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Abstract:- In this article, we aim to examine glucose concentration for type | diabetic patient to strengthen
diabetic’s research. Firstly, the model is integrated into the Caputo-Fabrizio fractional derivative with a non-
singular kernel in order to subdue the limitations of the conventional Riemann-Liouville and Caputo fractional
derivatives. After that, the presented mathematical model is reviewed for the existence of system solutions in
detail by applying the fixed-point postulate. We ascertain the conditions under which the uniqueness of this
system of solutions can be obtained.
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1. Introduction

Mathematical modeling is a powerful tool due to its manifest importance and multifaceted uses against real-
world problems in engineering, finance, social sciences and biology. Models have been formulated using
classical derivatives. The modeling concept was extended to the novel approach, applying fractional derivatives
[2—-4]. The basics of the fractional derivative, Caputo-Fabrizio, are given in [5-6 & 26-27]. Thus, some of the
studies focused on the multiple applications of fractional operator, Caputo-Fabrizio derivatives, without a
singular kernel. A variety of Fractional Models investigation is given in [7-13&25].

The glucose in human blood is the main source of energy and comes from the food insulin, a hormone made by
the pancreas, which helps glucose from food to get into our cells and to use it for energy. Insulin also controls
and adjusts the quantity of sugar in human body [14]. When a human body is unable to make the desired amount
of insulin or is not able to use it well, then the glucose doesn’t reach the cells and stays in the blood. Frequent
urination (polyurea), feeling more thirsty and hungry (polydipsia and polyphagia) are the symptoms which the
patients having high blood sugar typically experience. Diabetes is known as a Raj Rog (meaning “kingship
disease” or “royalty disease™) in ancient India, that is, a disease which affects those people having lots of wealth
and lives a comfortable prosperous life by using servants for doing their works and chores. But, in recent years,
it has become a problem which affects the whole society. In ancient times, this problem was seen in the age
group above 70 years, but (in today’s era) it is a problem of all age groups. And, in very short time period, it has
become a problem of the whole world. The issue is very serious and researchers are doing their best to control
this problem. Generally, Type | diabetes requires a daily dose of insulin taken by the patient to regulate the
amount of glucose in blood. Non-access of insulin leads to certain complications or danger to the patient’s life.

Previously, some feedback controllers for insulin delivery have been investigated such as Fractional-Order (FO)
proportional—-integral—derivative control for diabetes patients using Bergman minimal model (BMM) [15]. In
[16] adaptive FO Sliding Mode Control (SMC) for glucose concentration level of diabetic patients in the
presence of the parameters uncertainty and multiple meal disturbances is used. A non-linear delay differential
model of the glucose—insulin regulation system was studied and then an intelligent Mamdani-type fuzzy
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controller is proposed. In [22], the theoretical model of nonlinear differential equations having three variables
(glucose, Insulin, B-cell mass) with thirteen parameters has been discussed. The homotopy perturbation method
(HPM) was used to find analytical expressions of the glucose, Insulin, and 3 -cell mass respectively. Also, HPM
methods are also used in various other models [23 & 24]. Recently, various models based on FDDEs such as
glucose-insulin interaction model [1 & 17-21] and so on have been discussed in the literature. The organization
of this paper is as follows. Next section 2, contains background on definitions related to the Caputo-Fabrizio
derivative. Section 3 includes mathematical model of glucose regulatory system for type-1 diabetic patient
including the impact of carbohydrate by different food items on glucose level in the blood with Caputo-Fabrizio
derivative whereas section 4 deals with theorems to prove existence and uniqueness of the solution using the
fixed-point postulate. Lastly section 5 provides a conclusion.

Background for Caputo-Fabrizio fractional derivative

Definition 1: The Riemann - Liouville (R-L) fractional integral operator of order 8 > 0, of function
f e LY(R*) is defined as

DOf(t) = Te)f (t—s)® "1 f(s)ds, 1.1

where is I'(0)the Euler gamma function.

Definition 2: From [5], Let Z € H'(b,c), ¢ > b, A € [0,1] then, the definition of the arbitary order Caputo-
Fabrizio fractional derivative is given by

- M (A -
D} (1) = 22 [12' (2)exp [-2 2] de. 1.2
In the equation (1.2), M'(A) represents normalization function with conditions
MA) =M(0) =1.

