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1. Introduction

The inclusion of ideals in a general topological spaces was originated by Vaidyanatha Swamy [14] and Kuratowski
[8]. Later on, the elaborated investigation were carried out on an ideal and it produces a new topology determined
by Jankovic and Hamlett [6]. The topological space (X, 2) is endowed with a topology induced by an ideal is
referred as an ideal-topological space. When a set A € X, define Ax (I) = {x € X: W NA & | for each
neighborhood(open) W of x} and cl+ (A) = A U Ax (1), induces a broader Topology 27* which is finer than .2

M.L.Thivagar [12,13] developed the concept of nano topology. Furthermore, Jenavee et al. [7] work led to the
establishment of &-nano-topology, in terms of &-open set and is a broader version of nano-topology comprising
all nano open sets and containing a greater number of open sets, making it finer than nano topology.

Levine [9] contributed the idea of generalised-closed set as a broader version of classical closed set in general
topological spaces.

The nlg - open set and nlg- closed within a nano-ideal-topology was pioneered by Parimala et al. [10].
2. Preliminaries

Here, we review the certain definitions that will come in handy in the follow-up. In this paper, we regard H as
universe and establish R as an equivalency-relation defined on H. Definition 2.1. [14] A collections of subset of
H which are non-empty is an Ideal | if

1. Hel,ScHimplyS eI (Heridity)
2. H,Selimply HuUS €I (Finite Additivity)

Definition 2.2. [13] On the Universe H, an equivalence relation R is known as the indiscernibility relation. It is
believed that the members who belongs to the same equivalence class are indistinguishable from one another. The
approximation space is refereed as the

Pair (H, R). In a approximation space (H, R) and X is a subset of the universe H, then
the lower, upper-approximations and boundary-region are characterized as follows:

1. The lower-approximations

L R (X)=U_(xe

2. The upper-approximations
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U_R (X)=U_(xeH): {R(x): R(x) N X #0}
where R (x) represents the equivalency class indicated by x.

3. The Boundary region B_R (x) is characterized by the difference between the upper and lower-
approximations referred as

B_R (X)=U_R (X)- L_R (X)
Definition 2.3. [13] In the Universe H, if R is an equivalency relation, then
2(X)={H, 9, L_R (X), U_R (X), B_R (X)} where X < H follows specific axioms.
1. H9e.2(X)
2. Any sub-collection of members of .2 X 2 X and whose union is also in
3. The sub-collection of finite members of 2 X and whose intersection is also in 2 (X).

Then 2 X or simply 21 is topology on H referred as the nano-topology on H so that (H, 2 N ) is a nono-topological
.space. The members in 2_N are referred to nano-open set (n - open) and its complement is nano-closed (n-closed)

Remark 2.1. .2 N basis is represented as B_ (2 N ) (x) = {H,L_R (X),B_R (X)}

Definition 2.4. [7] The & -nano-open set is subset J of H and there is a non empty n-open sets Z of 2_N for which
1. Z#0,H.
2. JEN_intQ)uz.

A & -nano topological space is referred as a collection every &-open set, including @ and H, that satisfies the
topological definitions and it is denoted as (H, 2, &) or simply

(H, 2 &).In(H, 2 &), the elements in 2_&-are called & - nano-open sets (& - open set) and whose complement is
.E-nano -closed set (& - closed)

Remark 2.2. In nano-topology (H, 2 & is &- open. Therefore [ 2] _is2 &), itis clear that each n-open set of
2 Nc2 &2 N. Thatis finer than

Definition 2.5. [7] Let (H, 2_&) is &-nano space, H < H then

1. The &-nano-interior of a subset H € H is largest &-open set inside H and referred as &int (H).

2. The &-nano-closure of a subset H € H is the smallest &-closed sets including H and referred as &cl (H).
3. The &-nano-exterior of H is indicated by EE (H) = &int (H — H).

