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In the present paper, we prove that fhegIbBRgtous space of 2™ kind with a unique
type of (e, B)-metric can be transformed symmetrically on a Douglous space of
next kind again. For, we have used the theories of Douglous space and conformal
transformation. Consequently, some special cases are discussed to show that the
2™¢ kind Douglous space with different (o, B)-metrics including Randers metric
and some other types, is also conformally invariant.
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1 Introduction

The conception of Douglous space of 2"¢ kind with (a, ) metric was first introduced by
Lee [3]. A Finsler space with («, 5)-metric is defined as Douglous space of second kind
if the Douglous tensor Dlhjk vanishes identically. M. Matsumoto and S. Bacso further
investigated this space in the light of geodesic equation and found it as generalization
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of Berwald spaces. In Finsler geometry [12], the theory of Berwald spaces containing (a,
B)-metrics ([1], [11], [15], and [14]) plays an essential part. An another extension of
Berwald spaces can be seen as Landsberg space. The idea of the existence of conforming
transformations on Finsler spaces was first i ntroduced by M. S. Kneblman in [1], and
M. Hashiguchi [6] expanded it in various manners. Some tensorial quantities were
found conformally invariant by Lee and Prasad ([10], [17]) in a Finsler space with
(c, B)-metric with respect to a conforming S-transformation.

Here, we have investigated that the Douglous space of 2" kind with unique («, 8)-
metric, F' = a + vf + ,ug—z remains invariant under a conformal transformation.
Subsequently, we have derived certain findings that demonstrate the symmetry of
the Douglous space of second kind under a conforming alterations, even when the
(a, B)-metrics are of various kinds, such as the Randers metric and some others.

2 Preliminaries

If F(a, B) is a positively homogeneous function of linear degree in « and 8 then Finsler
space F" = (M, F(«, 3)) is said to have a (a, 8) metric. In this case a denotes is the
Riemannian metric which is denoted as o? = aij(x)yiyj and f indicates one form is
B = b;(x)y’. Keep in mind that the Riemannian space connected to F" denoted by
the space R"™ = (M, «). The following illustrates the notations that were used:

bt =a'"b,, b2 = a"*b,b,

2rij = bijj + bjlis 2815 = bijj — by

T

J

5

aiT'srj, 5j =brs
The Berwald interrelation _ _
Bl = {GY.(z,y),G}}

of F™ has an unique contribution in the present work. B; . represents the difference
tensor of G; , and 'y;. & given as following

G;k(xa y) = %i‘k(x) + Bji‘k(xa Y)- (1)
By transvecting by 3 with the subscript 0, we generate
G! =~} + B, and 2G" =~} +2B’, (2)

and then B! = 0;B" and B, = 0;B!
A Douglous space [13] is defined as a Finsler space F™ of dimension n if
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are 3-degree homogeneous polynomial of (y?).

Next, on differentiating e quation (3) w.r.t.y ™, we can generate t he following
definitions as;
De inition 1. ([15]) IfD¢,, = (n+ 1)G'— G ™y" is a homogeneous binomial in (y'),
then F'™ a Finsler space is terminated in a douglous space of 2% kind with unique (v, 3)-
metric.

Secondly, a Finsler space with («a, )-metric is termed as second kind Douglous
space if and only if

Bi™ = (n+1)B' — B™y", (4)

are 2-degree homogeneous equations in (y*), where B is the same as provided by [15].

Now, differentiating the equation (4) with respect to y”, y7 and y*, we can have

Definition 2. A Finsler space F™ with («, §)-metric is termed as second kind Dou-
glous space if Bi™ = (n + 1)B* — B™y' is a 2-degree homogeneous polynomial in

(y').

3 DOUGLOUS SPACE OF 2™ KIND WITH A
UNIQUE (a, 8)- METRIC

In this part, we examine the fundamentals of a Finsler space that is a second class
Douglous space [2] with a (a, §)-metric.
Assuming that G*(z,y) represents the spraying coefficients of F", as given by [4].

