upper approximation is that the smallest
definable set that contains the given set. Rough set concept are often defined quite generally by means of
topological operations, interior and closure, called approximations.

In 2013, a new topology called Nano topology was introduced by Lellis Thivagar [3] which is an extension of
rough set theory. He also introduced Nano topological spaces which were defined in terms of approximations and
boundary region of a subset of a universe using an equivalence relation on it. The elements of a Nano topological
space are called the Nano open sets and its complements are called the Nano closed sets. Nano means something
very small. Nano topology thus literally means the study of very small surface. The fundamental ideas in Nano
topology are those of approximations and indiscernibility relation. Furthermore nano § open sets in nano
topological space was studied in [6]. Recently, Lellis Thivagar et. al [4] explored a new concept of neutrosophic
nano topology. The notion of M-open sets in topological spaces were introduced by EI-Maghrabi and Al-Juhani
[2] in 2011 and studied some of their properties, and also M-open sets in a nano topological spaces by Padma et.
al [5].
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Research Gap: No investigation on some new mappings such as Pythagorean fuzzy nano M open, Pythagorean
fuzzy nano M closed mappings, Pythagorean fuzzy nano M Homeomorphism, almost Pythagorean fuzzy nano M
totally mappings, almost Pythagorean fuzzy nano M totally continuous mappings and super Pythagorean fuzzy
nano M clopen continuous functions on Pythagorean fuzzy nano topological space has been reported in the
Pythagorean fuzzy literature.

In this paper we introduce Pythagorean fuzzy nano M open and Pythagorean fuzzy nano M closed mappings in
Pythagorean fuzzy nano topological spaces. Also, we study about Pythagorean fuzzy nano M Homeomorphism,
almost Pythagorean fuzzy nano M totally mappings, almost Pythagorean fuzzy nano M totally continuous
mappings and super Pythagorean fuzzy nano M clopen continuous functions and discuss their properties in
PFNLs’s.

2 Preliminaries

Definition 1 [8] A function A from X into the unit interval I is called a fuzzy set in X. For every x € X, A(x) € I
is called the grade of membership of x in 1. Some authors say that A is a Pythagorean fuzzy subset of X instead
of saying that A is a fuzzy set in X. The class of all fuzzy sets from X into the closed unit interval I will be denoted
by I%.

Definition 2 [8] If 1 and & are any two fuzzy subsets of a set X, then A is said to be included in & or A is contained
in & or A is less than or equal to € iff A(x) < &(x) for all x in X and is denoted by A4 < &. Equivalently, A < ¢ iff
ua(x) < pe(x) forall x in X.

Note that every fuzzy subset is included in itself and empty fuzzy subset is included in every fuzzy subset.

Definition 3 [8] Two fuzzy subsets A and u of a set X are said to be equal, written 4 = p, if A(x) = u(x) for
every x in X.

Definition 4 [8] The complement of a fuzzy subset A in a set X, denoted by 1 — A, is the fuzzy subset of X defined
by 1 —A(x) forall x in X. Notethat 1 — (1 — 1) = A.

Definition 5 [8] The union of two fuzzy subsets A and u in a set X, denoted by A Vv y, is fuzzy subset in X defined
by (A V ) (x) = max{A(x), u(x)}, for all x in X.

In general, the union of a family of fuzzy subsets {;: i € I} is a fuzzy subset denoted by Vv;¢; & and defined by
(Vier £ (x) = sup{&;(x):i € I}, forall x in X.

Definition 6 [8] The intersection of two fuzzy subsets A and u in a set X, denoted by A A y, is fuzzy subset in X
defined by (4 A ) (x) = min{A(x), u(x)}, for all x in X.

In general, the intersection of a family of fuzzy subsets {¢;:i € I} in a Pythagorean fuzzy subset is denoted by
Nigr & and defined by (A €)(x) = inf{;(x):i € I}, forall x in X.

Definition 7 [4] Let U be a non-empty set and R be an equivalence relation on U. Let F be a Pythagorean fuzzy
set in U with the membership function uz. The Pythagorean fuzzy nano lower, Pythagorean fuzzy nano upper
approximation and Pythagorean fuzzy nano boundary approximation of F in (U,R) are denoted by

M(F),W(F) and Bpgy (F) respectively, and defined as follows:
1. PFR(F) = {(x, tp(ay(¥))/y € [x]p, x € U}
2. PFR(F) = {(x, ttza)(0))/y € [x]p x € U}
3. Bpen(F) = PFR(F) — PFR(F)
wWhere pgay (%) =Ayepxip Ha(V)- Hreay (%) =Vyepxg ha(y)-

Definition 8 [4] Let U be an universe, R be an equivalence relation on U and F be a Pythagorean fuzzy set in U
and if the collection 7,(F) = {OT, 1p, PFR(F), PFR(F), BTm(F)} forms a topology then it is said to be a
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Pythagorean fuzzy nano topology. We call (U,7,(F)) as the Pythagorean fuzzy nano topological space. The
elements of 7, (F) are called Pythagorean fuzzy nano open (briefly, PFJto) sets.

Remark 1 [4] [tp(F)]¢ is called the dual Pythagorean fuzzy nano topology of t,(F). Elements of [z, (F)]¢ are
called Pythagorean fuzzy nano closed (briefly, PFJc) sets. Thus, we note that a Pythagorean fuzzy set G of U is
Pythagorean fuzzy nano closed in 7, (F) if and only if U — G is Pythagorean fuzzy nano open in tp (F).

Definition 9 Let (U, 7p(F)) be a PFJtts with respect to F where F is a Pythagorean fuzzy subset of U. Then a
Pythagorean fuzzy subset S in U is said to be a Pythagorean fuzzy nano

1. interior of S (briefly, PFint(S)) is defined by PFNint(S) =U {I: I € S & lisaPFNoset inU}.
2. closure of S (briefly, PFcl(S)) is defined by PFNcl(S) =N {A: S S A & AisaPFIcset inU}.
3. regular open (briefly, PFJtro) setif S = PFRNint (PFNcl(S)).

4. regular closed (briefly, PFQrc) setif S = PFRcl(PFNint(S)).

5. 6 interior of S (briefly, PFNOint(S)) is defined by PFNOint(S) =V {PFRint(I):1 S S & lisaPFc
setinU}.

6. 0 closure of S (briefly, PFROcl(S)) is defined by PFNOcL(S) =n {PFRcl(A):S S A & AisaPFRoset inU}.
7. & interior of S (briefly, PFNJint(S)) is defined by PFNSint(S) =V {I: ] € S & lisaPFINro setinU}.

8. & closure of S (briefly, PFNScl(S)) is defined by PFRNScl(S) =N {A: S € A & AisaPFNrcset in U}
9. 6 open (briefly, PF9Oo) setif S = PFROint(S).