4. The &-nano-frontier of H is represented by &EF (H) = &cl (H) — &cl (H — H).

Remark 2.3. The basis for 3§ is represented by B(2 (§) ) ={H,L_R (X),B_R (X)}=B (2 N).
Definition 2.6. A &-nano topology (H, ,2 (§) ) induced by | on H is a &-nano-ideal -topology
represented as (H, ).2 (&), 2 (§),l ). We just express &l - space for (H

Definition 2.7 [15]. Let (H, 2_(&))-be a &- nano-topological space and (.)* known to be a kuratowski set operator
,from P (H) — P (H) is a power set of H. For H € H

H*¢ (1,2 (§))={x€H:VNH &I, for each (open) neighborhood V of x}. is denoted as
& -local function of H with respect an ideal 1 and 2 (&) . We shortly express as H*& for
H*€(1,2.())

Definition 2.8. [15]. The &*-closure of H € H, defines &*cl (H) = H U Hx§ . The &*-closure will produces a new
topology called & - nano * topology given by

(2] (&) 1,2 (&) )={WECH:E_cI™* (H-W)=H-W
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and simply we write .2 (&) [27*] (&)isfinerthan [27*] (&) (L2 (&))and [2~*] (&) for
Remark 2.4. If (H, ,2 (&),1) is El-space, H € H. Then

1. The membersof [27*] (&) are termed as & - nano *- open sets (£*-open set) and their complement of
&*-open set are called & - nano *- closed set (£*- closed).

2. The &-nano interior (respectively &-nano closure) of asubset H S Hin [27*] (& )are termed as &_int"*
(H) (respectively & cl** (H)).

3. Ifl=@gthen H_&* =¢&cl (H)=¢& cI™ (H)and. [2™*] (&)= if 1 =P (H)
Proposition 2.1. [15].Let (H, 2 (&), ) is El-space include an ideal | and H,S be a subset
of H. Then,

HSS=H &+ cS enx,

IS J=H & (J) S H (D).

H &M =&l (H_&™) & &cl (H).

(H Er*) BV CH EM*

H g*uS e =( [HUS)] &rx,

H &M =S g =( [HUS)] _&*—S M c( [HuS)] e ..
VeED (E)=2VCH &*=VN(VNH) &*c(VNH) &*.

© N o g k~ w bR

Tel=( [HUT)] &=*=H &*=( [H-T)] érx
3. EI-Generalised Closed set

Definition 3.1. [10] Let H < H in nano-ldeal space (H, 2 (N ),I ) is called nano-ldeal generalised closed set
2 (&) . Also the complement of the closed set nlg is € (simply nlg -closed) if H_n** € V provided H € V, V
.called the nIg - open

Definition 3.2. Let H of &-nano space (H, 2 (&) ) -is called &- generalised closed (simply

& g -closed set) if &cl (H) < V provided H € V and V € 21 (& )-open. Also the complement of & g -closed is
).2 (&), called the £ g - open in (H

Definition 3.3. Let Hc H in a &I- space, (H, 2 (&),1) is called &I- generalised closed (simply & Ig -closed) if
).2 (&),1,2 (¢)in(HeH_&* <V provided H € V and V

Example 3.1. Let H= {1, (2, (3, ¢4 } with H/R = {{¢1 },{G3 },{{2, ¢4 }} and
X={1,02}thena (N)={0, H,{¢1 }.{1,02, ¢4 },{Q2, ¢4 }}. LetE={(2, (4 } then
2 (E)=1{0, H {C1},{C2},{C4},{C1,82},{C1, 84}, {C2, G4}, {C1, 82, G4 }} with
I'={0, {C1}}