Definition 3: From [6] Assume 0 <A< 1, hence fractional order integral of order X for function = (z) is denoted
as

Arm _ 2(-1)

PME(D) = —O‘_Z)Mmg(t) + G oom® )\)Mmf E(s)ds,t = 0. 1.3

2
2O AAOD) 1.4

We get M(A) = an x) and with order 0 <A< 1.

The authors in [6] represent the new Caputo derivative in another form as
- M =

D} (1) = 2 [ &' (@)exp [-A 2| dz. 15

2. Objectives

Mathematical model of glucose regulatory system for type-1 diabetic patient including the impact of
carbohydrate by different food items on glucose level

In this section, we present the fractional mathematical model of glucose regulatory system for type-1 diabetic
patient including the impact of carbohydrate by different food items on glucose level with CF derivative which
includes Blood Glucose Concentration denoted by G(t), Blood Insulin Concentration denoted by I(t) and
Epinephrine denoted by E(t) respectively e;= Effect of physical exercise in increasing the utilization of
Glucose, e; = Effect of physical exercise in accelerating the utilization of Insulin, G,,; = Output of
carbohydrate metabolism system V = Volume distribution space are the positive real-valued model parameters.
my, m,, ms, ..., Mg are the constants. FODEs model presented in (2.3) includes assumptions and descriptions of
parameters as per the ordinary differential equation mathematical model presented in the paper [21]. Fractional
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mathematical model of glucose regulatory system for type-1 diabetic patient including the impact of
carbohydrate by different food items on glucose level with CF derivative is represented as ODE Model is

represented by:

& = —(my + )G —myl + myE + 7,
dl
E = m4G - (ms + e,)] + TI‘L6E,
2.1

Z_f = m7G - msl + ng.

For Simplification we can let
G

l‘?/xt — 94

—(my +e5) =0,,—my =0;,m3 =65,
m4_ = 95, _(ms + e,) = 96’ m6 = 97
2.2

m7 = 98' _mg = 99,1119 = 610-
Now instead of derivative of order 1 in ordinary differential equation model represented by (2.2) we taker order

of a to change the model into fractional order differential equation by using Caputo Fabrizio fractional
derivative of order a from 0 to twe get,CF Fractional model is given by equation (2.3) below,
CEGE = 0,G + 0,1 + 6:E +6,,
CPIF = 05G + 66l + 0,E,
2.3

CEE{-X = 98G - 991 + 910E.
By using Caputo-Fabrizio fractional integral operator on the above system of equation (2. 3), we get

G(t) — G(0) = “32{0,G + 0,1 + O;E + 6,},

1(t) — 1(0) = “F72{0:G + 041 + 6,E},

E(t) — E(0) = CEI%{0gG — Ol + 61E}. 2.4
For simplicity we let the kernels of the above equations in the form mentioned below

K, = {6,G + 0,1 + 0;E + 6,},

KZ = {956 + 961 + 97E},
K3 == {986 - 991 + QloE} 2.5

The definition of CF integral [5,6] is given by

wepn . 20=p) 2p ‘
VIO = = aen O T O

We will apply this definition on equation (4) by taking the kernelsK;, for i = 1,2,3. Then we will get
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G(6) = G(0) = GESE (K (8, )} + e [y Ky (0, G}y,

1) = 1(0) = -l (i (6, D) + oo [y Ko (v, D}y,

E(t) — E(0) = =92 (k. (t, E)} +

M) Jy (K5 (v, E)}dy 26

(2- p)M (p) -0

3. Methods

Existence of solution for glucose regulatory system for type-1 diabetic patient including

the impact of carbohydrate by different food items on glucose level FODEs mathematical model
Now we will assume that G, I and Eare the non-negative bounded functions, such that ||G ()] < B,
IO < B, and ||[E(t)|| < Bs where B;, B,, Bs are the positive constants. Now we do the existence and
unigueness theorems.

First theorem we will prove that the kernels satisfy Lipschitz and contraction mapping.

Theorem 1: If the following inequality holds then kernels satisfy the Lipschitz condition and contraction
mapping 0 < M = maximum value of {y1,v2,v3} < 1.
Proof: We take the first kernel K;. Let G and G, be any two functions.

