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Abstract:- A graph Γ(𝑅) is said to be non-zero zero divisor graph of commutative ring 𝑅 with identity if 𝑢, 𝑣 ∈

𝑉(Γ(𝑅)) and (𝑢, 𝑣) ∈ 𝐸(Γ(𝑍)) if and only if 𝑢𝑣 = 0. Let 𝐾𝑛,𝑛 denote a balanced complete bipartite graph with 

parts of size n and let 𝑆𝑘 denote a star with k edges. Let 𝐶𝑘 denotes a cycle of length K, i.e., 𝑆𝑘 ≡ 𝐾1,𝑘. Let 𝐷(𝐾𝑚,𝑛) 

be the decomposition of complete bipartite graph. Let 𝐿 = {𝐻1, 𝐻2, . . . , 𝐻𝑟} be a family of subgraphs of Γ(𝑅). An 

L-decomposition of G is an edge-disjoint decomposition of Γ(𝑅) into positive integer 𝛼𝑖 copies of 𝐻𝑖  where 𝑖 ∈

{1,2,3, . . . , 𝑟}. Furthermore, if each 𝐻𝑖(𝑖 ∈ {1,2,3, . . . , 𝑟}) is isomorphic to a graph H, then we say that G has an 

H-decomposition. In this paper, we investigate the concept of geodetic decomposition of zero divisor graph. Let 

Γ(𝑍𝑛) = (𝑉(Γ(𝑍𝑛), 𝐸(Γ(𝑍𝑛)))) be the zero divisor graph. For a non-empty set 𝑆 of 𝑉(Γ(𝑍𝑛)) we define 𝐼[𝑆] =

∪ 𝐼[𝑥, 𝑦], for some 𝑥, 𝑦 ∈ 𝑆, where 𝐼[𝑥, 𝑦] is the closed interval consisting of 𝑥, 𝑦 and all vertices lying on some 

𝑥 − 𝑦 geodesic of Γ(𝑍𝑛). We have discussed the geodetic number of zero divisor graph Γ(𝑅) and determine the 

geodesic decomposition of zero divisor graph of the ring 𝑅 = 𝑍2𝑝, 𝑍𝑝𝑞 , 𝑍𝑝2 , 𝑍𝑝 × 𝑍𝑝.  

Keywords: Geodetic graph, graph decomposition, zero divisor graph. 

1. Introduction 

All graphs considered here are finite and undirected, unless otherwise noted. For the standard graph-theoretic 

terminology the reader is referred to [1]. Geodetic graphs were first defined by Ore in 1962. He also proposed to 

characterize them. Characterized geodetic graphs. Before that [2] characterized edge geodetic covers graphs. M. 

Atici [3] revealed that the characteristic of edge geodetic number of graph. Constructed geodetic graphs based on 

pulling subgraphs homeomorphic to complete graphs in 1984.  

The zero divisor graph is very useful to find the algebraic structures and properties of rings. The idea of a zero 

divisor graph of a commutative ring was introduced by I. Beck’s in [4]. Given a ring R, let G(R) denote the graph 

whose vertex set is R, such that distinct vertices r and s are adjacent provided that rs=0. I.Beck’s main interest 

was the chromatic number χ(G(R)) of the graph G(R). The general terminology, notation everything based on the 

papers [[5] - [12]]. 

Definition 1 [10] Let 𝑅 be a commutative ring (with 1) and let 𝑍(𝑅) be its set of zero-divisors. We associate a 

(simple) graph 𝛤(𝑅) to 𝑅 with vertices 𝑍(𝑅)∗ = 𝑍(𝑅) − {0}, the set of nonzero zero-divisor of 𝑅, and for distinct 

𝑥, 𝑦 ∈ 𝑍(𝑅)∗ the vertices 𝑥 and 𝑦 are adjacent if and only if 𝑥𝑦 = 0. Thus 𝛤(𝑅) is the empty graph if and only if 

𝑅 is an integral domain.  

Example 1 A graph 𝐺 is said to be weakly geodetic if every two vertices 𝑢 and 𝑣 of 𝐺 with distance 𝑑𝐺(𝑢, 𝑣) = 2 

are joined by exactly one shortest path.  
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Definition 2 Figure 1, the graph 𝐺2 is weakly geodetic. But the graph 𝐺1 is not weakly geodetic, as there are two 

shortest path between 𝑣1 and 𝑣3 with 𝑑𝐺(𝑣1, 𝑣3) = 2 in 𝐺2.  