10. semi open (briefly, PFSo) set if S € PFRcl(PFRint(S)).

11. 6 semi open (briefly, PFNOSo) set if S € PFRcl(PFNOint(S)).

12. pre open (briefly, PFNPo) set if S € PFRint(PFNcl(S)).

13. 9 pre open (briefly, PFNOPo) set if S € PFRint(PFNOcI(S)).

14. & pre open (briefly, PFISPo) set if S € PFRint (PFNScl(S)).

15. 6 semi interior of S (briefly, PFNOSint(S)) is defined by PFNOSint(S) =V {I:1 € S & [isaPFNOSo
setinU}.

16. 6 semi closure of S (briefly, PFROScl(S)) is defined by PFREO Scl(S) =N {4:S € A & AisaPFINOScset in
U}.

17. pre interior of S (briefly, PFRPint(S)) is defined by PFN Pint(S) =V {I:1 S S & [isaPFINPo set inU}.
18. pre closure of S (briefly, PFRPcl(S)) is defined by PFRP cl(S) =N {A: S S A & AisaPFINPcset in U}.

19. @ pre interior of S (briefly, PFRNOPint(S)) is defined by PFROPint(S) =V {I:] S S & [isaPFNOPo
setinU}.

20. 8 pre closure of S (briefly, PFROPcI(S)) is defined by PFNO Pcl(S) =N {A:S € A & AisaPFNOPcset in
U}.

21. & pre interior of S (briefly, PFNSPint(S)) is defined by PFRSPint(S) =V {I:]1 € S & [isaPFNSPo
setinU}.

22. & pre closure of S (briefly, PFRSPcl(S)) is defined by PFRNG Pcl(S) =N {A:S S A & AisaPFNSPcset in
U}.
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The complement of the respective Pythagorean fuzzy nano open sets are called as Pythagorean fuzzy nano closed
sets.

Definition 10 Let (U, 7p(F)) be a PFMNts with respect to F where F is a Pythagorean fuzzy subset of U. Then a
Pythagorean fuzzy subset S in U is said to be a Pythagorean fuzzy nano

1. M-open (briefly, PFNMo) setif S € PFRcl(PFNOint(S)) U PFRint(PFNScl(S)),
2. M-closed (briefly, PFRMc) set if PFRint (PFNOcL(S)) N PFNRcL(PFNSint(S)) € S.

3. Pythagorean fuzzy nano M-interior of K is the union of all PF9Mo sets contained in K and denoted by
PFRMint(K).

4. Pythagorean fuzzy nano M-closure of K is the intersection of all PFJtMc sets containing K and denoted by
PFRMcl(K).

The family of all PF9tMo (resp. PFItMc) sets of a space (U, tp (F)) will be as always denoted by PFRMO (U, A)
(resp. PFRMC (U, A)).

Theorem 1 Let K be a Pythagorean fuzzy subset of a space (U, tp(F)) Then

1. K isa PFRNMo set iff K = PFRMint(K),

2. KisaPFRMc setiff K = PFRMcl(K).

Definition 11 A function hp: (U, tp(F,)) = (U,, Tp(F,)) is said to be Pythagorean fuzzy nano

1. continuous (briefly, PFNCts), if for each PFJto set M of U,, the set hp1 (M) is PFJto set of U,.

2. 6 continuous (briefly, PFNOCts), if for each PFNo set M of U,, the set hx1(M) is PFItho set of U;.

3. 6 semi continuous (briefly, PFNOSCts), if for each PFNo set M of U,, the set hpt (M) is PFIOSo set of U;.
4. & pre continuous (briefly, PFNSPCts), if for each PFJto set M of U,, the set hp1 (M) is PFNSPo set of U;.
5. M continuous (briefly, PFRMCts), if for each PFJto set M of U,, the set hp1 (M) is PFNMo set of U;.

Theorem 2 A function hp: (Uy, 7p(Fy)) = (Uy, Tp(F,)) is PFRMCts iff the inverse image of every PF9ic setin
U, is PFIMc setin U,.

Definition 12 A function hp: (U, 7p(F,)) = (U,, Tp(F,)) is called Pythagorean fuzzy nano

1. irresolute (briefly, PFIrr) function, if for each PFNSo set M of U,, the set hpt (M) is PFISo set of U,. 2.
0 semi irresolute (briefly, PFNOSIrr) function, if for each PFNOSo set M of U,, the set hp1 (M) is PFROSo
set of U;.

3. & pre irresolute (briefly, PFRSPIrr) function, if for each PFRSEPo set M of U,, the set hp (M) is PFNSPo
set of U;.

4. M irresolute (briefly, PFRMIrr) function, if for each PFItMo set M of U,, the set hz1(M) is PFItMo set
of U;.

3 Fuzzy nano M-open map and Pytha- gorean fuzzy nano M-closed map

In this section, we introduce Pythagorean fuzzy nano M open maps and Pythagorean fuzzy nano M closed maps
in PFItts and obtain certain characterizations of these classes of maps.

Definition 13 Let (U, tp(F;)) and (U,, 75 (F,)) be two PFJts. A function f: (U, 7p(F1)) = (Uy, tp(F,)) is
said to be Pythagorean fuzzy nano (resp. 8, S, e, 8, 6S, P and M) open map (briefly, PFRO (resp. PFNSIO,
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PFNSESO, PFNeO, PFROO, PFROSO, PFNSPO and PFRMO)) if the image of each PFo set in U; is
PFRNo (resp. PFNEo, PFNESo, PFNeo, PFNOo, PFROSo, PFREPo and PFNRMo)-set in U,.

Definition 14 Let (U, tp(F;)) and (U,, tp(F;)) be two PFJtts. A function f: (U, 7p(F1)) = (Uy, tp(F,)) is
said to be Pythagorean fuzzy nano (resp. 6, 88, e, 8, S, 6P and M) closed map (briefly, PFNC (resp. PFNSC,
PFNSESC, PFIeC, PFROC, PFROSC, PFNSPC and PFNMC)) if the image of each PFIic setin U; is PFNc
(resp. PFNéc, PFRSSc, PFRec, PFNbc, PFNOSc, PFNSPc and PFIMc)-set in U,.

PI’OpOSitiOﬂ 1 Let (Ul’TP(Al)) & (UZ’TP(AZ)) be a :PTiRtS ,S. Let h‘P:(Ul’TP(Al)) d (UZ'TP(AZ)) be a
mapping. Then the following statements are hold for PFJtts, but not conversely.