If we put those in first kernel K; and taking norm we get.

Now we apply the triangular inequality, we get
1K1 (8, G) — Ky (8, Gl < [|6:(G (&) = G ()| + 16111 + 16:E 1l + 1164l

K1 (t, G) — Ky (t, Gl < 04]|(G@®) — GL ) || + 0111l + 51 E Nl + 6,
Ik, (t, G) — Ky (t, Gl < 04]|(G(®) — G, (D) || + 628, + 0355 + 6,

Ik, (t, G) — K1 (t, Gl < 64,]|(G(@®) — G, (O)||

Now 8, = y, such that 0 < y; < 1 hence Lipschitz condition and contraction mapping for the kernel K;.Similar
way we can prove other two kernels also. Now let us take equation (2.6) and shift the G(0), 1(0) And E(0) on the
right hand side, We get

G(D) = G(0) + =2k, (t,G)} + [ (K, (v, ©)}dy,

@2-p)M(p) (2- p)M(p)
B 2(1—p) 2p t
0= 10) + G2t ka6 D) + s [ (a0 Dy,
E(t) = E(0) + G2 st (Ks (6 )} + e [ (Ks (0, B}y 31

Using this equation (3.1) we can apply the recursive formula for the n'" term and taking the initial values G (0) =
Go(t), 1(0) = Io(t), E(0) = Eo(t) we get

Gu(8) = B Ky (£, G} + 5 JHK ) G}y,

@2-p)M(p) )JV[( )
_2(1-p)
b = G S Kb+ o | K0
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2(1-p) ¢
Epp = (z_p)—wl;(){Ks(t En_1)}+ (zp)—M()f {K3(y, En_1)}dy. 3.2

The successive term difference for above system is

By (t) = =52 _(K, (L, Gp_y) — Ky (¢, Grg)} + ——2—

(2-p)M(p) f{Kl(y’ n-1) — Ki(y, G,_2)}dy,

(2- p)M (p) “0

P (t) = =2 (K, (L, ,_y) — Ky (t, In_y)} + J K3 Iny) = Ko (0, Tn2)}dy,

@2-p)M(p) (2- p)M( )
—_ 2(1-p)
) = m{&(t Ep_1) — K3(t, En- z)H‘mf{ K3 (¥, En-1) — K3(y, En—2)}dy 3.3

Now the summation of all the differences can be written as

Gr(t) = id)i(t)

L) = i ¥i(0)

En(t) = XL Ei(0) 3.4
Now the norm

12, (O = |G, () = Gn1 (Ol

From equation (3.3)

19 (O = || 552 (K, (¢, Ga) = K (& Gr2)} + [y KO, Gus) = Ko (3, G}y || 3

pYM(p) (2- p)M (p) 70

Now using the above two equations we can get

2(1-p)
1Gu () = s O = || 252 K (£ Gnes) = Ka (8 Gro)} + e oy UK (3, Gt) = Ko (0, G} |
3.6

Now Appling triangular inequality
|2, I = 116G, (t) = Gp1 (DI

< || G2t Kt ) = Ka (6, )Y + (|G Jo a0 Gue) = Ka (0, G2) )y |

|G, (t) — G ()]
< 2(1-p)
T 2-pM()

b [ 1K 60m) ~ Ky, Gl
(2_p)M(p) o 1 yi n-1 1 yi n-2 y

{K; (t, Gn-1) — K1 (&, Gh_2) }|

Now as we know the kernel K; satisfy the Lipschitz condition and contraction for y; we get,
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G, () = Gn—1 (DI

2A2P) G (O~ G (wm+——3ﬂ——yfmm 5) = Gus Oy
T@-pM@p) i @-pM@)t ) "
Thus we obtain
2(1-p) t
|, (I < mhll{q) 1O +5 )M( )Vlf |®n-1 () ldy 37

Similarly we can do for others parts of the equation. Now we will use this result in next theorem.

Theorem 2: If for t, > 0 and the inequalities below holds

2(1-p) 2p ¥
@-pM@E T @-pm(p) 't

Then a solution exists

Proof: Since all G, I, E are the bounded functions and kernels fulfill Lipschitz condition which shows existence
and smoothness of the functions. To complete the proof we prove the convergence of G, (t), L,(t), E,(t) is the
solution of the CF model. Let B,(t), C,(t), D,(t) as G(t) — G(0) = G, (t) — B, (t) and for others also.