 

Figure 1. 𝑮𝟐 is weakly geodetic and 𝑮𝟏 is not weakly geodetic 

Definition 3 A graph 𝐺 is geodetic if for any two vertices 𝑢 and 𝑣 of 𝐺 there exist at most one shortest path 

between them. Alternatively, a graph 𝐺 is geodetic if given any pair of vertices 𝑢 and 𝑣 of 𝐺, there exist a unique 

𝑢 − 𝑣 geodesic in 𝐺, where 𝑢 − 𝑣 geodesic in a graph is a shortest 𝑢 − 𝑣 path 𝑃. Thus the distance 𝑑𝐺(𝑢, 𝑣) =

|𝑃|.        

Example 2 Figure 2, the graph 𝐺3 is geodetic. But the graph 𝐺2 is not geodetic, as there are two shortest path 

between 𝑣1 and 𝑣4 in 𝐺1.    

 

Figure 2. 𝑮𝟑 is geodetic and 𝑮𝟐 is not geodetic 

Definition 4 A graph G is called strongly geodetic if every two vertices of G are joined by at most one path of 

length less than or equal to the diameter of G.    

Example 3 Figure 3, the graph 𝐺4 is strongly geodetic. But the graph 𝐺3 is not strongly geodetic, as there is path 

between 𝑣1 and 𝑣3 of length 2 in 𝐺3, where diameter of 𝐺3 is 1.    

 

Figure 3. 𝑮𝟒 is strongly geodetic and 𝑮𝟑 is not strongly geodetic 

Remark 1 Every strongly geodetic graph is geodetic and every geodetic graph is weakly geodetic. 

Note that a graph G is weakly geodetic if and only if G contains no induced subgraph isomorphic to C_4 or K_4-

e. It is obvious that a graph G is geodetic if and only if each block of G is geodetic. A forest is unique disconnected 

strongly geodetic graph. Moreover, it is easy to observe that if a strongly geodetic graph G contains a triangle, 

then G is a complete graph.   
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Theorem 1 For any graph 𝛤(𝑍2𝑝), the edge geodetic number of 𝛤(𝑍2𝑝) is equal to the number of end-vertices in 

𝛤(𝑍2𝑝).    

Theorem 2 For the star 𝛤(𝑍2𝑝) ≅ 𝐾1,𝑝−1, 𝑔𝑒 (𝛤(𝑍2𝑝)) = 𝑝 − 1 = 𝑞. 

2. Geodetic Decomposition of Zero Divisor Graph 𝜞(𝒁𝒑𝒒) 

In this section we investigate the problem of geodetic number in zero divisor graph 𝛤(𝑍𝑝𝑞), for each 𝑝 and 𝑞 are 

distinct prime numbers with 𝑞 > 𝑝. 

Theorem 3 For any graph 𝛤(𝑍𝑝2), 𝑔 (𝛤(𝑍𝑝2)) =
(𝑝−1)(𝑝−2)

2
 if and only if 𝛤(𝑍𝑝2) is complete, where 𝑝 is any 

prime number with 𝑝 > 3. 

Proof. If 𝛤(𝑍𝑝2) is complete, then 𝐸 (𝛤(𝑍𝑝2)) is the unique geodesic decomposition of 𝛤(𝑍𝑝2), so that 

𝑔 (𝛤(𝑍𝑝2)) =
(𝑝−1)(𝑝−2)

2
.   

Conversely, let us assume that 𝑔 (𝛤(𝑍𝑝2)) =
(𝑝−1)(𝑝−2)

2
. Let us show that 𝛤(𝑍𝑝2) is a complete graph. Suppose 

𝛤(𝑍𝑝2) is not complete. Let 𝑢 and 𝑤 be any two non-adjacent vertices of 𝛤(𝑍𝑝2). Let 𝑃 =

(𝑢 = 𝑢1, 𝑢2, ⋯ , 𝑢𝑛 = 𝑤) be a shortest u-w path. Then, 𝛾 = {𝑃} ∪ {𝐸 (𝛤(𝑍𝑝2)) \𝐸(𝑃)} is a geodesic 

decomposition of 𝛤(𝑍𝑝2) and |𝜙|, so that 𝑔 (𝛤(𝑍𝑝2)) <
(𝑝−1)(𝑝−2)

2
 which is a contradiction. Hence, 𝛤(𝑍𝑝2) is 

complete graph. 

Theorem 4  For any graph 𝛤(𝑍2𝑝) and 𝑝 is any prime number with 𝑝 ≥ 5 then 𝑔 (𝛤(𝑍2𝑝)) = 𝑝 − 2.    

