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1. Introduction

In this article, we focus on finite, undirected, and simple graphs. Denoted by G (V, E) and |V(G)|= a and |E(G)|=
b. The concept of cordial labeling, pioneered by Cahit in 1987 [1], laid the foundation for subsequent research.
Mean cordial labeling, introduced by Ponraj, M. Sivakumar, and Murugesan Sundaram [2]. Additionally,
Geometric mean cordial labeling, proposed by K. Chithralakshmi and K. Nagarajan [3], contributed to the
exploration of graph labeling techniques. Harmonic mean cordial (HMC) labeling, introduced by J. Gowri and J.
Jayapriya, demonstrated its applicability to path, star, and Bistar graphs [4]. Pratik V. Shah and Dharamvirsinh B.
Parmar proved that triangular snake graphs admit integer cordial labeling [5]. S.K. Vaidya and N.B. Vyas showed
that alternate snake graphs admit product cordial labeling [6]. The mean cordiality of double triangular snake,
alternate triangular snake, and double alternate triangular snake graphs was established by R. Ponraj and S. Sathish
Narayanan [7]. Harmonic mean labeling of double triangular snakes was proven by C. Jayasekaran, S. Sandhya,
and C. David Raj [8]. In this paper, we explore the HMC labeling behavior of triangular snake, double triangular
snake, alternate triangular snake and double alternate triangular snake graphs.

2. Preliminaries
Definition 2.1

A simple graph G = (V, E) is said to be HMC labeling if there exist a function f:V — {1,2} such that the induced

27 ) @) Vi () -V, ()] <1

aire| f @), f () # Ofor each edge and

edge function g: E— {1, 2} defined by g(uv) = |

D — <
‘eg M -e, (‘D‘ - 1Where vy (x)- means the quantity of vertices labelled with x,
labeled with x, where x € {1,2} respectively.[4]

& (%) means the quantity of edges
Definition 2.2

A snake graph is a plane graph made up of a series of tiles arranged so that, beginning with the first tile, each tile
is positioned to the right of or above the previous tile. Each tile in this case is a square with four vertices and four
edges, and there is exactly one edge shared by any two neighboring tiles.

Definition 2.3
Every edge of a path can be replaced by Cs is called triangular snake graph TSm. [7]
Definition 2.4

A double-triangular snake graph by connecting u: and uw1 with two new vertices, viand wy, 1<t<m-1, the network
DTSn is created from the path uiuy... Um.[8]
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Definition 2.5

An alternate triangular snake ATS is obtained from a path uiu; . . . um by joining u: and uw; (alternatively) to new
vertex vi. That is every alternate edge of a path is replaced by C3[7]

Definition 2.6

Two alternate triangular snakes sharing a common path make up a double alternate triangular snake DATS. That
is, by linking u; and uw1 (alternatively) to new vertex v; and w, a double alternate triangular snake can be formed
from a path ug, Uz....Um.

3. Main Results

Theorem 3.1:

TSm is an HMC graph, m > 2.
Proof:

Let the m vertices be u1,uy,...Un. Join Ut and uw+1 to a new vertex v for 1 <t <m-—1. As a result, TSy has a total of
a = 2m-1 vertices and b = 3m—3 edges. For the value of m, there are two possibilities.

State 1: m is even.
Triangle count is odd, when m is even.

Consider an f: v — {1, 2} as follows.

m
1, 1St<7+1

flu) = m
2, 3 + 1 < t<m+l
2 m < t<
)=~ 277
1, otherwise
State 2: mis odd.
Triangle count is even, when m is odd.
Consider an f: v — {1, 2} as follows.
m+1
1, 1<t<
2, <ts<<m
m+1
1, 1<t<
f(vt) = m+ 1
2, <t<m
State No. | Value of m | Triangle State | Vertex State Edge State
H — 3m-2 3m—4
1 m is even Odd vp(1) =m— er(1) = mT Ler(2) = ";
1vs(2)=m
H — 3m-3 3m-3
2 m is odd Even vp(1) =m-— er(1) = mT Ler(2) = ";

Thus, in both State, we get |vf (1 - vf(2)| < 1land |ef(1) - ef(2)| < 1. Triangular snake graph T (Sm) is hence
an HMC graph.