Now

2(1-p) ‘
[|B t||=|—K t,G) — K (t, G, +—f Ki(y,G) — K (y,G,_1)}d
Applying triangular inequality, we get
q d =l =g
Bt_—KtG - K;(t, G, —K,GK, d
)
IBaOll € GESESY111G = Go sl + o1 [y 16 = Gaca lldy 38
Applying the process recursively we get
2(1-p) 2p n+l
1Bl < [ 585 + e 1Y
Att = to
2(1-p) 2p 1
Bl < [P vy + G Vato] 39
Now applying limits as n — oo, we get
[IB,(®O] = 0 3.10

Similarly, we can do for other parts of the models equations I and E.

Theorem 3: CF Model have a unique solution if

2(1-p) 2p
(1 - [(2 —p)M(p) vt 2—-pM(p) Y1t ) >0

Proof: Assume G, (t) is the other solution of the equation of the CF model
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Then
2(1-p) zp
160 - GO (1 ) [(2 —oMe "t Z-pm® “tD ="

Hence,

G(t) = Gy (D)
Similarly,

1Y) =1,(D

E() = E; (D) >
4. Results

The glucose regulatory system for type-1 diabetic patient has been validated using Existence and Unigueness
Theorem using fixed point postulate. The Caputo Fabrizio Fractional Derivative has been used in proving the
theorems where the kernel satisfies Lipschitz condition.

5. Discussion

For achieving better quality of life in diabetic patients it is necessary to pay attention towards a preventive and
personalized approach of treatment. Mathematical modeling of diabetic condition and its associated
complications provides a deep and clear understanding about the diverse and complex mechanism involved. A
differential equation model has been proposed in this work with fractional derivative. Glucose-insulin
concentration in blood model is extended to fractional calculus by using the CF fractional derivative and
validation by uniqueness and existence of solution is shown with Lipschitz condition. The existence and
uniqueness of the solution is found by employing the fixed-point theorem. Non-integer values of o the fractional
parameter of CF fractional derivative create a significant mathematical model. This model will benefit diabetics’
research by substantially minimizing the cost of care. For future research a similar comparative analysis can also
be undertaken of other integer order disease models.

Refrences

[1] Lekdee, N., Sirisubtawee, S., Koonprasert, S.: Bifurcations in a delayed fractional model of glucose insulin
interaction with incommensurate orders. Adv. Differ. Equ. 2019(1), 1-22 (2019).

[2] I. Podlubny, Fractional differential equations, Academic Press, 1999.

[3] S. Samko, A. Kilbas and O.Marichev, Fractional integrals and derivatives: theory and applications, London:
Gordon and BreachScience Publishers, 1993.

[4] A. A. Kilbas, H. M. Srivastava and J. J. Trujillo, Theory and applications of fractional differential
equations, vol. 204.North-Holland, Amsterdam, 2006.

[5] M. Caputo and M. Fabrizio, A new definition of fractional derivative with-out singular kernel, Progr. Fract.
Differ. Appl. 85, 73-85(2015).

[6] J. Losada and J. J. Nieto, Properties of the new fractional derivative without singular Kernel, Progr. Fract.
Differ. Appl. 1, 87-92(2015).

[7] S. Ullah, A. Khan and M. Faroog, A new fractional model for the dynamics of the hepatitis B virus using
the Caputo-Fabrizio derivative, Eur. Phys. J. Plus 133, 237 (2018).

[8] M. Altaf Khan, S. Ullah, K. O. Okosun and K. Shah A fractional order pine wilt disease model with
Caputo—Fabrizio derivative,Adv. Differ. Equ. 2018, 410 (2018).

[9] D. Baleanu, A. Mousalou and S. Rezapour, A new method for investigating approximate solutions of some
fractional integrodifferentialequations involving the Caputo-Fabrizio derivative, Adv. Differ. Equ. 51,
(2017).

19



Tuijin Jishu/Journal of Propulsion Technology
ISSN: 1001-4055
Vol. 46 No. 1 (2025)

[10] A. Atanganaand E. F. D. Goufo, The Caputo-Fabrizio fractional derivative applied to a singular
perturbation problem, Int. J. Math. Model. Numer. Opt. 9(3), 241 (2019).