2G" = (o + 2B’ (6)
i_aFBi * BFB i aFaa yl abi
B' = 7 so+C {aFy i (a 5 , (7)
where
c* = Oéﬁ (TOQFOC — QOéSQFﬁ)

2(B%F0 + ay?Foa)
42 = B2a? — 2. 8)
Since vjo = vi (2)y’y* is hp(2), equation (7) yields

. O[Fg . . a2Faa o o
B”:—(lj—’l) —=C* (b'y —Vy"). 9
F s —soy' )+ =g (b'y’ —'y") (9)
Using equations (3) and (9), we can have the lemma given as [14];
Lemma 1. A Douglas space is defined as a Finsler space F™ with an («, §)-metric,
if it exists and only if BY = B'yl — Biy® are 3-degree homogeneous polynomial.
Differentiating equation (9) w. r. t. y", y*, y? and 39, we obtain Dilpg = 0 1.

e. correspond to Dﬁlpm = (n+ 1)D};Lkp = 0. Therefore, a Finsler space F™ which
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agrees with D;‘fém = 0 is termed as Douglas space. Now in the resulting equation,
differentiation of equation (9) w. r. t. y™ and then contraction of m and j , provides

pim (ot DaFash | a{(nt1)a’QFuab’ + 8y Ay} oo
Fa 202 o
P {(n+1) ’QFFuab' + By} so 0P Faay'ro
Fal? 5

where Q = (82F, + a2 Faa) , with Q # 0,, A = aFy Fana + 3FaFaa — 3(Faa)” and

B = aBy*FoFsFaaa + B{(37* — 8°) Fo — 40v°Fau } FsFoo + QF Faq (11)

In the succeeding section, we shall use the theorem given below :

Theorem 1. When B™ are second degree homogeneous polynomials in (y™) , where
Bi™ s provided by equation (10) and equation (11), with Q # 0, then a Finsler space
F™ s termed as a 2" kind Douglous space.

4 SYMMETRICAL TRANSFORMATION OF
DOUGLOUS SPACE OF 2" KIND WITH A
UNIQUE (a, 8)-METRIC

The essentials for a second class Douglous space to being symmetrically invariant have
been investigated in this section.

On taking Finsler spaces; F"* = (M, F) and F'' = (M, F) and if a function o(z)
exists in each coordinate neighbourhood of the underlying manifold M" then F(z,y) =
e’ F(z,y), and hence the space F" is said to be symmetrical to . Convolutionally
is the name given to this transformation F — F.

A symmetrical transformation of the metric (a, 3) is provided by («, 8) — (6, B),
where @ = e%a, = e’ f8

that is,

b (12)

e b (13)

@i = e*7a;j, by =
-
b =

71] —e —20 zg
and o
b2 = aijbibj =a¥ bzb]
Using equation (13), we can have the Christoffel symbols given as:

Vi = Vi + 050k + 605 — o' aj, (14)

where 0; = 0;0 and o' = a¥o;.
From equations (13) and (14), we get the identities as below:

65 (iji—i—paij —O’ib]‘),
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1
= 5 (bioj + bjai)} ;

2
- A i
5j=¢ {3j+2(b0j—bj0)],
(

where p = 0,.b".
From equations (14) and (15), we obtain the followings:

Yoo = Voo + 200" — a’ay,
oo = €7 (roo + pa® — 00f3)
. | . ,
So=e€7|sy+ 3 (JSle - ﬂal) ,

1 .
So :So+§ (O’oblfpﬂ).

(19)

Now, we will investigate the symmetrical variation of B% obtained by equation (9).