Theorem 3.2:
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DTSm graph is an HMC graph.

Proof:

For 1 <t<m-—1, let uy, Uy,...Um be the m vertices. Join u; and u+1 to a new vertex, v and wi. Because of this, DTSy,

has a total of a = 3m-2 vertices and b = 5m—35 edges. For a given value of m, there are two possibilities.

State 1: m is odd.

The count of double triangles has an even value, when m is odd.

Consider f: v — {1, 2} as follows.

f (u'n_H) =2
2
m+1
1, 1<t<
f(ut) = m + 1
2, <ts<m
m+1
1, 1<t<
2, <t<m
m+1
1, 1<t<
2, <t<m
State 2: mis even.
Double triangles count is odd, when m is even.
Consider an f: v — {1, 2} as follows.
+2
1, 1<t<
2, <ts<m
2
m
1, t< >
f(vt) = m
2 —
, t> >
m
1, t< 5 1
f(Wt) = m
, t>—-1
2
State No. | Value of m Triangle State Vertex State Edge State
1 m is odd Even v(1) = 3’”2‘3 ;vp(2) = 3";‘1 er(1) =5m—5
ef(2) =5m—5
2 m is even Odd —3m=2, — 3m=2 5m — 2
(D) =—=—;v(2) == er(1) = .
5m —8
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In state 1, we have |vf(1) - vf(2)| <1, |ef(1) - ef(2)| < 1. Thus, f satisfies both vertex and edge conditions.
Hence DTSy is HMC graph.

In state 2, only vertex condition is satisfied. Hence it is a contradiction to HMC graph.
Thus, we conclude that DTSy, is HMC only when m is odd.
Theorem 3.3:
Under the following circumstances, the alternative triangular snake ATSy, is Hmc labeling for m >3;
a) In the event that the triangle terminates with um, m=0, 2 (mod 4) and begins with us.
b) In the event that the triangle terminates with Uy.1, m=0, 2(mod 4) and begins with u,.
c) Inthe event that the triangle begins at u; and finishes at Um.1, m = 1(mod 4)
d) In the event that the triangle begins with u, and finishes with um, m = 1(mod 4)

Proof:
State (a): The triangle’s origin is us, and its destination is um. In the present case a = 3% b=2m-—-1,

Sub State (i): If both the count of triangles and m are even, then

m = 0(mod4)
m=4p, p=1,2, 3, ...

First p triangles should be given label 1, and the subsequent p triangles should be given label 2. The vertex labeling
f above satisfies the HMC criterion, as shown the Tabulate below,

1 2
ve(t) | mp | mp
ef (t) M mfl

Tabulate: 1
Sub State (ii): If the count of triangles is odd and m is even,

m = 2(mod4)
m=4p+2,p=1,2,3, ...

Label first p triangles with label 1 and the last p triangles with label 2. The vertex Uz and vy of the (p+1)™
triangle should be assigned the label 1. The aforementioned vertex labeling f is shown in Tabulate 2 to satisfy the
HMC criterion.

1 2
vp(t) | m-p-1 | m-p
er(t) | M m-1

Tabulate: 2

Thus, ATSm is HMC if the triangle begins from u; and finishes with un and m = 0,2 (mod4).
State (b): The triangle Begins from u, and finishes with uy,-1. Here, a = % b=2m-3

Sub State (i): If both the count of triangles and m are even, then

m = 2(mod4)
m=4p+2,p=1,2,3, ...

For first p triangles, label them 1, and for the subsequent p triangles, label them 2, respectively. Lastly, give
pendent vertices u; and um, correspondingly, the labels 1 and 2. Tabulate 3 below confirms that the vertex labeling
f mentioned above meets the HMC requirements.
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1 2

ve(t) | m-p-1 | m-p-1

er(t) | m-1 m-2
Tabulate: 3

Sub State (ii): If the count of triangles is odd and m is even,

m = 0(mod4)
m=4p, p=1,2, 3, ...

