Tuijin Jishu/Journal of Propulsion Technology
ISSN: 1001-4055
Vol. 46 No. 1 (2025)

On Projective Geometry Over Simple
Matrix Rings

Rajashekhar Upase™ and Asha Saraswathi B.
*Faculty Member’s, Upase Education Institute, Jayanagar, Dharwad-580001, Karnataka.

Department of Mathematics, Srinivas University, Srinivas Nagar, Mukka. Surathkal. Mangalore — 574146.
India

Abstract: This paper investigating the relationship between projective geometry over a ring R and those over a
simple matrix ring R, demonstrating these geometries are essentially equivalent. The study extends the

fundamental theorem of projective geometry ¢, modules, where ¢ is a division ring, traditionally applicable to

vector spaces over a division rings, to the border context of modules over rings. Specifically, it focuses on the
lattice structure formed by all R-sub-modules of an R-module., which defines the projective geometry in this

setting. The equivalence between projective geometries over R and R, is established, highlighting the structural
similarities and providing a framework for understanding projective geometry in the more general context of
modules. This work contributes to the border understanding of  projective geometry, particularly in non-
classical settings, and aligns with the 2020 AMS subject Classification 16S10.
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1. Introduction

Projective geometry, a fundamental area of mathematics, explores the properties of geometric structures that
remain invariant under projective transformation. Traditionally, projective geometry is studied over fields or
division rings, where it has been well developed and understood. However, the extension of projective geometry
to more general algebraic structures, such as rings and modules, opens new avenues for exploration and
broadens the scope of its applications.

This paper delves into the projective geometry defined over simple matrix rings R, where R is a ring.
The primary focus is to establish the equivalence between projective geometry over a rind R and those over the
corresponding matrix ring R, . This equivalence offers a deeper understanding of the geometric structures that
can be defined over rings, particularly those that are not division rings.

The study also extends the fundamental theorem of projective geometry, which asserts that every
isomorphism of the projective space is induced by a semi-linear transformation, to the context of modules over
rings. By considering the lattice of all R-submodules of an R- module as a projective geometry, the paper

provides a framework for exploring geometric properties in non-classical settings, thereby enriching the theory
of projective geometry and its algebraic foundations.

In the year 1952, R. Baer. at [13] defined the extensions of the fundamental theorem of projective geometry
have been made, for the case of R-modules, where R is a “Prime Ring” in his sense and the ring of rational
integers [3]. Also in the year 1954, at[12] analyses and extend the fundamental theorem of projective geometry

over R-module. R, - denotes simple matrix ring.
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2. Lattice Isomorphism Of A Simple Matrix Rings

Definition 2.1: If N > 3, any lattice isomorphism of the lattice of all ideals of ¢, and that of y, is induced by

an isomorphism of ¢, and y, , where ¢ andy are division rings,

Example 2.2: Dby a ring always mean an associative ring with unity. Let R be a ring with unit element 1 and A
be an additive group of an R- module, if aX is defined for all ain R and all x in A such that

a(x+y)=ax+ay,

(a+b)x=ax+bx,

a(bx)=(ab)x,
Ix=x (foranya,b inRandany X,YyinA.

Let a subgroup B of A is called an R- sub-module, if aXin B for all ain R and all x in B. the set of all R- sub-

modules of A forms a modular lattice L(R, A),W. I.t group theoretical union and intersection. We shall call

the lattice L(R, A)a projective geometry over the ring R. Now we shall denote R, is a simple matrix ring of

degree n over R.

Theorem 2.3: Let R be a ring and n be a positive integer then for any R - module M there exist an R-module A
such that

L(R,M)=L(RA) .

Proof: Let ‘a’ be an element in R, we will denote by [a] the diagonal matrix of which all the diagonal elements

are equal to a. the set of all [a] forms a sub-ring of R, isomorphic to R. Let€; be the Nx N matrix with 1 in the

i" row and jth column and 0 otherwise. It is easily seen that €;; commutes with any diagonal matrix.