1. ForH={C2,3},H &*={(2,3 } and itis clear that H &* € V = H, provided H € V = H. Here H
is &l g -closed sets in H.

2. ForS={C1,02},S &*={2,B3}andS<cV={Cl,02 }butS &* < VandsoSisnoté&lg- closed.
Theorem 3.1. [10] A subset H of a nano-ideal space (H, 2 (N ),l) is Ng - closed then H is
Nig -closed.
Proposition 3.1. In (H, .2 (&)),any &- closed set is & g - closed
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Proposition 3.2. Any N g - closedset in (H, ).2 (&), 2_N) is & g -closed in (H
Theorem 3.2. A subset H in & I-space (H, .2 (&§),1 ) is& 1 g - closed provided H is & g - closed

Proof. Assume K is & g - closed, V € 2 (&), such that K € V. Since, K is & g - closed then &cl (K), 2 (&) in (H
Vandso K_&"* c . Hence Kis& 1 g-closed

Remark 3.1. The Example 3.2 demonstrates, the reverse statement in the Theorem 3.1 is not necessarily true.
Example 3.2. In Example 3.1 Let H= {{1}, H &"* = {@} < V provided H € V. Here H is

Elg-closed but H= {(1} isnot & g - closed as &cl (H) = {C1, (3} V= {(1 }

where H € V = {(1}.

Remark 3.2. The consequence of the above theorems, leads to the logical Implication Diagram shows the
relationship among the closed sets in the topologies 2 £2_N and

n-closed == n g — closed == nl g — closed
U U U
& —closed == & g — closed == & 1 g -closed
Theorem 3.3. If H,S be two & | g - closed subsets in (H, .2 (§),l)then HuU Sisalso &1 g -closed

Proof. Let Hand Sare &1 g - closed sets in (H, 2 (§),1 ) and let H c V, S € W where V,W are &-open sets in
2 (¢).SinceHand Sare &1 g-closedthenH &M c Vand S & € Wwhichel (§). ThenHUSSVUW
implies(HU S)_&* <V UW . Therefore, HU Sis & | g — closed

in(H,).2 (¢),l

Corollary 3.1. The £ 1 g - closed sets are closed under arbitrary union.

Proof. In accordance with Theorem 3.3

Remark 3.3. Finite intersection of & I g -closedness may not always be closed under &1 g
in (H,.2_(&),l) as illustrated in Example

Example 3.3. Let H= {{1,(2,(3,¢4,¢5,C6 } with H/R={{¢1,2 }, {3 }. {¢4 },

{¢5,86}yand X={C1,82,¢6}.Then 2 (N)={H, @, {1,802 },{C1,02,C5,C6},{C5,C6}} and let £E={(1
}

Then 3 (&) ={H, @, {C1 }{C2 }, {C1, €2}, {C5,C6 }, {C1, 55,86 3, {C2, 65,86 }, {C1, 02, G5, C6 }}with [ =
{0, {¢5 ). LetH={C1, (3}, H_&*={(1,(3,04} andso H_ & SV =Has

HeV=H.LetS={C1,4},S &*={C1,3,4}andsoS &*<cV=HasSc V=H.Hence, Hand S are §
I g-closedsetsbut HN S={hl } isnot&Ig-closedas (HN S) &*={(1,

(3,04}¢€V={Cl } providledHN S S V.

Theorem 3.4. If Hc S < &*cl (H) where His & 1 g -closed in (H, 2 (&),l ),then S'is

&1 g -closed.

Proof. Let His 1 g -closed and H € S < &*cl (H). Suppose S <, where V belongs

to 2 (&).then H € V. Since, His & | g -closed, so we have H_&"* € V.Also S c &*cl (H) and so
S &* cH &* c Vimplies S &* € V. Hence S is &1 g -closed.

Theorem 3.5. IfH < H, & 1-space (H, € 2 (§),l ) then His & I g -closed iff E*cl (H). < V, where H € V and V
-2.(8)
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Proof. Suppose, His &1 g -closed then H &M < V, providedH € VandV €2 (§).
Now &*cl (H=HUH &* c V.

Conversely, suppose &*cl (H)S V where H € V, thatisH U H &* € V and so H &* C V, provided H € V.
Hence H is &I g -closed.