Suppose that F(a, ) = e F(a, 8) then we get
Fa=F,, Fag=¢ "Fu, fﬁ = Fs, 7° = ¢**4°
Using equations (8), (19) and (20) and the Theorem 1,
C" =¢% (C* + DY),
where
DY — af [(ﬁa2 — Uoﬁ) F,—« (b200 — pﬂ) Fg]
B 2 (B2F, + a2 Faa)

Therefore, BY can be represented as:

i F . o 2P o o
B = T2 (b —sby') + TGt 0y V)
aﬁFﬁ
2F,

N <Oz0‘0F@ o?F,,,

* .0 _ BJa )
F. | BF, D)(by vy

= BY + 0V,

(o'y? —aly'),

where

2
Cii — <CWOFB + O‘EWD*) (biy? — by) — afFg (o'y? — a¥yi) .

F, BF, 2F,

(20)

(21)

(22)
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From equation (11), we obtain
Q=¢e2Q0, A=e A, B=¢e*"B. (23)

Next, On applying symmetrical transformation on B™ to get

B = Bim 4 KM (24)
where
im  (n+1)aF i i n+ 1) a?QF o b" + By2 Ay’
2Km :(‘F# (Uob — BO’ ) + « {( ) 5; ﬂry i } (0042 - O'Oﬂ)
a?{(n+1)a?Q} FgFaab' + By’

(b20'0 - pﬂ) .

Fo02
(25)

Therefore, the following theorem have been developed
Theorem 2. A Douglous space of second class is invariant under a symmetrical
variation iff KI™(z) are second-degree homogeneous polynomials in (y*).

5 SYMMETRICAL TRANSFORMATION OF
DOUGLOUS SPACE 2"¢ OF KIND WITH
UNIQUE METRIC («a,3) AND SPACE

3
F=oa+v8+p
Suppose a space of Finsler manifold with unique metric («, 3) defined by

53
FZCH‘“ﬁ"‘M*y
(0%

where v and p are constants.

Then,
B3
Fo=1-2u,
ﬂQ
Fg = v+3,u?, (26)
53
Faa = GMJ
. 2
Faoca = Lf
o

Now, from equation (11), we get

B —8upB® + [ozzﬂ + 6b20¢62] af

Q o3
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A=6 53{ 116u63] (27)

B:Q+g+g

where,

LJ <U43uﬂ2) {(3 3053>zﬂa24<8u531)4ﬁ2],

2

ﬂ {(b2a2 +ovbaf — up? —ovpBiat)

U =6u= (B +v8%) +
3 63
+ =5 (0%a? - u28))

Therefore, from equations (25) and (26), K™ have been derived as

2
2K =(n+ 1)« [U + 3u§2} (00b" = B’) + (odly + ally)(pa® — 09f3) (28)

— [Ao + (A1 + Ax + As)y' —T] (b*00 — pB).

where,
203 .
olly = Guln + La’p b
{a3B% + 6020233} — 6.3°
6 e 16 4 2.2 )
oIl p[—a upt] B2y,

{38 + 6020252} — 8u64]2y
6(n + Dpa* G (ea® + 3u6?)
(a® —2uB3) [a®f + 6b2a2 B2 — 8u3]
—24ua®p* (Ua5 +3paB? — 2uua?p — 6u265) 9
(a3 — 2133)[a3 82 + 6b2a23% — Guﬂ5]2

Ag = b

Ay =

204 2 2
Jy— 24[/104 ﬁ (ea® + 3#5[ ) _ [3b2a5 — 30ub2aB?
(@ — 2B + 6?55 — 8]

— 40352 4 32u5°].

_ 6u(c8)*
(a3 — 2u3)[a3 82 + 6b2a233 — 835
+ (6 4+ vb*)a? Bt — (6pv + ) 8]

S[atB + 6va®B2(H2a? B — pap?)
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r— —6pa’p? i
T [a352 + 6b2a23 — 8ups]Y

Now, from equation (28) we can have

2K = (n+1)a [v+3u(a™" B)] (0ob" — Bo’) +ur + ug +us + ug +us +ug +ur. (29)
where,
uy = oll;(pa? — 03)

uy = ally(pa® — oo )
uz = —Ao(b*00 — pB)
uy = —Ay' (oo — pp)
Us = —Azyi(b%o - ppb)
ug = —Asy' (b*09 — pB)
ur = T'(b*0¢ — pB)
which provides that K™ is 2-degree homogeneous polynomial of in y*. Using this,

we can have the following result
Theorem 3. A Douglous space of 2" kind with an unique (o, 3)-metric F = a+vB+

3
,u%, where v and p are constants, and invariant under a symmetrical transformation.