Let M be an R, -module. if we set A= Me, then we can consider A as an R-module, since every [a] is

commutative with €;,. If M, is an R, -sub-module of M then A = M,€,, is an R- sub-module of A. we will

show that the mapping ¢ : M; — A gives the desired isomorphism of L(Rn, M )and L(R, A) .
Let M;, M, betwo R, -sub-module of M such that
Mg, =M,e;,.
We will show that M, = M, .
Let foe any X € M, then,
Xe, € M andxe, =(xe;, )&, e Mg, cM.g, =M,

.Thus Xe; € M, and e, =(xe, )e; eM,e; =M, .
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Hence xg,, € M, for 1 =1,2,3,...,Nand since €,,€,,,€,...,€,,is the unit element of R, , X € M. Thus

M, < M, is proved.
If Mg, =M,e thenclearly M, =M, .
Hence we have proved that ¢ is univalent and preserves inclusion.

Let A be any R, -sub-module of A and Let M, be the set of all elements of x in M such that Xe; € A for
1=12,3,...,nthen M, be any R, -sub-module of M, for if X € M, then Xg; € M, for i, j=12,3,...,n

and x[a] IS Ml for all ‘a’ in R, since
(Xeij )ekl = Xejlé'ik € A , where 5, is the Kronecker delta.

Since [a] and €,;permute and A be any R, -sub-module of A, x[a] € M,, sothat M, is proved to bean R, -

sub-module of M. we will show that
A=Me;.
Since Xe,; € A forall element of x in M, we have M e, = A

Let XeAthen sinceA cA=Mge,, X=Xxe,for some Xin M andxe,=XeA

Xe, =(xe11)eil =0for i >1. ThereforeX € M, and X = Xg&,, € M, €. Hence A = Mg, is proved.

Corollary 2.4: Let for any R-module A there exist an R, - module M such that L(Rn, M ) =~ L(R, A) .

Proof: Let A be a given R-module. Let M be a totality of X, X,, X;,..., X, elements of A. if we define addition

in M by adding component wise. M becomes an element of R, and defines

(aij)(xl,xz,xa,...,xn):(yl,y2,y3,...,yn)byyi:ai1x1+ai2x2+...+ainxn, for i=12,...,n.
Then M becomes an R, - module of A. that L(Rn, M ) =~ L(R, A) follows the first half of the theorem 2.3.

Definition 2.5: Let J :{R,S,...} be a family of rings and 7 be a lattice theoretical condition that the
fundamental theorem of projective geometry ( fit p.g) holds in J under 7z , if for any ring R in J and R-module

A such that L( R, A) satisfies the condition of 77 .

Definition 2.6: Let S be a ring in J and of B is an s-module such hat L(R, A) =~ L(S, B) then there exist an

isomorphism o of A to B and an isomorphism o of Rto S such that the lattice isomorphism

A—>A=B,
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where A, denotes an arbitrary element in L(R, A) is induced by o that is
A={y lyeA}
and such that

(Xa)a —x°a® forallainRandall xin A.

Theorem 2.7: Let J = {R, S,...} be a family of rings, n be a positive integer and 7 be a lattice theoretical
condition. If the fundamental theorem of projective geometry holds in J under 7z then the fundamental theorem

of projective geometry also holds in Jn = {Rn,Sn,...} under 77 . This isomorphism o of R,to S, needed in

the fundamental theorem of projective geometry in J ., can always be chosen , so that o is of the type

(au' )Gv =(a1.‘,-’“),

where ¢ is a suitable isomorphism of R to S.

Proof: Suppose the fundamental theorem of projective geometry holds in J = {R, S,...} under 77, that M is

an R, -module and that L( R, M )satisfies .