Theorem 3.6. Any subset in & | -Space (H, 2_(&),l ) along with an ideal I is & | g - closed iff each &-openin 2 (&
A* 1 (&) is M closed in)

Proof. Every subset Vin (H, c* 2 (§))is&lg-closed, V€2 (§))thenV - &1 g -closed. and we have V_¢§
.V, implies V is & * -closed

On the other-hand, each &-open'V €) 2 (&), 2 (&) is &* -closed then V_&™* < V. Let H be any subset of (H
.and H € V,since Vis &-open then H_&* c V_é* c VandsoH is &1 g -closed

Theorem 3.7. Any &"* - closed set in & | - topological space (H, .2 _(&),l ) with respect to an ideal 1 is & | g -closed

Proof. IfH S Hin (H, 2 (¢),1) and also H is &** - closed set then H_&"* < H. If H < V, where V is &-open
.mplies H_&"* € V. Hence His & | g -closed

Remark 3.4. The statement of Example 3.4 proves that the reverse of the above theo- rem is not always true.

Example 3.4. In Example 3.3, we have H = {{1, {3 }, which is closed under & I g but not closed under £&** .Since,
H &= {C1,C3, 4} does not fully belong to H= {1, 3 }.

Theorem 3.8. If (H, .2_(&),1 ) be &I- space along an Ideal | ,H < H.Then, the statements are equivalent
1. His§&I g—closed.
2. 2& cI™(H)cVwhereHSVandV e (&).
3. Foreachh €& cl** (H) then &cl ({h}) N H = 0.
4. & cI”* (H) - H has no non-empty & - closed.
5. H_&"* - H has no non-empty & - closed.
Proof. (1) = (2): Proof is trivial using Theorem 3.6
(2) = (3): Suppose Ecl ({h}) N H = @. where h € & cI** (H) then H € H — £ ({h}). By (2)
£ cl™* (H) € H — &cl({h}) and so & cl** (H) N {h} = @, it contradicts to h € & cl** (H).
Hence, &cl ({h}) N H # @.

(3) = (4): Suppose that K € & cI™* (H) — H where K is & - closed. Leth € K, Since K€ H—Handso KN H=
@ implies &cl ({h}) N H= 0, as K is &- closed and h € K.. This is a contradiction to (3). Hence & _cl** (H) — H has
no non-empty &-closed set.

@) =0)EcI™H)-H=MHUH _&*)-H=H_&"* - H.. Hence H_&"* — H has no nonempty

& - closed set.

B5)=>(1):LetHcVwhereVed (§)thenH-VEH-HandsoH &*NH-V)C

H & N (H-H)=H_&* N Hc=H_&*—H. Therefore H_&"* N (H— V) S H_&* — H =@ and s0
H &*NH-V)=0 implies H &* € V. Hence, His &I g -closed set.

4. El-Generalised open set

Definition 4.1. Subset H in El-space, (H, 2 (&),1 )is referred be & I-generalised open (or & 1 g — open) iff H -H is
.£1g-closed
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Theorem 4.1. Let H be a subset of a &I-Space (H, 2 (& ),l ) along with ideal | then H is
E1g-open iff K € & int™* (H) provided K € H and K is &-closed.
Proof. If His £ I g -open, then H -H is £ I g -closed. Let K is &-closed and K < H then

H - H c H- K is &open then by Theorem [3.4] [&"*] _(cl )(H — H) is a subset of H — K implies K € &_int"*
(H).

Conversely, Suppose that K € & int"* (H) , where K € H and let V be &-open in (H, 2 (&)) in a way that H — H
Vthen H—V € Hand so H—V < & int™* (H) which implies that ©

H-& int"* (H) € V. Therefore, [£] cI** (H—H) SV and by Theorem [3.4], H—H is &I g -closed. Therefore,
His &1 g - open.