Provide first (p-1) triangles label 1, and last (p-1) triangles label 2. Allocate label 1 to vertex uy in the pt" triangle,
and label 2 to vertices uzp+1and vp. Lastly, give the pendent vertices, uz and um, the labels 1 and 2, accordingly.

1 2

ve(t) | m-p-1 | m-p

er(t) | m-1 m-2
Tabulate: 4

Thus, ATSr is Hmc if the triangle begins from u, and finishes with U1 & m = 0,2 (mod4).

State (c): The triangle begins from u; and finishes with un,-1. In this state a = % b=2m-—-2

Sub State (i): If the count of triangles is even and m is odd,

m = 1(mod4)
m =4p+1,p=1,2,3, ...

Label 1 should be applied to first p triangles, and Label 2 should be applied to subsequent p triangles. Lastly, give
pendent vertex un the label 2. The vertex labeling f above satisfies the HMC criterion, as shown in Tabulate 5.

1 2

vp(t) | m-p-1 | m-p

er(t) | m-1 m-1
Tabulate: 5

Sub state (ii): If both the count of triangles and m are odd, then,

m = 3(mod4)

m =4p+3,p=1,2,3, ...
As in Sub state (ii) of state (a), label a vertices. At last, give the pendent vertex um the label 1. In the event that f
is a Hmc, then f cannot satisfy the edge requirement since v (1) = vz (2). It is thus in conflict with HMC labeling.

Therefore, ATSm is HMC for m =1(mod4) & ATSm is not an HMC for m= 3(mod4) if the triangle begins at u;
and finishes at Um.1.

State (d): The triangle begins from u; and finishes with un. In this state a = ? b=2m-2

Sub State (i): If the count of triangles is even and m is odd,

m = 1(mod4)
m=4p+1,p=1,2,3, ...

Label first p triangles with label 2 and the subsequent p triangles with label 1. Lastly, give the pendent vertex u;
label 2. The vertex labeling f above satisfies the HMC criterion, as shown in Tabulate 6.

1 2

ve(t) | m-p-1 | m-p

er(t) | m-1 m-1
Tabulate: 6
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Sub State (ii): If both the count of triangles and m are odd, then

m = 3(mod4)
m =4p+3,p=1,2,3, ...

As in Sub state (ii) of State (a), assign the label to the vertices. In the end, give the pendent vertex u; label 1.
Assuming that f is an HMC, the edge requirement cannot be satisfied by f since v (1) = v¢(2). Therefore, it defies
the HMC condition. As a result, if the triangle begins at u, and ends at um, ATSn is an HMC for m= 1(mod4) and
not an HMC for m = 3(mod4).

Theorem 3.4:
DATSn is an Hmc graph for m>3 under the following conditions:
a) The triangle begins from u; and finishes with um, m =0(mod 4)
b) The triangle begins from uzand finishes with
Um-1, m = 2(mod 4)
c) The triangle begins from uzand finishes with  Um.1, m = 1(mod 4)
d) The triangle begins from u, and finishes with Uy, m = 1(mod 4)
Proof:
State (a): If the count of double triangles is even and m is odd, then

m = 0(mod4)
m=4p, p=1, 2,3, ...

For first p double triangles, label 1; for next p double triangles, label 2. The above vertex labeling f satisfies the
HMC criterion, as shown in Tabulate 7.

1 2
ve(t) [m | M
er(t) | 6p | 6p-1

Tabulate: 7

Sub State (ii): If the count of double triangles is odd and m is even, then

m = 2(mod4)

m =4p+2,p=1,2,3, ...
First p double triangles should be labeled 1 and the last p double triangles should be labeled 2. Assign the labels
1,2, 1, 2 to the vertex Uzp+1, Uzps2, Vps+1, and W41 in the (p+1)™ triangle, accordingly. f meets the vertex requirement

in this sub state (ii), but not the edge condition. As a result, the HMC condition is violated. As a result, DATS is
an HMC for m = 0 (mod4) and is not an HMC for m = 2 (mod4) if the triangle begins at u; and finishes at um.