1. Every PFROO is a PFNO.

2. Every PFNOO0 isa PFROESO.
3. Every PFROSO isa PFNRMO.
4. Every PFRG0 isa PFNO.

5. Every PFNSO0 isa PFRSSO.
6. Every PFRE0 is a PFRSPO.
7. Every PFRSESO is a PFeO.
8. Every PFREPO isa PFRMO.
9. Every PFRMO is a PFJeO.
Proof.

1. Let B be a PFRos in (U, Tp(A)). Since hp is PFROO, hp'(B) is PFROos in (Uy, 7p(4,)). Since every
PFROos is a PFNos, hpt(B) isa PFRos in (U, 1p(4,)). Hence, hp is a PFRO.

2. Let B be a PFNos in (U, 1p(A3)). Since hp is PFROO, hp(B) is PFNOos in (Uy, 1p(A41)). Since every
PFNOos is a PFNROSos, hp'(B) is a PFNos in (Uy, 7p(A1)). Hence, hp is a PFROSO.

3. Let B be aPFos in (U,, 7p(45)). Since hp is PFROSO, hp1(B) is PFNOSos in (U, tp(A4;)). Since every
PFROSos isa PFNMos, hp'(B) isa PFNMos in (Uy, 7p(A,)). Hence, hp is a PFRMO.

4. Let B be a PFos in (U, tp(45)). Since hp is PFRSO, hp(B) is PFRSos in (U, tp(4;)). Since every
PFRSos is a PFRos, hpt(B) isa PFNos in (U, 1p(4;)). Hence, hp is a PFRO.

5. Let B be a PFNos in (U, 1p(45)). Since hp is PFRS0, hpt(B) is PFIsos in (U, tp(4,)). Since every
PFNSos is a PFRSESos, hz1(B) is a PFNSSos in (Uy, tp(A,)). Hence, hp is a PFRSESO.

6. Let B be a PFNos in (U, 1p(45)). Since hp is PFRSO, hp'(B) is PFNSos in (Uy, 1p(41)). Since every
PFNSos is a PFNSPos, hp1(B) isa PFINSPos in (Uy, 7p(4,)). Hence, hp is a PFRSPO.

7. Let B be a PFJos in (U,, tp(4,)). Since hp is PFRESO, hp'(B) is PFNSSos in (Uy, tp(A;)). Since every
PFNSSos is a PFReos, hp'(B) is a PFNeos in (Uy, Tp(A;1)). Hence, hp is a PFIe0.

8. Let B be a PFJtos in (U,, Tp(4,)). Since hp is PFRSPO, hp(B) is PFNSPos in (Uy, 7p(4,)). Since every
PFNSPos is a PFNMos, hp'(B) isa PFNMos in (Uy, 7p(A,)). Hence, hp is a PFRMO.

9. Let B be a PFos in (U,, tp(4,)). Since hp is PFRMO, h1(B) is PFNMos in (U;, 7p(4,)). Since every
PFNRMos is a PFNeos, hp'(B) is a PFNeos in (U, 1p(A41)). Hence, hp is a PFeO.
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Remark 2 We obtain the following diagram from the results are discussed above.

PFNEO PFNO

PFNOSO PFNSO

i

PFNPO

PFNMO PFNISO

N

PFNeO

Note: A — B denotes A implies B, but not conversely.
Example 1 Assume U; = U, = U = {s4, 55, S3, 54} be the universe set and the equivalence relation is U/R =

{{s1, Sa}, {52}, {531} LetA={< ! >< %2 >< %3 >< S >} be a Pythagorean fuzzy subset of U.

0.3,0.1 0.1,0.5 0.2,0.45 0.4,0.25

_ 51,54 S2 S3
PFR(A) = {(0.3,0.25) ’ <0.1,0.5> ’ <0.2,0.45>}’
—_— _ 51,54 S S3
PFR(A) = {<o_4,0.1> ’ <o.1,o.s> ’ <o.2,0.45>}’

_ 51,54 Sz S3
Bprq(A) = {<0.25,0.3> ’ <o.1,o.5> ’ <0.2,0.45>}'

Now 7p(41) = 7p(42) = 7p(4) = {0p, 1p, PFR(A), PFR(A), Bprn(A)}. Let hp: (U, 7p(4z)) -
(U,tp(A;)) be an identity function, Then hp is PFNO (resp. PFNO, PFNEPO, PFN MO and PFNeO) but
not PFNO0 (resp. PFNS0, PFN S0, PFNOSO and PFN 6S0). Since, W(A) isaPFNo setin U, but hp
(PFR(A)) = PFR(A) is not PFN 0o (resp. PFN 8o, PFN 5o, PFNOSo and PFN8So ) setin U,

Example2 LetU; = {s4, 55, 53,54} = U, = {t4, t,, t3, t,} are the universe sets and the equivalence relations are

U/R = ({51,543, {52}, {523} and U/R = ({2, ), (02, (03} - Let 4, = {2, (222, (-2) ()} and

ty ty t3
AZ = ) ) )
0.6,0.4, 0.6,0.2 0.6,0.4

PFR(A) = |

< Lo > be a Pythagorean fuzzy subsets of U, and U, respectively.

0.6,0.4
S S3 }
"\0.1,0.6/ " \0.4,0.4/)’

51,54
0.3,0.7
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_ [ tuts t2 t3
Brry(4,) = {<0.4,0.6> ’ <0.2,0.6> ’ <0.4,0.6>}'

Now 7p (A1) = {0p, 1p, PFNR(A1), PFR(A,) = Bprn(A41)}, 7p(Az) = {0p, 1p, PFIN(4,) =
PFN(A,), Bprn (A2)}. Let hp: (U,, 75 (A43)) = (U, 7p(A4;)) be an identity function, then hp is PFN SO but not
PFNES0. Since, Bprg (A,) isa PFNESo setin U, but hp(Bpegn(42)) = Bpre(A3) is not PFN o set in U;.

Example 3 LetU; = {s4, 55, 53,54} = U, = {t;, t5, t3, t,} are the universe sets and the equivalence relations are

U/R = {{51,54), {52}, (523} and U/R = {{tx, ) {62, (03} - Let 4y = ({255, (2), (-2), (2} and

0.7,0.4 0.6,0.6 0.7,0.7 0.7,0.6,

A, = {< b >< 2 >< s >< Lo >} be a Pythagorean fuzzy subsets of U; and U, respectively.