Proof. Let 𝛤(𝑍2𝑝) be a graph with 𝑝 vertices, where 𝑝 is any prime number is greater than 2. We know that 

𝛤(𝑍2𝑝)  is isomorphic to 𝐾1,𝑝−1. That is 𝛤(𝑍2𝑝) is a complete bipartite graph with 𝑝 vertices. Let us take 𝑝 = 7.   

Then, 𝛤(𝑍2𝑝) = 𝛤(𝑍14) ≅ 𝐾1,6   

The vertex set of 𝛤(𝑍2𝑝) = 𝛤(𝑍14) = {2,4,6,7,8,10,12}.   

Let us take the geodetic decomposition number of 𝛤(𝑍14) = 𝑔(𝐾1,6) is, {2,7,8}, {7,10}, {7,12}, {4,7}, {6,7}   

(or)   

{4,7,10}, {2,7}, {7,12}, {7,8}, {6,8}   

(or)   

{6,7,12}, {2,7}, {4,7}, {7,8}, {7,10}   

and so on.   

Clearly, 𝑔(𝛤(𝑍14)) = 5 = 7 − 2 = 𝑝 − 2   

Let us take 𝑝 = 11. Then, 𝛤(𝑍2𝑝) = 𝛤(𝑍22) ≅ 𝐾1,10.   

The vertex set of 𝛤(𝑍2𝑝) = 𝛤(𝑍22) = {2,4,6,8,10,11,12,14,16,18,20}.   

Clearly, the geodetic decomposition of 𝛤(𝑍22) = 𝑔(𝐾1,10) is   

{2,11,14}, {4,11}, {6,11}, {8,11}, {10,11}, {11,12}, {11,16}, {11,18}, {11,20}   

(or)   

{4,11,14}, {2,11}, {6,11}, {8,11}, {10,11}, {11,12}, {11,16}, {11,18}, {11,20}   
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and so on.   

Clearly, 𝑔(𝛤(𝑍22)) = 9 = 11 − 2 = 𝑝 − 2   

Generally, we continue the same process, finally we get for any 𝛤(𝑍2𝑝), the geodetic decomposition number is p-

2, where p is any prime number.   

Example 4 For example of above Theorem 4, 𝛤(𝑍14) = {2,4,6,7,8,10,12}. The Fig. 4 clearly shows that geodetic 

decomposition number of zero divisor graph of 𝑔(𝛤(𝑍14)) = 7 − 2 = 5 

 

Figure 4. Geodetic number of 𝒈(𝚪(𝒁𝟏𝟒 )) 

Theorem 5 For any graph 𝛤(𝑍3𝑝) and p is any prime number with 𝑝 ≥ 5 then 𝑔 (𝛤(𝑍3𝑝)) = 𝑝 − 1.    

Proof. Let 𝛤(𝑍3𝑝) be a complete bipartite graph with 𝑝 + 1 vertices, where 𝑝 is any prime number which is 

greater than 3. Since, 𝛤(𝑍3𝑝) is isomorphic to 𝐾2,𝑝−1 (see Fig. 5). That is, 𝛤(𝑍3𝑝) ≅ 𝐾2,𝑝−1.   

 

Figure  5: 𝒈(𝜞(𝒁𝟏𝟓)) 

Let (𝑉1, 𝑉2), where 𝑉1 = {𝑢1, 𝑢2} and 𝑉2 = {𝑣1, 𝑣2, . . . , 𝑣𝑝−1} be the vertex partition of 𝛤(𝑍3𝑝).   

Let 𝑝 = 5. Then, 𝛤(𝑍3𝑝) = 𝛤(𝑍15) ≅ 𝐾2,4.   

The vertex set of 𝛤(𝑍15) = {3,5,6,9,10,12}.   

Then, 𝑉1 = {5,10} and 𝑉2 = {3,6,9,12} be the vertex set of 𝛤(𝑍15).   

Let us take the geodetic decomposition of 𝛤(𝑍15) = 𝑔(𝐾2,4) is,   

{5,3,10}, {5,6,10}, {5,9,10}, {5,12,10}   
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(or)   

{3,5,6}, {3,10,6}, {9,10,12}, {9,5,12}   

and so on.   

Clearly, 𝑔(𝛤(𝑍15)) = 4 = 5 − 1 = 𝑝 − 1.   

Now let us take 𝑝 = 7. Then, 𝛤(𝑍3𝑝) = 𝛤(𝑍21) ≅ 𝐾2,6 (see Fig. 6)   

 

Figure 6: 𝒈(𝜞(𝒁𝟐𝟏) 

The vertex set of 𝛤(𝑍21) = {3,6,7,9,12,14,15,18}.   