Let M1—>Ml'be a lattice isomorphism of L(Rn,M)and L(Sn,N), where N is an S, -module, by

theorem2.3 there exist an R, -module a and S-module J such that,
L(R,M)=L(R,A), L(S,,N)=L(S,B).
then L(R,A)=L(S,B)

and clearly both of these lattices satisfy 7z. In the view of the proof of theorem2.3, we may assume that
A=Me and B =Ne,. Now by our assumption there is an isomorphism o of Me; to Ne, and an

isomorphism ¢ of R to S such that M€, ={y'/ y € M,&, | for any R, -sub-module M, of M and such that
((xe,)[a])” =(xey)"[ac” | forall 2’ inR andall xin N.
now we defineamap 7 : X — X° from M to N by
X" =(xe,) e, +(xe,) e, +(xey) ey +...++(xe,) &y,

Note that( Xe;, )" is a meaningful for X € M and fori =1,2,3,...,n, since Xg,, = (xeil)en € Me,;. We will

show that 7 is an isomorphism of M and N. Since & is an isomorphism of Me;; to Ne,,,

we have easily verify that

(x+y) =x"+y".
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IfX" =0then X'e, =0 and therefore  (xe,)” e, =(xe,)” e, =0. Since(xe,)” € Ne,, we

have(xe, )" =(xe,)" e, =0 . Hence  Xg, =0, since o is an isomorphism then Xe, =(xe; )€, =0
fori=1,2,3,...,n, therefore X =0,Now we have to show that for anyz € N there is an X &M such

thatz = X", since ze, = (zeil)en € Ne,, there exist an element X; € Me,; such that ze,, = X
Put X =Xy + X,y + XeByy ...+ X &y
then
Xi€i1 = %€ =X
Hence ze, =(xe,) and ze, =(xe,)" €.
Therefore Z = X" . Thus we have proved that 7 is an isomorphism of M to N.

Now forall a € Rand all X e N, then we have

(X[ = S (xlale,) e =X o) e X, [ Je, <[ [, <[ ]

and

(xe;) =(xe,) &, =x"e;.
Thus for all (ajj ) eR,and XeM we have(X(&lij ))T = (a;’ )X’. Finally we have to show that
M, = {XT Ixe Ml} forany R, -sub-module M, of M, we note that y* = y“ forall y € Mg, .
Let x be inM,. Since we have M.y, :{y" lye Mlell} and since  Xe;, € Mg, we have
x'e, =(xe,) =(xe,)” € Mg, . Hence X'e; € Mg, = M,. Therefore X € M, .

Conversely, let z be in Mll,

Z&; = X/, :(Xieli )T andz = Z(Xieli )T = (ineli )r :

Clearly X=Xe;is in M;andz=X". Thus we have proved that the lattice isomorphism

then we can find X;jin such that ze, =X =X. Hence

of L(Rn, M )to L(Sn, N) is induced by the group isomorphism 7 , proof is complete.

Now let R be a ring A=R®R®...®Rbe a direct sum of n terms of the additive group of R. if we
define Xa = a,a,a,a,...,a,a, for x=(a1,a2,...,an)e Aand ae R, then A become an R-module. We

assume that R satisfies the following conditions;
() Any lattice automorphism ofL(R,A)induced by some automorphism o of A such that

(Xa)Cr =x°a’ forallae R, X € A, where & is an automorphism of R.

(ii) Let P, Q be in the simple matrix ring R, . If PQ =1, QP =1. Q will be denoted by P™".
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Theorem 2.8: Let aring R and an integer n be such that the above two conditions (i),(ii) are satisfied then any

)a :W’l(a“' )W , where o is an

automorphism o of the simple matrix ring R, is of the form (a i

ij
automorphism of R and W is an element of R, for which W s exist.
Proof: obvious

CONCLUSION

From Baer theorem [3, p.39]we know that the ring I of all integers satisfies the above condition(i) for all n. since
I can be imbedded in a field, (ii) is also satisfied for all n. from theorem 2.8, therefore, it follows that any

automorphism of the simple matrix ring | , is inner.
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