0.7,0.6 0.5,0.5 0.6,0.6 0.6,0.7

pEm(ay) = {22, (2). (=)
PFR(A,) = {<OS.;:(S)Z.}4>'<O.Z,ZO.6>' <0.7S,30.7>}‘
Bprn (A1) = {<os_¢15:f:7>‘ <0.65,20.6>' <0.:.30.7>}‘
PFR(A,) = {<0t.115:(t)[.}7>'<0.;,20.5>‘ <0 6t,30.6>}'
PFN(A2) = {<0t.;:;‘.}6>’<0.5t.20.5>'<0 6t,30.6>}'
Bprn(42) = {<ot.;:g46>'<o.5t,20.5>'<0.6t.30 6>}

Now 7p(41) = {0p, 1p, PFR(A1), PFR(A1), Bprn(A1)}, T (A2) = {0, 15, PFR(A,), PFR(A,) =
Bpr(45)}. Let hp: (Uy, tp(4,)) — (Uy, Tp(A1)) be an identity function, then hp is PFNOSO but not PFNO0.
Since, Bpgg(A,) isa PFNo setin U, but hp (Bprg(A2)) = Bpeg(4,) isnot PFN o set in U;.

Example 4 LetU; = {s4, 55, 53,54} = U, = {t4, t,, t3, t,} are the universe sets and the equivalence relations are

U3 /R = (51,54}, (52}, (551} and Uy/R = ({83, ), (&2}, (). Letay = {(o2), (2 (2] (-5 W ang

0.8,0.4, 0.6,0.6 0.7,0.7 0.5,0.7

A, = {< 2} >< t2 >< s >< Lo >} be a Pythagorean fuzzy subsets of U; and U, respectively.

0.6,0.3 0.6,0.6 0.7,0.7 0.6,0.3

prncy = {(225). (25 (25
PrRa) = {222, (555). (225

Beraa) = {{575'5) (55.00)- (o707}
prnar) = {1255 -5, )
) sl
)

tity
Bpry(Az) = <0306> (oeoe <o707>

Now Tp(41) = {05, 1p, PFIR(A;), PFR(A1), Bpra (A1)}, Tp (42) = {0p, 1p, PFR(A,) =
PFNR(A,), Bpryi(A2)}. Let hp: (Uy, tp(A45)) = (Uy, Tp(A41)) be an identity function, then hp is PFN MO but not
PFNEPO. Since, Bprn(A,) isa PFNo setin U, but hp(Bprgy(A2)) = Bpen(4,) is not PFN §Po set in U;.

0.6,0.6
DT _ t1,ty
PFR(A,) = <0603> <0606
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Example5 LetU; = {sy, 55, 53,54} = U, = {t4, t,, t3, t,} are the universe sets and the equivalence relations are

U/R = {{51,53), (52, 5:} and Un/R = ({ta, s}, {t2,ta)). Let 4y = {(255), (22), (52), (2 ) and

0.1,0.8 0.3,0.7 0.2,0.9 0.4,0.6
t t t
AZ = { z ) 2 ) 2 )
0.4,0.8 0.5,0.4, 0.6,0.6

PFR(A) = {(2), (22,

0.1,0.9

< 5 ;‘; 6> be a Pythagorean fuzzy subsets of U, and U, respectively.

{
PFNR(AL) = {(05;2?3> ’ <osjif:6>}’
Bpra (A1) = {<OS.;:Z:.%8>' <os.zztf)46>}'
zrma) = {{7555) (45
Prma) = {(525) ()
Bprn(Az) = {<Ot.;::6> ’ <0t2(t)45>}

Now 7p(4;) = {0p, 1p, PFN(A1), PFIN(A1) = Bprn(41)},7p(A2) = Op, 1p, PFRN(A,), PFI(A2), Bprn(A2)}-
Let hp: (U,, 1p(A43)) = (Uy, tp(4;1)) be an identity function, then hp is PFNeO but not PFNMO. Since,
Bprq(A) iSa PFNo setin U, but hp (Bpre(42)) = Bprn(4,) 1S not PFN Mo set in U;.

Theorem 3 A function hp: (Uy, 7p(Fy)) = (U,, Tp(F,)) is PFRMC mapping if and only if PFRtMcl(hp(A)) S
hp (PFI cl(A)) for every Pythagorean fuzzy set A of U,.

Proof. Suppose hp: (U, tp(F;)) = (U, tp(F,)) isa PFRMC function and A is any Pythagorean fuzzy set in U;.
Then PFNcl(A) is a PFIic set in Uy. Since hp is PFRMC, hp(PFNcl(A)) is a PFItMc set in U,. Then by
Theorem 1 (ii), PFRMcl(hp(PFR cl(A))) = hp(PFNcl(A)). Therefore PFNMclhp(A)) € PFRMcl
(hp(PFRcl(A))) = hp(PFNcl(A)). Hence PFRMcl(hp(A)) S hp(PFRcl(A)).

Conversely, Let A be a PFJtc setin U;. Then PFNcl(A) = Aand so hp(A) = hp(PFNcl(A)). By our
assumption PFRMcl (hp(A)) € hp(A). But hp(A) € PFRMcl(hp(A)). Hence PFR Mcl(hp(A)) = hp(A)
and therefore by Theorem 1 (ii), hp(A) is PFRMc in U,. Thus hp is a PFRMC map.

Theorem 4 A map hp: (Uy,7p(F;)) = (Uy, 7p(Fy)) is PFRMC mapping if and only if for each Pythagorean
fuzzy set S of U, and for each PF9to set U of U, containing hz1(S) there exists a PFINMo set V of U, such that
ScVandhpl(V)cU.

Proof. Suppose hp is a PFRMC map. Let S be any Pythagor- ean fuzzy set in U, and U be a PF9tMo set of U,
such that hz1(S) € U. Then V = (hp(U€))¢ is PFINMo set containing S such that hy* (V) € U. Conversely, Let
S be a PFJc set of U;. Then hx1((hp(S5))¢) € S€ and S€ is PFJo in U;.

By assumption, there exists a PFJtMo set V of U, such that (hp(S))¢ €V and hp1(V) € S€andso S ©
(hpY (V). Hence V¢ € hp(S) € hp((R51(V))S) € V¢, which implies hp(S) = V¢. Since V¢ is PFRMc, hp(S)
is PFNMc and hp is PFRMC map.

Remark 3 The composition of two PFIMO maps need not be a PFIMO map, which is shown in the following
example.