Theorem 4.2. In a &l- topological space (H, 2 (&) ) based on an ideal I, if H < H, the following statements are
.equivalent

1. His&Ig-closed.

2. HUMH-H &*)is&1g- closed.

3. H&*-His&lg-open.
Proof. (1)= (2): letH be & 1 g - closedset, If V € 2 (&) such that2 (&) is &-openset in
HUMH-H &*)CS VthenH—-Visasubsetof H—(HU (H—H_&"*))=H &"* — H. Since,

His &1 g - closed by Theorem [3.7] H_&"* — H has no non-empty &- closed set then H — V = @ implies H = V
.Hence H ,only open-set having H U (H—H_&"* ) implies HU (H—H_&"* ) is

&1g-closed.
(2)= (1): Suppose that H U (H—H_&"* )is E1 g - closed. Let K be any & - closed such that
KCH &*—-H. Then HU (H—-H_&"* )< H — K which implies

HUMH-HE*)) e CcHE*UMH-H M) e cH-Kandso K € H-H &M Since K € H &M, it
follows that K = @. Hence His £ 1 g - closed.

(2)= (3): Suppose that HU (H—H_&"*)is&Tg-closedbut H— (H_&*-H)=HU (H-H_&*)and so H -
(H &*—H)isEIlg-closed then H— (H—(H_&* —H))is {1 g -open. Hence, H &"* —H is £ I g - open.

(3)= (2):1tis obvious.
5. &I-Generalised continuous Function

Definition 5.1. [2] A function f : (H, 2_(N )) is referred Nano generalized continuous, 2_(N) ) — (V
.(abbreviated as ng-continuous) when the preimage of each n-openset in VV is n g -open in H

Definition 5.2. Let (H, 2 (&, 2 (&)™) be two &-Nano topological space. Then a function f_&: (H,2 (§))and (V
2 (&)™)is called &-nano generalised continuous (abbreviated as & g — continuity) if the pre-image of, V— () )
.every &-openset in Vis & g -open in H

Definition 5.3. A function f_&: (H, 2 (&)™) - is said to be & I - generalised continuous function, 2 (§)) — (V
.(abbreviated as & | g - continuity ) if the pre-image of every &-openin Vis &l g -openin H

Example 5.1. LetH={C1,(2,3 } withH/R={{C1 }, {2}, {3 }} and X ={¢1,¢2 } then,2 (N)={0, H
{C1,82}}andletE={C1,C2 } then,2 (§)={@, H, {C1 },{C2},{C1,82}} and 1= {@, {C1 }}. Then &-open
setsare {{C1 }, {Q2},{C1,02}} and EI g -closed sets are {{C1 }, {C3 }, {C1,C3 },{C2, (3 }}. Therefore, E1 g -

2 (&) ) be the identity, 2 (£)) — (H, open sets are {{C1 }, {2 }, {¢€1,22 }, {€2,C3 }}. Now define f& : (H
.function then the pre-image of each & -open in V is & | g -open in H. Therefore, f_£ is & | g -continuous
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Theorem 5.1. A function f_& : (H, -2 (&)™) is & | g - continuous iff the preimage of each &2 (§,) 1) — (V
2 (€,))alonganideal 1,2 (§)N)is& 1 g - closed in (H, closedset in (V

Proof. Suppose that f_&: (H, 2 (§)") is & | g -continuous. If Fis a &-closed in V, thenV -Fis&-, 2 (§,)1)— (V
open belongs to V. As f & is & I g -continuous, the pre-image f EM(-1) (V —F ) is £ I g -open belongs to H. This
.means, H — f &"(-1) (F ) becomes & | g -open, indicating that f_&~(-1) (F ) is & | g -closed set in H

Conversely, Suppose that pre-image of any &-closed belonging V is & I g -closed in H.