State (b): The triangle begins from u; and finishes with um-;. In thisstatea =2m -2, b =3m — 5
Sub state (i): If both m and double triangles are even, then

m = 2(mod4)
m=4p+2,p=1,2,3, ...

For the first p double triangles, label 1; for the next p double triangles, label 2. Lastly, give pendent vertices u;
and um, respectively, the labels 1 and 2. The vertex labeling f above satisfies the HMC requirements, as shown in
Tabulate 8.

ve(t) | m-1 | m-1
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| er(t) | 6p+1 | 6p |
Tabulate: 8

Sub state (ii): If the count of double triangles is odd and m is even, then
m = 0(mod4)
m=4p, p=1,2,3, ...

Give first (p-1) double triangles the label 1, and the last (p-1) double triangles the label 2. Allocate label 1 to
vertices Uz, and v, and label 2 to vertices Uzp+1 and wp in the p™ double triangle. At last, give the pendent vertices
up and um, respectively, the labels 1 and 2.

Here, f cannot meet the edges requirement since |vs (1)-vs(2)|<1. Thus, it defies the HMC condition. As a result,
DATSm is HMC for m =2 (mod4) and is not an HMC for m = 0 (mod4) if the triangle begins at u, and finishes at
Um-l.

State (c): The triangle begins from u; and finishes with un,-. In this state a = 2m — 1, b = 3m-3,
Sub State (i): When m is odd, and number of double triangles is even. then

m = 1(mod4)
m=4p+1,,p=1,2,3, ...

Initial p double triangles should be labeled 1 and the following p double triangles should be labeled 2. Lastly, give
the pendent vertex um the label 2. The vertex labeling f above satisfies the HMC criterion, as shown in Tabulate
9.

1 2
ve(t) |m-1|m
er(t) | 6p 6p
Tabulate: 9

Sub state (ii): If both m and double triangles are odd, then
m = 3(mod4)
m=4p+3

First p double triangles should be labeled 1 and the last p double triangles should be labeled 2. Assign label 1 to
vertices Ugp1, Vp+1 in the (p+1)™ double triangle, and label 2 to vertices uzp+2, Wp. Lastly, give the pendent vertex
um label 1 or 2. In this instance, f cannot meet the edges requirement since |[v (1)-v¢ (2)|<1. As a result, the HMC
condition is violated. As a result, DAT(Sm) is an HMC for m = 1 (mod4) and is not an HMC for m = 3 (mod4) if
the triangle begins at u; and finishes at Um.1.

State (d): The triangle begins from u; and finishes with up. Inthisstatea =2m —1,b =3m — 3
Sub state (i): The count of double triangles is even and m is odd,

Label the first p double triangles with label 2 and the subsequent p double triangles with label 1. Lastly, give the
pendent vertex u; the label 2. The above vertex labeling f meets the Hmc criterion, as shown in Tabulate 10.

1 2
ve(t) | m=1 | m
es(t) | 6p | 6p
Tabulate: 10

Sub state (ii): If both m and double triangles are odd, then

m = 3(mod4)
m=4p+3
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Label the vertices in accordance with Sub state (ii) of State C. Lastly, give the pendent vertex u; a label of 1 or 2.
Here, f cannot meet the edges requirement since |v¢(1)-vi(2)|<1. Thus, it defies the HMC condition. Therefore,
DATSm an Hme for m =1(mod4) and not an HMC for m=3(mod4) if the triangles begin at u, and terminate at um.

4. Conclusion

Our findings indicate that a family of triangular snake graphs, which includes the Triangular Snake TS, Double
Triangular Snake DTS, Alternate Triangular Snake ATS and Double Alternate Triangular Snake graphs DATS
satisfy HMC labeling, contingent on the value of m and the quantity of triangles included in the graph.
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