Example 6 Let U; = {sy,55,53,54} = U, = {ty, t, t3, t4} = Us = {uy, uy, uz, u,} are the universe sets and the
equivalence relations are U;/R = {{s1,S.},{s2}.{s3}}, U,/R ={{t1,t,},{t;}, {t3}} and Us/R =
{{ur, uad {2} {usl}
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Leta, = {(-2), (22, (=), (20,
0.4,0.3 0.4,0.2 0.5,0.3 0.5,0.2
t t t t
12 = {() () () (e one
0.9,0.3 0.5,0.7 0.3,0.5 0.6,0.7

Uy uz us Ug
15 = ({5 () ) |
0.3,0.25 0.1,0.5 0.2,0.45 0.4,0.25

S2
0.4,0.2/’

Uq,Ug Uy us }
0.3,0.25/’ \0.1,0.5/ ” \0.2,0.45/ )’
Uq,Uyg Uz us }
0.4,0.1/ ’ \0.1,0.5/” \0.2,0.45/ )’

_ Uq,Ug Uz us
Bprn(43) = {(0.25,0.3) ’ <0.1,0.5> ! <0.2.0.45>}'

Now 75 (A1) = {0p, 1p, PFI(A1), PFR(A), Bprn (A1)}, Tp (A2) = {0p, 1p, PFR(A,), PFN(A,), Bprn(42)},
7p(43) = {0p, 15, PFR(A3) = PFN(A3), Bprn(43)}.  Let  hp: (U, 7p(41)) = (Uz,7p(42))  and
gp: (U, tp(A3)) = (Us,7p(A3)) be an identity function, then hp, and gp, are PFNMO but (hp o gp) iS not
PFNMO. Since, Bpry (A1) isa PFNo setin Uy but (hp o gp)(Bprsi(41)) = Bprgn (A1) is not PFN Mo set in
U3.

Theorem 5  Let hp: (U, Tp(F;)) = (U, Tp(F,)) be a PFRC map and gp: (U,, tp(F,)) = (Us, tp(F3)) be a
PFRMC map. Then their composition gp o hp: (Uy, 7p(F;)) = (Us, 7p(F3)) is PFRMC.

Proof. Let F be a PFJtc setin U;. Since hp is PFNC, hp(F) is PFNc in U,. Since gp is PFRMC, gp(hp(F)) =
(gp © hp)(F) iIsPFNMc in U;. Hence gp o hp is a PFIMC map.

Theorem 6 Let hp: (Uy, 7p(Fy)) = (Uy, 7p(Fy)) and gp: (U, 7p(F,)) = (Us, Tp(F3)) be two mappings such that
their composition gp o hp: (Uy, Tp(Fy)) = (Us, Tp(F3)) is PFRMC map. Then the followings are true.

1. If hp is PFNCts and surjective, then gp is PFRMC map.
2. If gp is PFRMIrr and injective, then hp is PFRMC map.

Proof. (i) Let A be a PF9ic set of U,. Since hp is PFNCts map, hp(A4) is PFIics in U;. Since gp o hp is
PFRMC map, (gp © hp)(hp1(A)) is PFNMcs in M. Since hp is surjective, gp(A) is PFIMcs in Us. Hence gp
is PFRMC map.

(ii) Let B be any PFNc set of U;. Since gp o hp is PFRMC map, (gp © hp)(B) is PFItMcs in U;. Since gp is
PFRMIrr, grt(gp © hp(B)) is PFRMcs in U,. Since gp is injective, hp(B) is PFNMcs in U,. Hence hp is
PFRMC map.
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Theorem 7 Let hp: (U, 7p(F1)) = (Uy, Tp(F,)) be PFRMC map.
1. If Ais PFJc set of Uy, then the restriction hp: (Uy, Tp(F4)) = (U,, Tp(Fy)) is PFRMC map.

2. If A= hp'(B) for some PF9c set B of U,, then the restriction hp: (Uy, Tp(Fy)) = (Uy, 1p(F)) is PFRMC
map.

Proof. (i) Let B be any PF9ic set of A. Then B = A n L for some PFJic set L of U, and so B is PFIics in U;.
By hypothesis, hp(B) is PFItMcs in U,. But hp(B) = hp(B), therefore hp is a PFIMC map.

(ii) Let D be a PFJic set of A. Then D = An H, for some PFJc set H in U;. Now, hp(D) = hp(ANH) =
hp(hp*(B) N H) = B N hp(H). Since hp is PFRMC, hp(H) is PFRMcs in U,. Hence hp is a PFRMC map.

Theorem 8 A function hp: (Uy, Tp(Fy)) = (Uy, tp(F,)) is PFRMO map if and only if hp(PFRint(4)) <
PFNMint(hp(A)), for every Pythagorean fuzzy set A of U;.

Proof. Suppose hp: (U, Tp(F;)) = (U,, tp(F,)) isa PFRMO function and A is any Pythagorean fuzzy set in U;.
Then PFMNint(A) is a PFJo set in U;. Since hp is PFRMO, hp(PFRint(4)) is a PFItMo set. Since
PFRMint (hp(PFRint(A))) € PFRMint (hp(A)), hp(PFRint(A)) € PFRMint(hp(A)).

Conversely, hp (PFMNint(A)) € PFRMint(hp(A)) for every Pythagorean fuzzy set A in U;. Let U be
a PFRo set in U;. Then PFNint(U)=U and by hypothesis, hp(U) € PFRMint(hp(U)). But
PFRMint(hp(U)) € hp(U). Therefore, hp(U) = PFNRMint (hp(U)). Then by Theorem 1 (i), hp(U) is
PFIRMo. Hence hp isa PFIMO map.

Definition 15 Let A and B be any two Pythagorean fuzzy subsets of a PF9tts’s. Then A is Pythagorean fuzzy
nano (resp. 6, S, 6P and M) g-neighbourhood (briefly, PFNq-nbhd (resp. PFINOq-nbhd, PFROSq-nbhd,
PFREPq-nbhd & PFNMq-nbhd)) with B if there exists a PFJto (resp. PFNOo, PFNROSo, PFINSPo and
PFINMo) set O with Aq0 < B.

Theorem 9 Let hp: (U, tp(F1)) — (U,, tp(F,)) be a mapping. Then the following statements are equivalent.
1. hp isa PFNMO mapping,
2. For asubset A of Uy, hp (PFRint(A)) € PFRMint(f (A)).

3. Foreach x, € U, and for each PFNq-nbhd U of x, in Uy, there exists A PFNMq-nbhd W of hp(x,) in U,
such that W < hp (U).

Proof. (i) = (ii): Suppose hp: (U, Tp(Fy)) = (U,, Tp(F,)) isa PFRMO function and A € U,. Then PFJint(A)
is a PFJo set in U;. Since hp is PFRMO map, hp(PFRint(A)) is a PFItMo set. Since
PFRMint (hp (PFNint(4))) € PFRMint(hp(A)), hp (PFRint(4)) € PFNMint(hp(A)). This proves (ii).

(i) = (iii): Let x, € U, and U be any arbitrary PFJtq-nbhd of x, in U,. Then there exists a PFJto set
G such that x, € G € U. By (ii), hp(G) = hp(PFRint(G)) € PFNMint(hp(G)). But, PFRMint(hp(G)) S
hp(G). Therefore, PFNMint(hp(G)) = hp(G) and hence hp(G) is PFItMos in U,. Since x, € G S U,
hp(x,) € hp(G) S hp(U) and so (iii) holds, by taking W = hp(G).