Then, 𝑉1 = {7,14} and 𝑉2 = {3,6,9,12,15,18} be the vertex set of 𝛤(𝑍21).   

Let us take the geodesic decomposition 𝑔(𝛤(𝑍21)) = 𝑔(𝐾2,6) is,   

{7,3,14}, {7,6,14}, {7,9,14}, {7,12,14}, {7,15,14}, {7,18,14}   

 (or)   

{3,7,6}, {3,14,6}, {9,7,12}, {9,14,12}, {15,7,18}, {15,14,18}   

and so on.   

Clearly, 𝑔(𝛤(𝑍21)) = 6 = 7 − 1 = 𝑝 − 1.   

Generally, continuing the same process, finally we get for any 𝛤(𝑍3𝑝), the geodesic decomposition number is 𝑝 −

1, where 𝑝 is any prime number.   

Theorem 6 For any graph 𝛤(𝑍𝑝𝑞) where p is any prime > 2, then 𝑔 (𝛤(𝑍𝑝𝑞)) = 𝑝𝑞 − 2(𝑝 + 𝑞) + 3.    

Proof. Since 𝛤(𝑍𝑝𝑞) is a complete bipartite graph and 𝛤(𝑍𝑝𝑞) is isomorphic to 𝐾𝑝−1,𝑞−1, where 𝑝 and 𝑞 are 

distinct prime numbers with 𝑝 < 𝑞 (see Fig. 7).   

 

Figure 7: 𝒈(𝜞(𝒁𝒑𝒒) 

Then, {(𝑣𝑖 , 𝑢𝑖 , 𝑣𝑖+1) where 1 ≤ 𝑖 ≤ 𝑝 − 2} ∪ {(𝑣𝑝−1, 𝑢𝑝−1, 𝑣1), (𝑢2, 𝑣1, 𝑢3), (𝑢3, 𝑣2, 𝑢4), (𝑢4, 𝑣3, 𝑢1)} ∪

{(𝑢1, 𝑣𝑖 , 𝑢2)  where  𝑖 ≥ 4} is a collection of internally disjoint and edge disjoint shortest paths without exterior 
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points and hence, 𝑔(𝛤(𝑍𝑝𝑞)) = (𝑝 − 1)(𝑞 − 1) − (𝑝 + 𝑞 − 2) = (𝑝 − 1)(𝑞 − 1) − 𝑝 − 𝑞 + 2 = 𝑝𝑞 − 𝑝 − 𝑞 +

1 − 𝑝 − 𝑞 + 2 = 𝑝𝑞 − 2(𝑝 + 𝑞) + 3.   

Hence proved the theorem.   

3. Geodetic decomposition of zero divisor graph of 𝜞(𝒁𝒑𝟐) 

Theorem 7 If 𝑝 and 𝑞 are distinct prime numbers with 𝑝 < 𝑞 then, 𝑔 (𝛤(𝑍𝑝𝑞)) is 
(𝑝−1)(𝑞−1)

2
.    

Proof. Suppose 𝛤(𝑍𝑝𝑞) is a complete bipartite graph and 𝛤(𝑍𝑝𝑞) is isomorphic to 𝐾𝑝−1,𝑞−1 where 𝑝 and 𝑞 are 

distinct prime numbers with 𝑝 < 𝑞. Let 𝑉1, 𝑉2 be the vertex partition of 𝛤(𝑍𝑝𝑞) where 𝑉1 = {𝑢1, 𝑢2, . . . , 𝑢𝑝−1} and 

𝑉2 = {𝑣1, 𝑣2, . . . , 𝑣𝑞−1}. Then, {𝑣𝑖 , 𝑢𝑖 , 𝑣𝑖+1 where 1 ≤ 𝑖 ≤ 𝑝 − 2} ∪

{(𝑣𝑝−1, 𝑢𝑝−1, 𝑣1), (𝑢2, 𝑣1, 𝑢3), (𝑢3, 𝑣2, 𝑢4), (𝑢4, 𝑣3, 𝑢1)} ∪ {𝑢1, 𝑣𝑖 , 𝑢2   where  𝑖 ≥ 4} is a collection of internally 

disjoint and edge disjoint shortest paths without exterior points and hence, 𝑔 (𝛤(𝑍𝑝𝑞)) =
(𝑝−1)(𝑞−1)

2
.   

Definition 5 A path partition of a graph 𝛤(𝑍𝑛) in which every path is a shortest path is called a geodetic partition 

of 𝛤(𝑍𝑛). The minimum cardinality of a geodetic partition of 𝛤(𝑍𝑛) is called the geodetic partition number of 

𝛤(𝑍𝑛) and is denoted by 𝑔(𝛤(𝑍𝑛)).    