[11] D. Kumar, J.Singh, M. A. Qurashi and D. Baleanu, Analysis of logistic equation pertaining to a new
fractional derivative with non-singular kernel, Adv. Mech. Eng. 9(2), 1-8 (2017).

[12] X. J. Yang, H. M. Srivastava and J. A. T. Machado, A new fractional derivative without singular kernel:
application to the modelling of the steady heat flow, Therm. Sci. 20(2), 753-756 (2016).

[13] B. S. T. Alkahtani and A. Atangana, Controlling the wave movement on the surface of shallow water with
the Caputo—Fabrizio derivative with fractional order, Chaos Soliton Fract. 89, 539-546 (2016).

[14] WHO (1999) Definition, Diagnosis and Classification of Diabetes Mellitus and Its Complications: Report
of a WHO Consultation. Part 1: Diagnosis and Classification of Diabetes Mellitus.

[15] Goharimanesh, M., Lashkaripour, A., AboueiMehrizi, A.: ‘Fractional order PID controller for diabetes
patients’, J. Comput. Appl. Mech., 2015, 46, (1), pp. 69—76.

[16] Heydarinejad, H., Delavari, H.: ‘Adaptive fractional order sliding mode controller design for blood glucose
regulation-4-3’, in Babiarz, A., Czornik, A., Klamka, J., et al. (Eds.): ‘Theory and applications of non-
integer order systems’ (Springer International Publishing, Switzerland AG, 2017, 1st edn.), pp. 449-465.

[17] HadiDelavari , Hamid Heydarinejad, and DumitruBaleanu, Adaptive fractional-order blood glucose
regulator based on high-order sliding mode observer, IET Syst. Biol., 2019, Vol. 13 Iss. 2, pp. 43-54.

[18] Balakrishnan, N.P., Rangaiah, G.P., Samavedham, L.: ‘Review and analysis ofblood glucose (BG) models
for type 1 diabetic patients’, Ind. Eng. Chem.Res., 2011, 50, (21), pp. 12041-12066.

[19] WHO (2016) Report Commission, Global Report on Diabetes

[20] Srivastava HM. Diabetes and its Resulting Complications: Mathematical Modeling viaFractional Calculus.
Public H Open Acc 2020, 4(3): 000163.

[21] Richa Gupta, Deepak Kumar, Numerical Model for Glucose Metabolism for Various Types of Food and
Effect of Physical Activities on Type 1 Diabetic Patient, Applied Mathematics 2017, 7(2): 19-22.

[22] K. Saranya, T. Iswarya, V. Mohan , K. E.Sathappan, L. Rajendran, Mathematical modeling of Glucose,
Insulin —-Cell Mass: Homotopy Perturbation Method Approach, European Journal of Molecular &
Clinical Medicine, Volume 07, Issue 02, 2020.

[23] M.V. Jeyanthi, P.S. Sheik Uduman, Dowlath Fathima, Solution of Fractional Inventory model with price
Dependent Demand using Homotopy Pertubation Method, International Journal of Advanced science and
Technology, Vol. 29.No.06(2020), pp. 6803- 6811.

[24] M.V.Jeyanthi, P.S. Sheik Uduman, Dowlath Fathima, Solving Nonlinear Inventory Model for
Deteriorating Items using Fractional Differential Method, Journal of Environmental Accounting and
Management 10(1) (2022) 31-38.

[25] Losada J, Nieto JJ. Properties of the new fractional derivative without singular kernel. ProgrFract Differ
Appl 2015;1:87-92. doi: 10.12785/pfda/010202 .

[26] Virender Singh Panwar, P.S. Sheik Uduman, J.F. Gomez-Aguilar, Mathematical modeling of coronavirus
disease COVID-19 dynamics using CF and ABC non-singular fractional derivatives, Chaos, Solitons and
Fractals 145 (2021) 110757.

[27] Virender Singh Panwar and P.S. Sheik Uduman, Existence and Uniqueness of Solutions for Mixed
Immunotherapy and Chemotherapy Cancer Treatment Fractional Model with Caputo-Fabrizio Derivative,
Progr. Fract. Differ. Appl. 8, No. 2, 243-251 (2022).

20