(iif) = (i): Let U be any PFMNo set in U;. Let x, € U and hp(x,) = yg. Then for each x, €U, y €
hp(U), by assumption there exists a PFIqM-nbhd W (yg) of yz in U, such that W (yz) < hp(U). Since W (yg)
is @ PFRgM-nbhd of yg, there exists a PFItMo set V(yg) in U, such that yz € V(yz) S W(yp). Therefore,
hp(U) =U {V(yp)lys € hp(U)}. Since the union of PFNRMo sets is PFItMo, hp(U) is a PFItMo set in U,.
Thus, hp isa PFIMO map.

Theorem 10 For any bijective map hp: (Uy, 7p(F;)) = (U, 7p(F,)) the following statements are equivalent:
1. h;l: (UZ’TP(FZ)) g (Ul,Tp(Fl)) iS fPTiRMCtS.

2. hp iISPFRMO map.

1347



Tuijin Jishu/Journal of Propulsion Technology
ISSN: 1001-4055
Vol. 46 No. 1 (2025)

3. hp iISPFRMC map.

Proof. (i) — (ii): Let U be a PFJto setin U;. By assumption, (hp1)~1(U) = hp(U) is PFItMos in U, and so hp
is PFRMO map.

(if) — (iii): Let F be a PFc set of U;. Then F€ isa PFJo setin U;. By assumption hp(F€) is PFRMo set in
U,.But hp(F¢) = (hp(F))°. Therefore hp(F) is PFRMc setin U,. Hence, hp is PFRMC map.

(iii) = (i): Let F be a PFRMc set of U,. By assumption, hp(F) is PFRMc set in U,. But hp(F) = (hp1)"1(F)
and therefore by Theorem 2, hp?! is PFRMCts.

Remark 4 Theorems 3 to 10 and Remark 3 are holds for PFJto, PFNOo, PFROSo & PFItSPo sets.

4 Pythagorean Fuzzy nano M homeomorphism
The purpose of this section is to introduces the idea of Pythagorean fuzzy nano M homeomorphism in PFts
and establish some of their attributes.

Definition 16 Let (Uy, tp(Fy)) and (U,, 7p(F,)) be PFtts. A mapping hp: (U, 7p(F1)) = (U, tp(F,)) is said
to be a Pythag- orean fuzzy nano (resp. 8, 8S, 8P and M) homeomorphism (briefly, PFRHom (resp. PFNOHom,
PFROSHom, PFREPHom and PFRMHom)) if hp is bijective, PFRO (resp. PFNOO, PFROSO, PFRSPO
and PFIMO) function and PFIRO (resp. PFNOO, PFNROSO, PFRSPO and PFRMO) mapping.

Example 7 In example 6, hp: (U, 7p(4;)) = (U, Tp(A45)) be an identity function, then hp is PFNMO and hp!
iSPFNMO. Then hp is PFRRMHom.

Theorem 11  Let (Uy,7p(F,)) and (U,, tp(F,)) be two PFts and hp: (U, tp(F;)) = (U, Tp(F,)) be a
bijective function. Then hp is a PFRIMHom if and only if hp is a PFRMCts function and PFRMC mapping.

Proof. Let hp be a PFItMHom homeomorphism. From Definition 16 hp isa PFItM Cts function. From Theorem
10, we have hp' is a PFRMC function. So, (hp*)™! = hp isa PFRMC function.

Theorem 12 Let gp: (Uy, Tp(F1)) = (Uy, Tp(F,)) be a bijective mapping. If gp is PFRMCts, then the following
statements are equivalent: [(a)]

1. gp isaPFRMC mapping.
2. gp isaPFIMO mapping.
3. gplisa PFRMHom.

Proof. (a) = (b) Let us assume that g, is a bijective mapping and a PF9tMC mapping. Hence, g5t isa PFRMCts
mapping. Since each PFJto set is a PFItMo set, gp is a PFItMO mapping.

(b) = (c) Let gp be a bijective and PFIRMO mapping. Furthermore, g;! is a PFIRMCts mapping.
Hence, g and g5 ! are PFNRMCts. Therefore, gp is a PFRMHom.

(c) = (a) Let gp be a PFRMHom. Then gp and g5! are PFIMCts. Since each PFJic setin U, is a
PFRMc setin U,, hence gp is a PFIMC mapping.

Remark 5 Theorems 11 and 12 are holds for PFNo, PFNOo, PFROS0o & PFNO6Po sets.

5 Almost Pythagorean fuzzy nano M totally mappings
In this section, we introduce almost Pythagorean fuzzy nano M totally mappings and we discuss some basic
properties.

Definition 17 A function hp: (U, 7p(F,)) = (U,, Tp(F,)) is said to be

1. Almost Pythagorean fuzzy nano (resp. 8, 88, 5P and M) open map (briefly, APFNO (resp. APFRNOO,
APFROSO, APFREPO and APFRMO)) if the image of each PFJro set in U; is PFIo (resp. PFNbo,
PFNOSo, PFREPo and PFItMo)-set in U,.
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2. Almost Pythagorean fuzzy nano (resp. 6, 6S, 8P and M) closed map (briefly, APFNC (resp. APFROC,
APFROSC, APFNRSPC and APFRMC)) if the image of each PFNrc set in U, is PFAc (resp. PFNOc,
PFNOSc, PFNSPc and PFRMc)-set in U,.

3. Almost Pythagorean fuzzy nano (resp. 6, 8S, 6P and M) clopen map (briefly, APFNclO (resp. APFNHclO,
APFNO SclO, APFREPclO and APFNMcl0)) if the image of each PFxNrclo set in U, is PFNclo (resp.
PFNOclo, PFNOSclo, PFNSPclo and PFINMclo)-set in U,.

4. Pythagorean fuzzy nano (resp. 6, 6S, 6P and M) totally open map (briefly, PFRTO (resp. PFROTO,
PFROSTO, PFRSPTO and PFRMTO0)) if the image of each PFNo (resp. PFNOo, PFNOSo, PFRSPo and
PFINMo) setin Uy is PFclo (resp. PFNOclo, PFNOSclo, PFNSPclo and PFNMclo)-setin U,.

5. Pythagorean fuzzy nano (resp. 6, 6S, 5P and M) totally closed map (briefly, PFRTC (resp. PFNOTC,
PFROSTC, PFRSPTC and PFRMT C)) if the image of each PFNc (resp. PFNOc, PFNOSc, PFNSPc and
PFNRMc) set in U, is PFNclo (resp. PFNOclo, PFNOSclo, PFNSPclo and PFItMclo)-set in U,.