Theorem 8 For any complete bipartite graph, 𝛤(𝑍𝑝𝑞) ≠ 𝐾_1,1, then 𝑔 (𝛤(𝑍𝑝𝑞)) =
(𝑝−1)(𝑞−1)

2
, where 𝑝 is prime 

number.    

Proof. Suppose 𝛤(𝑍2𝑝) is a star graph, that is, 𝛤(𝑍2𝑝) ≅ 𝐾1,𝑝−1, then 𝑔 (𝛤(𝑍2𝑝)) = ⌈
𝑝−1

2
⌉.   

Let 𝑝 = 5, then 𝛤(𝑍2𝑝) = 𝛤(𝑍10). The vertex set of 𝛤(𝑍10) is {2,4,5,6,8} (see Fig. 8).   

 

Figure 8: 𝜞(𝒁𝟏𝟎) 

The geodetic partition of 𝛤(𝑍10) is {2,5,4} and {6,5,8}.   

That is, 𝑔 (𝛤(𝑍2𝑝)) = 2 = ⌈
5−1

2
⌉ = ⌈

𝑝−1

2
⌉, where 𝑝 = 5.   

This result is true for all 𝛤(𝑍2𝑝).   

That is, 𝑔 (𝛤(𝑍2𝑝)) = ⌈
𝑝−1

2
⌉ where, 𝑝 − 1 is the number of edges in 𝛤(𝑍2𝑝).   

Let 𝛤(𝑍𝑝𝑞) where 𝑝 and 𝑞 are distinct prime numbers with 𝑝 < 𝑞.   

Let (𝑉1, 𝑉2), where 𝑉1 = {𝑢1, 𝑢2, . . . , 𝑢𝑝−1} and 𝑉2 = {𝑣1, 𝑣2, . . . , 𝑣𝑞−1} be the vertex partition of 𝛤(𝑍𝑝𝑞) where 𝑝 

and 𝑞 are distinct prime numbers. Since 𝛤(𝑍𝑝𝑞) is a complete bipartite graph and 𝛤(𝑍𝑝𝑞) is isomorphic to 

𝐾𝑝−1,𝑞−1. By the inequality assumption, 𝑔(𝛤(𝑍𝑛)) ≥ ⌈
(𝑝−1)(𝑞−1)

2
⌉.   

Since 𝑝 and 𝑞 are distinct prime numbers, so 𝑝 − 1 and 𝑞 − 1 are all even numbers, except the prime number 2. 

Let (𝑝 − 1) = 2𝑘. Then, {𝑣2𝑖−1, 𝑢𝑗 , 𝑣2𝑖|1 ≤ 𝑗 ≤ 𝑘, 1 ≤ 𝑗 ≤ 𝑞 − 1} geodetic partition of 𝛤(𝑍𝑝𝑞) with the 
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cardinality 
(𝑝−1)(𝑞−1)

2
 and hence, 𝑔(𝛤(𝑍𝑛)) = ⌈

(𝑝−1)(𝑞−1)

2
⌉ where 𝑝 is prime number, which is equal to 

(𝑝−1)(𝑞−1)

2
. 

Hence proved. 

 

4. Geodetic Decomposition of Zero Divisor Graph 𝜞(𝒁𝒏) 

In this section we investigate the problem of decomposition of zero divisor graph 𝛤(𝑍𝑛) of a ring 𝑍𝑛 =

𝑍𝑝𝑞 , 𝑍𝑝2 , 𝑍𝑝 × 𝑍𝑝 into complete, star graph, complete bipartite graph for each 𝑝 and 𝑞 are distinct prime numbers 

with 𝑞 > 𝑝.    

Definition 6 Let 𝛤(𝑍𝑛) be a any connected zero divisor graph and (𝛤1, 𝛤2, 𝛤3, . . . , 𝛤𝑛) be the decomposition of 

𝛤(𝑍𝑛). The zero divisor graph 𝛤(𝑍𝑛) admits a Geodetic Decomposition, if the following conditions are satisfied.     

1.  Each 𝛤𝑖  is connected.    

2.  Each edge of 𝛤(𝑍𝑛) is in exactly on 𝛤𝑖  .    

3.  𝑔(𝛤𝑖) = 𝑖 + 1(𝑖 ≤ 1), where 𝑔(𝛤(𝑍𝑛)) is the geodetic number of a zero divisor graph 𝛤(𝑍𝑛).    

Example 5 The following Fig. 9 illustrates the geodetic decomposition of 𝐺.    