Therefore, we find with the help of Theorem 3 that a Douglous space of 2"¢ kind
associated by a space of Finsler with special form of («, 8)-metric can be transformed
symmetrically to a Douglous space of 2" kind again. And hence, we can derive fol-
lowing cases;

Case(i). If v =1 and p = 0, we get F' = a + 8 which is simply the Randers metric.
In the case, 2K™ takes the shape

2K = (n+ 1) a (ogb’ — Bo) , (30)

showing that K™ is 2-degree homogeneous polynomial in (y*).

It is remarkable that, u; = us = u3 = ug = us = ug = uy = 0. Hence, we can have
the following corollary
Corollary 1. A Douglous space of 2% kind with Randers metric F = a + 3, is
invariant under a conformal change.

Case(ii). f v =0and p =1, we get F' = o + g—z In the case, 2K takes the
following shape

2K = 3(n 4 1)(a”'B)a(oob’ — Bo’) + vy + vy +v3 +v4 +vs +v6 +v7,  (31)

where ( ) 263
6(n+ 1) . . )
_ bt bt — %
u1 a3 B2 + 6b2a2f3% — 8uf° (o0 pa’),
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3 3 2.2
vy = [23[5( +a6b2a126;2 ]—58;1]2 (Paz —00f),
18(n + 1)a* B4’

(a? —2p%) [a3f + 6b2a?32 — 834
213642

vy = o2 +762b0;52;3 BFYEE (b%00 — pB),

_ —18a%3% [3b%a® — 30020 — 40?7 4 320

V3 = (szO - pﬁ)v

P2
U = (a3 — 263)[a3B2 + 6b2a2p33 — 8,u,65]2 y' (b%o0 — pf),
vg = —6(af)! [a*B + 6{b%a’8? + a2 — af*} - 7] (b2 — ppB)
o (a3 —263)[a3p2 4 6b202 5% — 8#65]2 Y 0o — PP),
233
vr = 6a”p (V200 — pf),

3B + 6b2a2 5% — 8uBs
showing that K™ is 2-degree homogeneous polynomial in (y*).
Hence, the following corollary have been developed;

Corollary 2. A Douglous space of 2"¢ kind with special (o, 3)-metric F = a + 5—2 18
imwvariant under a symmetrical transformation.

Case(iii). fv=1land p =1, weget F =a+ 5+ g—z In the case, 2K takes
the shape

2K'™ = (n+1) [1 + 3(a_1,8)] oo’ — Bo®) + w1 4wy + w3 +wy +ws +we +wy, (32)

where

_ 6(n + 1)a2ﬂ3

~a3B + 6b2a232 — 8upBt
6 [(—ad —168%] 8242

27 (028 + ob2azpe — 8p” (pa* — a0f).
—6(n + 1)a*B%(a? + 362V ,

(a® —203) [a3B + 62252 — 854 (b0 — pB),
240‘2ﬂ4(055 + 30¢3ﬁ2 — 2a2ﬁ3 _ 6ﬁ5)72 .

- (a3 —2B3)[a36% + 6020233 — 865}2 y' (%00 — pp),

wq

bi(pa2 - 0'0/8)7

w3 =

s — —6a28%(a? + (3)38?) . [3b2a5 —300%a233
(a® - 28%)[a? 2 + 6b2a2 3% — 8u %]

— 40382 + 328%y* (b*00 — pB),

6(cp)"
(a3 — 26%)[a? 2 + 6020233 — 85
+6(070°8% — aB) + (5+ )0 8% — T8°)y' (Vo0 — pB),

we = 048 + a2
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—60[2ﬁ2 .

“(bPoo — pB).

o35 1 6022 — 8pt? ("0 — pP)
showing that K™ is a 2-degree homogeneous polynomial in (y*).

wr =

Hence, the following corollary have been developed;;
Corollary 3. A Douglous space of 2™ kind with certain form of (a, 3)-metric F =

3
o+ B+ 25 is invariant under a symmetrical transformation.

o2
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