6. Almost Pythagorean fuzzy nano (resp. 6, 6§, 6P and M) totally open map (briefly, APFRTO (resp.
APFROTO, APFROST O, APFNSPT O and APFNMT 0)) if the image of each PFNro setin U, is PFiclo
(resp. PFNOclo, PFNOSclo, PFNSPclo and PFINMclo)-set in U,.

7. Almost Pythagorean fuzzy nano (resp. 8, 6S, 8P and M) totally closed map (briefly, APFRTC (resp.
APFROTC, APFROSTC, APFNSPTC and APFNMTC)) if the image of each PFMNrc set in U, is PFclo
(resp. PFNOclo, PFNOSclo, PFINSPclo and PFItMclo)-set in U,.

8. Almost Pythagorean fuzzy nano (resp. 8, 88, 6P and M) totally clopen map (briefly, APFNT clO (resp.
APFROT clO, APFNROST clO, APFNSPT clO and APFNMT cl0)) if the image of each PFtrclo setin U, is
PFNclo (resp. PFNOclo, PFNOSclo, PFNSPclo and PFRMclo)-set in U,.

Theorem 13 Every APFRMTC map is APFNMC.

Proof. Let U, and U, be PFts. Let hp: (U, Tp(F;)) = (U,, Tp(F,)) be an APFRMT C mapping. To prove hp
is APFI MC, let H be any PFJirc subset of U;. Since hp is APFRMTC mapping, hp(H) is APFRMclo in
U,. This implies that hp (H) is PF9c in U,. Therefore hp is APFRMC.

Corollary 1 Every APFRMT O map is APFRMO.

Theorem 14 If a bijective function hp: (U, tp(F1)) = (U, tp(F,)) is APFRMT O, then the image of each
PFRrc setin Uy is APFNRMclo setin U,.

Proof. Let F be a PFrc set in U;. Then F€ is PFNro in Uy. Since hp is APFRMTO, hy = [f(F)]° is
APFItMclo in U,. This implies that hp (F) is APFItMclo setin U,.

Theorem 15 A surjective function hp: (Uy, 7p(F;)) = (Uy, Tp(F)) IS APFRMT O if and only if for each subset
B of U, and for each PFNro set U containing hp*(B), there is a PFRMclo set V of U, such that B < V and
hp*(V) c U.

Proof. Suppose hp: (Uy, tp(F1)) = (Uy, tp(F,)) is a surjective and APFNRMT O function and B € V. Let U be
PFRro set of U; such that hp1(B) € U. Since hp is APFRMTO function, hp(U) = [hp(U€)]¢ is PFRMclo
set. Then V = [hp(U)]¢ is PFRMclo set of U, containing B such that k5 (V) € U.

Theorem 16 A map hp: (U, tp(Fy)) = (U,, Tp(F,)) IS APFRMTO if and only if for each subset 4 of U, and
each PF9irc set U containing hp1(A4) there is a PFINMclo set V of U, such that A € V and hp(V) € U.

Proof. Suppose hp is APFRMTO. Let A €Y and U be a PFRNrc set of U; such that hp(A) < U. Now U€ is
PFRro and hp is APFRMT O, hp(U€) is PFRMclo setin U,. Then V = (hp(U€))€ isa PFRMclo set in U,.
Note that h51(A4) € U implies A € V and hp*(V) = (hp(hp(U€)))° € (US)¢ = U. Thatis hp1(V) € U.
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Conversely, let F be a PFJtro set of U;. Then hpl(hp(F)°) € FC and F¢ is PFJrc set in U;. By
hypothesis, there exist a PFItMclo set V in U, such that hp(F¢) €V and V¢ < hp(F) and so F < (hp*(V))C.
Hence hp(F) € hp((hp(V))€) which implies hp (F) € V€. Since V° is PFRMclo, hp(F) is PFNRMclo. That is
hp(F) is PFNtMclo in U,. Therefore hp is APFRMTO.

Corollary 2 A map hp: (Uy, tp(F,)) = (U, Tp(Fy)) IS APFRMTC if and only if for each subset A of U, and
each PFJro set U containing hp1(A), there is a PFNMclo set V of U, such that A < V and hp (V) € U.

Theorem 17  If hp: (Uy,7p(F1)) = (Uy, tp(F,)) IS APFRM TC and A is PFArc subset of U; then
hp: (Uy, tp(F1)) = (Uy, tp(Fy)) IS APFRMTC.

Proof. Consider the function hp: (Uy, 7p(Fy)) = (U,, 7p(F;)) and let V be any PFNMclo set in U,. Since hp is
APFRMTC, hp(V) is PFJrc subset of U;. Since A is PFJirc susset of U, and hp (V) = An hpt(V) is
PFRrcs in A, it follows hpt (V) is PFJircs in A. Hence hp is APFRMTC.

Remark 6 APFRMT clO mapping is APFRMT 0 and APFNRMTC map.

Remark 7 Theorems 13 to 17, Corollaries 1 and 2 and Remark 6 are holds for PFJto, PFNROo, PFNOSo &
PFISPo sets.

6 Almost Pythagorean fuzzy nano M totally continuous functions
In this section, some new continuous functions are introduced and discussed their characterizations.

Definition 18 A map hp: (Uy, tp(F;)) = (Uy, tp(F,)) is said to be

1. Pythagorean fuzzy nano (resp. 8, S, 8P and M) totally continuous (briefly, PFRT Cts (resp. PFROT Cts,
PFROST Cts, PFNSPT Cts and PFRMT Cts)) if hp1 (V) is PFIclo (resp. PFNOclo, PFNOSclo, PFRSPclo
and PFIMclo) set in U, for each PFNo (resp. PFNbo, PFNROSo, PFINSPo and PFItMo) set V in U,.

2. Almost Pythagorean fuzzy nano (resp. 6, 6S, 8P and M) totally continuous (briefly, APFRTCts (resp.
APFROTCts, APFROSTCts, APFRSPTCts and APFNRMT Cts)) if hpt (V) is PFJclo (resp. PFROclo,
PFNOSclo, PFNEGPclo and PFItMclo) set in U, for each PFNro set V in U,.

3. Almost Pythagorean fuzzy nano (resp. 6, 8S, 6P and M) totally clopen continuous (briefly, APFNT cloCts
(resp. APFN 0T cloCts, APFNROSTcloCts, APFRSPT cloCts and APFR MTcloCts)) if hz1(V) is PFIiclo
(resp. PFNOclo, PFNOS clo, PFNSPclo and PFItMclo) set in U, for each PFJNrclo setV in U,.

Theorem 18 A function hp: (Uy, Tp(F1)) = (Uy, Tp(F,)) is APFRMT Cts function if the inverse image of every
PFNrc set of U, is PFItMclo set in U;.

Proof. Let hp: (U, 7p(Fy)) = (U,, Tp(F,)) be APFRMT Cts and F be any PFNirc setin U,. Then F€ is PFiro
setin U,. Since hp is APFRMT Cts, hp (F€) is PFItMclo set in U;. That is (hp(F))¢ is PFRMclo set in Uj.
This implies that k51 (F) is PFRtMclo set in Uj.

Theorem 19 A function hp: (U, Tp(Fy)) = (U,, Tp(F,)) is APFRMT Cts is an APFNMCts function.

Proof. Suppose hp: (U, Tp(Fy)) = (U,, Tp(F,)) is APFRMT Cts and U is any PFNro subset of U,. Since hp
is APFRMT Cts, hp(U) is PFRMclo in Uy. This implies that hp1 (U) is PFItMo in U, . Therefore the function
hp is APFRMCts.

Theorem 20 For any bijective map hp: (Uy, 7p(F;)) = (U, 7p(F,)) the following statements are equivalent:
1. hpt: Uy, 1p(Fy)) = (Uy, p(Fy)) is APFRMTCts.

2. hp is APFRMTO.

3. hp is APFRMTC.
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Proof. (i) — (ii): Let U be a PF9tro set of U;. By assumption, (hp1)~1(U) = hp(U) is PFItMclo in U, and so
hp is APFRMTO.

(if) — (iii): Let F be a PFtrc set of U;. Then F€ is PFNro set in U;. By assumption hp(F€) is PFRMclo set in
U,. Hence hp is APFRMTC.

(iii) - (i): Let F be a PFNrc set of U;. By assumption, hp(F) is PFNMclo set in U,. But hp(F) = (hp1)"1(F)
and therefore hp?! is APFRMTCts.

Remark 8 Theorems 18 to 20 are holds for PFNo, PFNOo, PFIOSo & PFNSPo sets.

7 Super Pythagorean fuzzy nano M clopen continuous functions
In this section, we introduce the concept of super PFRtMclo continuous in PFJits.

Definition 19 A map hp: (U, 7p(F;)) = (U, tp(F,)) is said to be super Pythagorean fuzzy nano (resp. 9, 6S,
6P and M) clopen continuous (briefly, SUPFNcloCts (resp. SUPFNOcloCts, SUPFNOScloCts,
SUPFNSEPcloCts and SUPFNMcloCts)) if for each x, € U; and for each PFclo (resp. PFNOclo,
PFNOSclo, PFRSPclo and PFIMclo) set V containing hp(x,) in Uy, there exist a PFJtro set U containing
Xq Such that hp(U) € V.

Theorem 21 Let hp: (U, 7p(F1)) = (Uy, tp(F,)) be APFI MTO. Then hp is SUPFNRMcloCts if hp(x,) iS
PFRMclo in U,.

Proof. Let G be PFNMclo set in U,. Now hp1(G) is PFIros in U;. Since the intersection of PFRMclo set is
PFRMclo setin Uy, hp(hp1(G)) = G A hp(x,) is PFRMclo in U,. Therefore, hp1(G) is PFRro in U,. Hence
hp is SUPFNMcloCts function.

Theorem 22 If hp: (Uy, tp(F;)) = (Uy, tp(F,)) is surjective and APFRMT O, then hp is SUPFIMcloCts.

Proof. Let G be PFItMclo setin U,. Take A = hp'(G). Since hp(A) = G is PFRMclo setin U,, by the Theorem
21, A is PFJro setin U,. Therefore hp is SUPFNRMcloCts.

Definition 20 A map hp: (Uy,7p(F;)) = (U,, 7p(F,)) is said to be Pythagorean fuzzy nano (resp. 6, 6§, P and
M) clopen irresolute function (briefly, PFNclolrr (resp. PFNOclolrr, PFNOSclolrr, PFNSPclolrr and
PFRMclolrr)) if hp1 (V) is PFRclo (resp. PFNOclo, PFROSclo, PFNSPclo and PFRMclo) set in U, for
each PFJiclo (resp. PFNOclo, PFNOSclo, PFNSPclo and PFINMclo) setV in U,.

Theorem 23  Let (Uy,tp(Fy)), (U, tp(F,)) and (Us,7p(F3)) be PFts. Then the composition gp o
hp: (Uy, tp(F1)) = (Us, tp (F3)) IS SUPFRMcloCts function where hp: (U, tp(Fy)) = (U, 7p(Fy)) S
SUPFRMcloCts function and gp: (U,, tp(F,)) = (Us, Tp(F3)) is PFRMclolrr function.

Proof. Let A be a PF%trc set of U;. Since hp is SUPFNMclo Cts, hp(A) is PFRMclo set in U,. Then by
hypothesis, hp(A) is PFItMclo set. Since gp is PFNtMclolrr, gp(hp(A)) = (gp © hp)(A). Therefore gp o hp is
SUPFINMcloCts.

Theorem 24 If hp: (Uy, tp(Fy)) = (Uy, 1p(F,)) and gp: (U, Tp(F,)) = (Us, 7p(F3)) are two mappings such
that their composition gp o hp: (Uy, tp(Fy)) = (Us, 7p(F3)) is APFRMTC mapping then the following
statements are true.

1. If hp IS SUPFINMcloCts and surjective, then gp is a PFNRM clolrr function.
2. If gp is PFRMclolrr function and injective, then hp is an APFRMTC function.

Proof. (i) Let A be a PFJtMclo set of U,. Since hp is SUPFR McloCts, hp'(A) is PFJtres in U;. Since (gp o
hp)(hp1(A)) is PFNRMclo set in M. Since hp is surjective, g(A) is PFRMclo set in Us. Therefore gp is
PFRMclolrr function.
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(ii) Let B be PFJrc set of U;. Since gp o hp is APFRMTC, gp o hp(B) is PFINMclo set in U;. Since
gp isa PFNMclolrr function, g5 ((gp © hp)(B)) is PFNMclo setin U,. That is hp(B) is PFItMclo set in U,.
Since hp is injective, hp is an APFRMTC function.

Remark 9 Theorems 21 to 24 are holds for PFNo, PFNOo, PFIOSo & PFN6Po sets.

Conclusion

In this paper, we have continued to study the properties of Pythag- orean fuzzy nano M open and Pythagorean
fuzzy nano M closed mappings in Pythagorean fuzzy nano topological spaces. Also, we study about Pythagorean
fuzzy nano M Homeomorphism, almost Pythagorean fuzzy nano M totally mappings, almost Pythagorean fuzzy
nano M totally continuous mappings and super Pythagorean fuzzy nano M clopen continuous functions and
established the relations between them we obtain some new characterizations of these mappings in Pythagorean
fuzzy nano topological spaces.
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