Let W be &-open in V then V -W is & -closedset in V. Since, f EN-1) (V— W ) is £ g — closed belonging H and
soH—f &(-1) (W) is &1 g -closed which implies f E"(-1) (W )is &1 g -open

in H. Hence, f &7(-1) is &1 g - is continuous.
Theorem 5.2. Following are equivalent, for a function f_&: (H,™)2 (§),2 (¢,) 1) — (V
1. Iff &is &1 g - continuous.

2. Foreach h € H and every &-open S containing f & (h), there exists a & I g -openset H containing h such
that f £ (H) € S.

3. Foreach h € H and each &-openset S containing f € (h), (f7(-1) (S))_&"* is a neighborhood of h.

Proof. (1)=(2): Suppose f &is 1 g - continuous. Since S is a &-open set containing f & (h), then by (1) f &7(-1)
(S)is&lg-opensetin(H, 2 (&,)1). By taking H = f_&~(-1) (S) which

containing h. Therefore f £ (H) € S.

(2)=(3): Suppose (2) is true and since, S is &-open in (V, 2 (&)™) having f_& (h) then by (2), there exists an & |
g - open H having h with f & (H) € S. So,h € H € &int (H_&"* ) € & int ((f EM(-1) (S)) &™) < (f EN(-1) (S))*&
.Hence (f_&"(-1) (S))_&"* is a neighborhood of h.

(3)=(1): Let Sis &-open setin (V, 2 (¢)M)and each s € S, f_&7(-1) (s) € T_EN(-1) (S) € H. Then By (3), (f_&"(-
(S))_&"* is a neighborhood of f_&E7(-1) (s) and so f_EN(-1) (S) € & int (f_EN(-1) (S))_&™* . Hence f_Eis)1

&1 g -continuous.
Remark 5.1. Let f &: (H, 2 (£)")be, 2_(E)VI') > (W, 2 (&)™) and g _E(V,2 (E,) 1) > (V
&1 g -continuous then (g_& of &) not necessarily be & I g -continuous as illustrated from the
Example 5.2.
Example5.2. Let H={C1,2,3 }, H/R={{C1 }, {2 }, {3 }}, X={C1,C2, }.
IN={H,0,{C1,02}}. Lete={C1,02}thend (§,)={H, ?, {C1 },{C2},{C1,L2}} with
I ={®, {C3 }} on H. Hence, the £ 1 g - closed sets in H are {{C3}, {€1, 3 }, {€2,3}}.
LetV={nl,n2,03,n4 } with V/R'={{nl }, M3}, {n2,n4 }} and Y ={nl1,n2 }. Then
[2] N={V,0,{n1}, {2, 74}, {nl,n2,n4}}andletE={n2,n4}, then
(27 _e={v,0, {n1}, M2}, (4}, {n1.n2 ). {nl,n4}, {n2,n4},{nl,n2,n4}} with
IP={@,{nl }} onV.The {1 g - closed setsinVare {{nl }, n3 },{n1.n3},{m2.n3},
n3,m4 3} Let W={n_1",n 2%, n 3", n 4"} with W/ R"= {{n_I"}, {n 3"}, {n 2", n 4" }}, and

Z={n 17, n 2~} . Then"= [2"] N={W, @, {n 17 H{n 1™, n 2", n 4"}, {n 2", n 4" }} and let &
{Mm_2",n 4}

then [2"] _&={W, 0, {n_1"}, {n 2"}, (4™ {17 m 27 3 {1 4, {n 2 n 4 {1,
n 2%, n_ 4" }} Definef ¢: (H, 2 ()™ byf e(@l)=n2,f&@2)=nl.fE(@3)=n3and 2 (E)I)—>(V
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9_&(V,= 2.(§)") defined by g_E (1 ) =n_3",g.EM2)=n_4"=9_ & (m4)andg(n3 ), 2_E)I") > (W
N 1N Ttis clear that f Eand g & are £ 1 g - continuous function but (g & o f &) is not Elg- continuous as {n_3
Jds &-closed in W but (g_& o f_E)(-1) (n 3N )={C2 } isnot &1 g -closed in H}
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