 

Figure 9: Geodetic decomposition of (𝜞𝟏, 𝜞𝟐) in 𝜞𝒏 

Remark 2 Every path as a geodetic decomposition, since the geodetic number of each path is 2.    

Theorem 9 If 𝑝 is a prime number with 𝑝 > 7, then 𝑔 (𝛤(𝑍7𝑝)) = 𝛤1, 𝛤2 , 𝛤3, . . . , 𝛤6 and 𝐾6,𝑝−7.    

Proof. Let 𝛤(𝑍7𝑝) be a zero divisor graph. The vertex set of 𝛤(𝑍7𝑝) is {7,14,21, . . . ,7(𝑝 − 1), 𝑝, 2𝑝, 3𝑝, . . . ,6𝑝} =

{𝑢1, 𝑢2, 𝑢3, . . . , 𝑢𝑝−1, 𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣5, 𝑣6} and the vertex set can be partition into two subsets are 𝑉1, 𝑉2 ∈

𝑉 (𝛤(𝑍7𝑝)) where 𝑉1 = {𝑢1, 𝑢2, 𝑢3, . . . , 𝑢𝑝−1}𝑉2 = {𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣5, 𝑣6}. Let the graph 𝛤(𝑍7𝑝) can be 

decomposing into two parts namely 𝐾6,6  and 𝐾6,𝑝−7 .   

Case(i) Now, consider the vertex set of 𝑉(𝐾6,6) are 𝑋 = {𝑢1, 𝑢2, 𝑢3, . . . , 𝑢6}  and 𝑌 = {𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣5, 𝑣6}. Let 

𝑈3 = {𝑢4, 𝑣3, 𝑣4, 𝑣5, 𝑣6} be the subset of 𝑉 (𝛤(𝑍7𝑝)). Clearly, < 𝑈3 >= 𝑆4. Also 𝑔(𝑆4) = 4. Then 𝑔(𝛤3) = 4.    

Let 𝑈4 = {𝑢5, 𝑣1, 𝑣3, 𝑣4, 𝑣5, 𝑣6} be the subset of 𝑉 (𝛤(𝑍7𝑝)). Clearly, < 𝑈4 >= 𝑆5. Also 𝑔(𝑆5) = 5. Then 

𝑔(𝛤4) = 5.   

Let 𝑈5 = {𝑢6, 𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣5, 𝑣6} be the subset of 𝑉 (𝛤(𝑍7𝑝)). Clearly, < 𝑈5 >= 𝑆6. Also 𝑔(𝑆6) = 6. Then 

𝑔(𝛤5) = 6. Now, we construct 𝛤1 and 𝛤2 as follows:   

After constructing the graphs 𝛤3, 𝛤4, 𝛤5, . . . , 𝛤𝑝−1

2

. We construct the graphs 𝛤1 and 𝛤2 with the rest of the edges. Take 

𝛤2 as 𝐾3,6 − 𝐾1,1 with 𝑉(𝛤(𝑍7𝑝) = {𝑢1, 𝑢2, 𝑢3, 𝑣1, 𝑣2, . . . , 𝑣6} and 𝐸 (𝛤(𝑍7𝑝)) = 𝐾3,6 − {𝑢1𝑣1, 𝑢1𝑣2, . . . , 𝑢1𝑣6}.   
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Let 𝑈2 = {𝑢1, 𝑢2, 𝑢3} is the minimum geodetic set and 𝑔(𝛤2) = 3.   

The remaining edges are, 𝑢1𝑣1, 𝑢4𝑣1, 𝑢4𝑣2, , 𝑢5𝑣2. We construct the graph 𝛤1 as 𝐾1,1 + Remaining edges. Then 

𝛤1 = {𝑢1, 𝑢4, 𝑢5, 𝑣1, 𝑣2}. In this case {𝑢1, 𝑢5} is the minimum geodetic set and 𝑔(𝛤1) = 2. Hence each 𝛤𝑖  satisfies 

the condition 𝑔(𝛤𝑖) = 𝑖 + 1 ∀𝑖. Hence 𝛤(𝑍7𝑝) admits geodetic decomposition 𝛤1, 𝛤2, 𝛤3 , . . . , 𝛤𝑝−1

2

.   

Case(ii) Consider, the second part of the graph as 𝐾6,𝑝−7 this graph decomposition into 
6(𝑝−7)

4
  copies of 𝐶4 graph. 

Clearly, 𝑔(𝐾6,𝑝−7) geodetic number is 2.    

Theorem 10 If 𝑝 and 𝑞 are distinct prime numbers with 𝑞 > 𝑝, then 𝑔 (𝛤(𝑍𝑝𝑞)) = 𝛤1, 𝛤2, 𝛤3, . . . , 𝛤𝑝−1 and 

𝐾𝑝−1,𝑞−𝑝.    

Proof Let 𝛤(𝑍𝑝𝑞) be a zero divisor graph. The vertex set of 𝛤(𝑍𝑝𝑞) is {𝑝, 2𝑝, 3𝑝, . . . , 𝑝(𝑞 −

1), 𝑞, 2𝑞, 3𝑞, . . . , 𝑞(𝑝 − 1)} = {𝑢1, 𝑢2, 𝑢3, . . . , 𝑢𝑞−1, 𝑣1, 𝑣2, 𝑣3, . . . , 𝑣𝑝−1} and the vertex set can be partition into two 

subsets are 𝑉1, 𝑉2 ∈ 𝑉 (𝛤(𝑍𝑝𝑞))  where 𝑉1 = {𝑢1, 𝑢2, 𝑢3, . . . , 𝑢𝑞−1}𝑉2 = {𝑣1, 𝑣2, 𝑣3, . . . , 𝑣𝑝−1}. Let the graph 

𝛤(𝑍𝑝𝑞) can be decomposing into two parts namely 𝐾𝑝−1,𝑝−1 and 𝐾𝑞−𝑝,𝑝−1.   

Case(i) Now, consider the vertex set of 𝑉(𝐾𝑝−1,𝑝−1) are 𝑋 = {𝑢1, 𝑢2, 𝑢3, . . . , 𝑢𝑝−1} and 𝑌 = {𝑣1, 𝑣2, 𝑣3, . . . , 𝑣𝑝−1}. 

Let 𝑈_3 = {𝑢4, 𝑣𝑝−4, 𝑣𝑝−3, 𝑣𝑝−2, 𝑣𝑝−1} be the subset of 𝑉 (𝛤(𝑍𝑝𝑞)). Clearly, < 𝑈_3 >= 𝑆4. Also 𝑔(𝑆4) = 4. Let 

it be 𝛤3. Then 𝑔(𝛤3) = 4.   

Let 𝑈4 = {𝑢5, 𝑣1, 𝑣𝑝−4, 𝑣𝑝−3, 𝑣𝑝−2, 𝑣𝑝−1} be the subset of 𝑉 (𝛤(𝑍𝑝𝑞)). Clearly, < 𝑈4 >= 𝑆5. Also 𝑔(𝑆5) = 5. 

Then 𝑔(𝛤3) = 4.   

Let 𝑈5 = {𝑢6, 𝑣1, 𝑣2, 𝑣𝑝−4, 𝑣𝑝−3, 𝑣𝑝−2, 𝑣𝑝−1} be the subset of 𝑉 (𝛤(𝑍𝑝𝑞)). Clearly, < 𝑈5 >= 𝑆6. Also 𝑔(𝑆6) =

6 . Then 𝑔(𝛤5) = 6.   

Continuing in this way we get, 𝛤𝑝−2 as 𝑆𝑝−1 with 𝑈𝑝−2(𝛤) = {𝑢𝑝−1, 𝑣1, 𝑣2, 𝑣3, . . . , 𝑣𝑝−1}   

Clearly,    

 𝑔(𝛤𝑝−2) = 𝑝 − 1   

Now, we construct 𝛤1 and 𝛤2 as follows:   

After constructing the graphs 𝛤3, 𝛤4, 𝛤5, . . . , 𝛤𝑝−1

2

. We construct the graphs 𝛤1 and 𝛤2 with the rest of the edges. Take 

𝛤2 as 𝐾3,𝑝−1 − 𝐾1,𝑝−6 with 𝑉(𝛤2) = {𝑢1, 𝑢2, 𝑢3, 𝑣1, 𝑣2, . . . , 𝑣𝑝−1} and 𝐸(𝛤2) = 𝐾3,𝑝−1 − {𝑢1𝑣1, 𝑢1𝑣2, . . . , 𝑢1𝑣𝑝−6}.   

Let 𝑈2 = {𝑢1, 𝑢2, 𝑢3} is the minimum geodetic set and 𝑔(𝛤2) = 3.   

The remaining edges are, 𝑢1𝑣1, 𝑢1𝑣2, . . . , 𝑢1𝑣𝑝−6, 𝑢4𝑣1, 𝑢4𝑣2, . . . , 𝑢4𝑣𝑝−5, 𝑢5𝑣2, 𝑢5𝑣3, . . . , 𝑢5𝑣𝑝−5, . . . , 𝑢𝑝−2𝑣𝑝−5. 

We construct the graph 𝛤1 as 𝐾1,𝑝−6 + Remaining edges.   

Then 𝛤_1 = {𝑢1, 𝑢4, . . . , 𝑢𝑝−2, 𝑣1, 𝑣2, . . . , 𝑣𝑝−5}. In this case {𝑢1, 𝑢𝑝−2} is the minimum geodetic set and 𝑔(𝛤1) =

2. Hence each 𝛤𝑖  satisfies the condition 𝑔(𝛤𝑖) = 𝑖 + 1 ∀𝑖. Hence 𝛤(𝑍𝑝𝑞) admits geodetic decomposition 

𝛤1, 𝛤2, 𝛤3, . . . , 𝛤𝑝−1

2

.   

Case(ii) Consider, the second part of the graph as 𝐾𝑝−7,𝑞−𝑝. This graph decomposition into 
(𝑝−1)(𝑞−𝑝)

4
 copies of 

𝐶4 graph. Clearly, 𝑔(𝐾𝑝−1,𝑞−𝑝) geodetic number is 2.   

Theorem 11 If 𝑝 is any prime 𝑝 > 2 then the graph 𝛤(𝑍𝑝 × 𝑍𝑝) is admits a geodetic decomposition into 

𝛤1, 𝛤2, . . . , 𝛤𝑝−2.    
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Proof. Trivially 𝛤(𝑍2 × 𝑍2), 𝛤(𝑍3 × 𝑍3), 𝛤(𝑍5 × 𝑍5) admits geodetic decomposition, since   

𝑔(𝛤(𝑍3 × 𝑍3)) = 2, 𝛤(𝑍5 × 𝑍5) = 𝐾1,1 ∪ (𝐾3,3 − 𝐾1,1) ∪ 𝐾1,4 and satisfies the condition 𝑔(𝛤𝑖) = 𝑖 + 1.   

Let 𝛤(𝑍𝑝 × 𝑍𝑝) = 𝐾𝑝−1,𝑝−1 with 𝑝 is prime > 5. Let (𝑈, 𝑉) be the partition of 𝛤(𝑍𝑝 × 𝑍𝑝),   

where 𝑈 = {𝑢1, 𝑢2, . . . , 𝑢𝑝−1} and 𝑉 = {𝑣1, 𝑣2, . . . , 𝑣𝑝−1}.   

Let 𝑉3 = {𝑢4, 𝑣𝑝−4, 𝑣𝑝−3, 𝑣𝑝−2, 𝑣𝑝−1} be the subset of 𝑉 (𝛤(𝑍𝑝 × 𝑍𝑝)). Clearly, < 𝑉3 >= 𝑆4.   

Also 𝑔(𝑆4) = 4.   

Let it be 𝛤3. Then, 𝑔(𝛤3) = 4.   

Let 𝑉4 = {𝑢5, 𝑣1, 𝑣𝑝−4, 𝑣𝑝−3, 𝑣𝑝−2, 𝑣𝑝−1}. Clearly < 𝑉4 >= 𝑆5.   

Also 𝑔(𝑆5) = 5.   

Let it be 𝛤4. Then, 𝑔(𝛤4) = 5.   

Let 𝑉5 = {𝑢6, 𝑣1, 𝑣2, 𝑣𝑝−4, 𝑣𝑝−3, 𝑣𝑝−2, 𝑣𝑝−1}. Clearly < 𝑉5 >= 𝑆6. Also 𝑔(𝑆6) = 6.   

Let it be 𝛤5. Then, 𝑔(𝛤5) = 6.   

Continuing in this way we get, 𝛤𝑝−2 as 𝑆𝑝−1 with 𝑉(𝛤𝑝−2) = {𝑢𝑝−1, 𝑣1, 𝑣2, ⋯ , 𝑣𝑝−1}.   

Clearly 𝑔(𝛤𝑝−2) = 𝑝 − 1.   

Now, we construct 𝛤1 and 𝛤2 as follows:   

After construction the graphs 𝛤3, 𝛤4, . . . , 𝛤𝑝−2.   

We construct the graphs 𝛤1 and 𝛤2 with the rest of the edges.   

Take 𝛤2  as 𝐾3,𝑝−1 − 𝐾1,𝑝−6 with 𝑉𝛤2
= {𝑢1, 𝑢2, 𝑢3, 𝑣1, 𝑣2, ⋯ , 𝑣𝑝−1} and    

𝐸(𝛤2) = 𝐾3,𝑝−1 − {𝑢1𝑣1, 𝑢1𝑣2, ⋯ , 𝑢1𝑣𝑝−6}. