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Abstract: - Let G be any graph. The pendant dominating set and the associated Laplacian minimum pendant
dominating energy (denoted as LE.(G)) provide insights into both the structure of the graph and the energy
associated with specific dominating sets. Here’s an overview of the key concepts and bounds related to LE. (G).
The study of LE.(G) involves understanding the spectral properties of the Laplacian matrix relative to pendant
dominating sets. By calculating exact values for standard graph families and establishing bounds, one gains deeper
insights into both the structural and spectral characteristics of graphs.
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1. Introduction

The energy of a graph was introduced by I. Gutman [4]. Let G = (V, E) be a graph with n vertices and m edges
and let A = (ai,j) be an adjacency matrix of a graph G. The eigenvalues of a graph G are the eigenvalues of its
adjacency matrix denoted by A, (G). A graph G is called singular graph if atleast one of its eigenvalues are zero.
For singular graphs evidently, det A = 0. A graph G is called non-singular graph if all its eigen values are different
from zero. For non-singular graphs evidently, det A > 0. A graph G is called k-regular graph if every vertex in G
has degree k. The energy of a graph G is denoted by E(G) and is defined to be sum of absolute values of the

eigenvalues of G. i.e.,
B = ) |
i=1

In 2006, I. Gutman and B. Zhou [5] defined the Laplacian energy of a graph. Let G be a graph with n vertices and
m edges. The Laplacian matrix of a graph G is denoted by L = (L;;) which is a square matrix of order n. The
elements of the Laplacian matrix are defined as follows:

-1, if v; and vj are adjacent
Lij=4 0, if v; and v; are not adjacent
d, ifi=j
where d; is degree of vertex v;.
The Laplacian energy of a graph G is defined using the eigenvalues of its Laplacian matrix L;;. If A1, 2,,..... ,An

are eigenvalues of Laplacian matrix and the Laplacian energy of G is defined as

. 2m
LE@ = ) [y -2
i=1

n
i=

The concept of minimum pendant dominating set and Laplacian energy can be analysed through various bounds
and inequalities. The Laplacian energy of a graph, derived from the eigenvalues of its Laplacian matrix, has
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diverse and significant applications in various fields, including chemical applications, high-resolution satellite
image classification and segmentation and finding semantic structures in image hierarchies.

2. The minimum pendant dominating energy of a graph

Given a simple graph G = (V,E) of order n, where n refers to the number of vertices in the graph V(G) =
Vi, va, .. ,Vn} is the set of vertices. A dominating set S of V(G) is called a pendant dominating set if the induced
subgraph (S) (the subgraph formed by the vertices in S) contains at least one pendant vertex, denoted by ype (G).
In other words, there exists atleast one vertex in S which is a pendant vertex in the subgraph (S). For more details
on the terms used in this paper refer [9]. The minimum pendant dominating matrix Ap(G) of a graph G = V, E)
with a minimum pendant dominating set D is defined as an n X n matrix, where n is the number of vertices in G.
The matrix is constructed as follows:

1, if vivje E
3 =191, ifi=jandv; €D

0, otherwise
The characteristic polynomial of the matrix Ay (G), denoted by f, (G, 2) is a key concept in spectral graph theory,
particularly when studying the properties of the minimum pendant dominating matrix of a graph G and is defined
as f,(G,A) = det(Al — A,(G)). The concept of least pendant dominating eigenvalues is not a standard term in
graph theory, but | can explain how it might relate to known concepts involving the eigenvalues of matrices
associated with a graph, particularly the adjacency matrix A, (G) and related matrices. Since Ap(G) are real and
symmetric, the eigenvalues are real numbers. So, the eigenvalues of a matrix are typically arranged in non-
increasing order A; =2, >,.....,= A, to facilitate their analysis and comparison. The minimum pendant
dominating energy of a graph G is a measure derived from the eigenvalues of an adjacency matrix A.(G)
associated with the graph. To define it formally:

n
Bpe(©) = ) [2|
i=1

3. The Laplacian minimum pendant dominating energy of a graph

Consider a graph G = (V, E) with a minimum pendant dominating set D. The set D is a dominating set such that
the induced subgraph (D) contains at least one pendant vertex. The Laplacian matrix LE,.(G) of the graph G is

defined as LE,.(G) = D(G) — Ape(G) where D(G) is the diagonal matrix of vertex degrees and Ap.(G)is the
adjacency matrix of G. Let the eigenvalues of LE.(G) be Ay, A,,..... ,A, arranged in non-increasing order i.e.
M=Ay 2, ..., = A, These eigenvalues are referred to as the Laplacian minimum pendant dominating
eigenvalues of the graph G. The Laplacian minimum pendant dominating energy is defined as:

. 2m
CORN
i=1

Here, |A; — sz| represents the absolute value of the difference between each eigenvalue A; and the average degree

of the graph G and we compute the average degree of the graph G as sz where m is the number of edges in G and
n is the number of vertices.

The study of the Laplacian minimum pendant dominating energy of a graph touches upon several mathematical
aspects and has potential applications in various fields, including chemistry and computer science.
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Figure 3.1

Example 3.1. Let G be a graph with 6 vertices as shown in the Figure 3.1. The minimum pendant dominating sets
are as follows:

(1) Dy = {vq,v3,V4} (i) Dy = {vq, vy, v4} (iif) D3 = {vy,v3,v4} (iv) Dy = {v;,v3, s}
(V) Dg = {vy, V4, Vs} (Vi) Dg = {V3, V4, V6} (Vii) Dy = {v3, V4, v7}
(l) Let D1 = {Vl’ V3, V4_} then
1 1 0 0 0 0 O 1 0 0 0 0 0 O
101 0 0 0 O 0 2 0 0 0 0 O
01 1 1 0 1 1 0 0 4 0 0 0 O
Ape,Dl(G) =0 0 1 1 1 1 1 and D(G)=f0 0 0 4 0 0 O
0 0 01 0 0 O 0 0 0001 0 O
0 01 1 00O 0O 0 000 2 O
‘0 0 1. 1 0 0 O 0 0 0 0 0 0 2

r0 -1 0 0 0 0 0 7
-1 2 -1 0 0 0 0
-1 3 -1 0 -1 -1
o -1 3 -1 -1 -1
0 0 -1 1 0 0
0o -1 -1 0 2 0
0o -1 -1 0 0 2

The characteristic polynomial of the Laplacian minimum pendant dominating matrix Ly, (G) of a graph G:

Lpe,Dl(G) =D(G) - Ape,Dl(G) =

SO OO oo

£,(GA) =27 — 1326+ 6125 —120A* + 7123 +472% —381 —8 =0
The Laplacian minimum pendant dominating eigenvalues of a graph G as follows:
A = —0.5597, A, =—-0.1842, A3 =0.9583,A, =2, A5 = 2.1960, Ay, = 4.1923, A, = 4.3973
The average degree of the graph G is

2m _ 2(8) _ 16
n 7 7

~ 2.2857

Based on the calculations with the eigenvalues and the average degree, the Laplacian minimum pendant
dominating energy of the graph ¢ is indeed approximately LE;.G) ~ 10.0263

(ii) Let D, = {v,,v,,v,} then

1 100 0 0 0 1 0 0 0 0 0 0
1110000 0200000
01010 11 0040000
Apep,(@=/0 0 1 1 1 1 1| and D@G)=|0 0 0 4 0 0 0
0001000 0000100
0011000 0000020
0 001 10 0 0 0 0 0 00 0 2
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0 -1 0 0 0 0 07
-1 1 -1 0 0 0 0
0 -1 4 -1 0 -1 -1
Lpep, (G) =D(G) = Apep,(G)=|0 0 -1 3 -1 -1 -1
0 0 0 -1 1 0 0
0 0 -1 -1 0 2 0
Lo 0 -1 -1 0 0 2

The characteristic polynomial of the Laplacian minimum pendant dominating matrix Ly, (G) of a graph G:

£,.(GA) =27 — 1325 + 5925 — 106 A* + 44 A% + 6312 — 44X — 4 = 0

The Laplacian minimum pendant dominating eigenvalues of a graph G as follows:

A, = —0.5597, A, = —0.1842, A; = 0.9583,2, = 2, As = 2.1960, A, = 4.1923, A, = 4.3973

The average degree of the graph G is

2m _ 2(8) _ 16
n 7 7

~ 2.2857

Based on the calculations with the eigenvalues and the average degree, the Laplacian minimum pendant
dominating energy of the graph G is indeed approximately LE,.G) ~ 10.0263

Therefore, we conclude that the Laplacian minimum pendant dominating energy of a graph G is influenced by the

minimum pendant dominating set of G.

4. The Laplacian minimum pendant dominating energy of some standard graphs

Theorem 4.1. The Laplacian minimum pendant dominating energy of a complete graph K, forn > 2is

mn—-3)++yn2—-2n+9

Proof: The Laplacian minimum pendant dominating energy for a complete graph K, with the minimum pendant
dominating set D = {v,, v,}, follow these steps:

11 1 ... 11 m— 1 0 0o ... 0 0
11 1 ... 11 0 n—1 0o ... 0 0
11 0 ..... 11 0 0 n—-1 ..... 0 0
ApeKp) =[. . . ... and D(Kp=| . . . ...
11 1 ... 0 1 0 0 0o ... n—1 0
11 1 ... 1 0 0 0 0o ... 0 n—1
n-2 -1 -1 ... -1 -1
-1 n-2 ) -1 -1
-1 -1 n-1 ..... -1 -1
Lpe(Kp) = D(Ky) —ApeK) = . . . ...
-1 -1 -1 ... n—-1 -1
L —1 -1 -1 ... -1 n-1

The characteristic polynomial of the Laplacian minimum pendant dominating matrix LEp.(K,) for a complete

graph K, is

K D)=A—- =D& -n"3A - (n—Dr—2}=0

Thus, the eigenvalues of LE.(K,) are
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A= (n-1)%4/(n2-2n+9)
2

A = n—1{1time}, A = n{(n-3) times}, {one time each}

The average degree of a graph K, is

n(n-1)
- = 2 2
n

=n—1

The Laplacian minimum pendant dominating energy LE.(K,) of a complete graph K, is

(n—1)+,/(n2—2n+9)_
2

LEpe(Kp) = [n =1 = =D|+[n-(n-1)|(n-3) + (n—1)
N n—1) — ;n2—2n+9)_(n_1)

-n+1—,/(n2-2n+9)
2

“LEpe(Ky) =(m—=3)++yn*—-2n+9

Theorem 4.2. The Laplacian minimum pendant dominating energy of a star graph K, forn > 4 is atmost

—n+1+,/(n2-2n+9) n

2

LEpe(Kp) = (n—=3) +

2n%—4n+4

Proof: For the star graph K; ,_; where v; is the centre and the remaining vertices v,, vs,...,v, are leaves and
given that D = {v;,v,} is the minimum pendant dominating set. The Laplacian minimum pendant dominating

energy LEp.(Ky,,-1) of this graph is

r1 1 1 ... 1 17 m—1 0 0 ..... 07
1 1 0 ..... 0 0 0 1 0 ..... 0
1 0 0 ..... 0 0 0 0o 1 ... 0
Ape(Kl,n—l)z . . [ and D(Kl,n—l): .....
1 0 0 ..... 0 0 0 0o 0 ..... 0
1 0 0 ..... 0 O 0 0o 0 ..... 1
m—2 -1 -1 ..... -1 —17
-1 0 0 ..... 0 0
-1 0 1 ... 0 0
Lpe(Kl,n—l) = D(Kl,n—l) - Ape(Kl,n—l) =1 - e e
-1 0 0 ..... 1 0
L —1 0 0 ..... 0 1

The characteristic polynomial of the Laplacian minimum pendant dominating matrix LE (K; ,-,) for a complete

graph Ky 1 is

f(KineoA) = = D3 A3 —(n—DA2 -4+ 1)

Now,

fa(Kin1,A) = A= DP3(A° — (n— 1A — A+ 1)

fo(Kinep,A) A = D3P —(n—DA2 -2+ (n—1))

<O - D3R -1 —(n—1)

=A-D"A+DA-1DA-(-1)
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fo(Kin- ) £ A= DA+ DA - DA = (n - 1))
Thus, the eigenvalues of LE ¢ (K, ,—1) are

A =1 {(n-3) times}, A= —1{1time}, A = 1{1time}, A= (n—1){1time}

The average degree of a graph K, ,,_; is

2m _ 2(n-1)
n  n

The Laplacian minimum pendant dominating energy LE. (K, ,-;) of a complete graph K ,,_is

LEpe(Kyn-1) < |1 —$| (n—3)+ |_1 _¥| N |1 B z(nn— 1)| N |(n_ - 2(n—1)

(n—2)(n—3)+(3n—2)+(n—1)+(n2 — 3n+2)

LEpe (Kl,n—l) =

n n n n
2n> —4n+ 4
LEpe(Kyp-1) S ————
n
2n®> —4n+ 4

LEpe(Kl,n—l) < n

Theorem 4.3. The Laplacian minimum pendant dominating energy of a bi-star graph B(m,n) forn > 2 is

20D 4 VnZ ¥4 +VnZ + 4n
(n+1)

Proof: For the bi-star graph B(m, n) with the vertex set {v;, v,, ..., Von4,} and given that D = {v,,v,} is the
minimum pendant dominating set. The Laplacian minimum pendant dominating energy LE,.(B(m,n) ) of this

graph is

1 1 0 ..... 17 n+1 0 0 ..... 07
1 1 1 ..... 0 0 n+1 0 ..... 0
01 0 ..... 0 o 0o 1 ..... 0
Ape(B(mn))=|. . . ... and D(B(n,n))=| . . . ...
1 0 0 ..... 0 o 0 0 ..... 0
‘1 0 0 ..... 0 o 0 0 ..... 1-
n -1 0 ..... -1 -1
-1 n -1 ..... 0 0
o -1 1 ... 0 0
Lpe(B(n,n)) =D(B(n,n)) — Ape(B(n,n)) =| . . . ...
-1 0 0 ..... 1 0
—1 0 0 ..... 0 14
The characteristic polynomial of LE,.(B(n, n)) is
f,(B(n,n),) = A— 12D Q2 —nA—1D(A> = (n+2)A+1)
Thus, the eigenvalues of LE,.(B(n,n)) are
A= 1{2(n—1)times}, A = "0 pime), A = WEDEI 4 fime}

The average degree of a graph B(n, n) is
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2m  2(Zn+1) 2n+1
n 2n+2 n+1

The Laplacian minimum pendant dominating energy LE.(B(n,n) ) of a bi-star graph B(n, n) is

(2n+1)
n+1

(n+2)+vnZ+4n (2n+1)
2 n+1

ntvn?+4 (2n+1) N
2

2(n—1
| (n )+ n+1

Lpe(B(n,n)) = |1 -

2n(n—-1
Lpe(B(n,n)) =§f1)+\/n2 +4 +\/n2 + 4n

n(n

2 -1
* Lpe(B(n,n)) =T1)+an +4 ++/n? +4n

Theorem 4.4. The Laplacian minimum pendant dominating energy of a complete bipartite graph K, , forn >

2isatleast (n + 1) + vn? + 2n — 3

Proof: For the complete bipartite graph K,,,, with the vertex set V(G) = {vy,v,,...,v,,} and given that D =
{v1, vn} is the minimum pendant dominating set. The Laplacian minimum pendant dominating energy LE,e (K 5)
of this graph is

r1 0 0 ..... 1 17 m 0 0 ..... 0 0
0 0 0 ..... 1 1 0 n 0 ..... 0 0
0 0 0 ..... 1 1 0 0 n ..... 0 0
Ape(Kpn) =1. . . ... .o and D(Kp,)=|. . . .....

1 1 1 ... 0 0 0 0 0 ..... n 0
1 1 1 ... 0 1 0 0 0 ..... 0 n

n—1 0 0 ..... -1 -1

0 n 0 ..... -1 -1

0 0 n ... -1 -1

Lpe(Kn,n) = D(Kn,n) - Ape(Kn_n) = . . e e
-1 -1 -1 ..... n 0
-1 -1 -1 ..... 0 n-—1-

The characteristic polynomial of the Laplacian minimum pendant dominating matrix LE,¢ (K, ) for a complete
graph Ky, ,, is

fKnD) = A = )2 A2 - (n—DA-1D(A2 - Bn—1)A+ (2n? —2n+ 1))
Thus, the eigenvalues of LE . (K, ,) are

(n-1)+vVn2-2n +5
2

A = n{(2n—4)times}, A = {1time}, A

- [n2 _ A
— (3n-1)+ 2n +2n -3 {1 tlme}

The average degree of a graph K, ,, is

2m  2n?
n  2n
The Laplacian minimum pendant dominating energy LE. (K, , ) of a bi-star graph K, , is

(n—1)++vn2-2n+5 +|(3n—1)i\/n2+2n—3
—-n _
2 | 2

Lpe(Kn,n) = |Tl - n|(2n - 4’) +

n
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(-n—1)++vVn?—-2n+5 (n—1)++vn?2+2n-3
Lpe(Kpn) =0+ > + >
o Lpe(Kpn) =(m+1)++y/n?+2n-3
5. Properties of the Laplacian minimum pendant dominating eigen values of a graph

Theorem 5.1. Let D be a minimum pendant dominating set of G and A, ,, ..., A, are the eigenvalues of LE.(G)
then

n
() D A =2IE| - D]
i=1

n n
y Lifv,€D
.2 = . — . 2 PR — ’ t
(iD) Zal 2|E|+Z(dl h)? where h; {O,ifvi ‘D
i=1 =1

Proof: (i) The formula provided

n
> di=Ip| = 2[E| - D]
i=1

where d; is the degree of vertex i.
|D] is the number of vertices in the pendant dominating set D.
|E| is the number of edges in the graph G

represents the sum of the diagonal elements of a matrix LE,. (G) related to the graph G and its minimum pendant
dominating set D.

Also, the sum of the eigenvalues of the matrix LE,.(G) is equal to the trace LE. (G) which is based on the given
context 2|E| — |D]|.

(ii) The result that the sum of the squares of the eigenvalues of LE.(G) is equal to the trace of LEpe(G)2 is a
direct application of a general property of matrices.
Therefore,

n

n n n n
zkiz = zzliilii = Z(lij)z + Z(lji)z
i=1 i=1 j=1

i=1 j=1

=2 zn:(lij)z + i(lﬁ)z

i<j

1, ifVi €D

n
.2 = . — . 2 . =
A 2|E|+Z(dl h;)? where h; {O,ifvieé 0

n
; i=1

n n

2 1 2

Zki = 2N where N = |E|+EZ(di_hi)

i=1 i=1
6. Upper and Lower bounds
Theorem 6.1. Given the graph G with n vertices and m edges, and D is a minimum pendant dominating set of G
then LE,e(G) < v2Nn + 2m
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Proof: Given a graph G with n vertices and m edges, and the eigenvalues A, 2, ..... , A, of the Laplacian matrix
LEpe(G). By using Cauchy’s - Schwarz inequality we have,

2

o) <85

i=1 i=1 i=1

Put aj = 1, bi = }\i then,

(2 <(E)(Em)

n 2
(Zm) < (M@N)

i=1

n
(Zm) <VZNn
i=1

By Triangle inequality,

|A ——| < |A|+|2m|vl =12,...,n

) 2m 2m
L.e.,|7\i—T| < |7\1|+T Vi

(2 h=51)=(2)2%)

< V2Nn+2m
“ LEpe(G) < V2ZNn +2m

Theorem 6.2. Given the graph G with n vertices and m edges, and D is a minimum pendant dominating set of G
then LE,(G) < +/2Nn + 4m(|D| — m)

Proof: By using Cauchy’s - Schwarz inequality we have,

2

S <85

i=1 i=1 i=1

Puta; = 1,b; = |A ——| then,

(Zh-51) <G Eh-5)

2 _ 5 ~ 4m?  4m
[LEpe (G)] =n Z }Li + Z 1’12 - TZ }Li
i=1 i=1 i=1

4m? 4m
=n|2N+—-"n——2m - |D])
n n
4m? 8m? 4m|D|
=n|2N+ - +
n n
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= 2Nn + 4m(|D| — m)

2 LEpe(G) <+/2Nn + 4m(|D| — m)

Theorem 6.3. Given the graph G with n vertices and m edges, and D is a minimum pendant dominating set of G

2
and if D = |det LE ¢ (G) | then LE,,¢(G) > \/ZN +n(n—1)Dn —2m
Proof: Consider

(2] ({2

j=1

ZmuZmn|

i%j

Zm |x|_<Z|x|> Zn:mz (Theorem 6.1.)

l$]

Using AM-GM inequality for n(n — 1) non-negative terms shows that the arithmetic mean of these terms is atleast
as large as their geometric mean and thus it follows that:

nmn—
( i#j

1
n(n-1)

n(n 1)
e.,Zm A = nm - 1) |7\||7\|‘
j

i#j i*

Using Theorem.6.1 we get,

(ib\ﬂ)z ~ Zn:llﬂz >n(n—1) [ﬁp\ilz(“‘l)]m
2 ) %

(ZD\H) —2N=2n(n-1) [np\ﬂl

(ZDL |> >2N+n(n—1) [nll |l

& 2
Zlkil > JZN +n(n—1)Dn  (Theorem 6.2.)

i=1

W.K.T

N i 1%

n n n
2m
RPN
i=1 i=1 i=1
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n

ZW —2m < LE,e(G)

i=1

n
LE,(G) > Zm ~2m
i=1

2
= \/ZN +n(n—1)Dn —2m (Theorem 6.2.)

2
“ LEpe(G) = \/ZN +n(n—1)Dn —2m
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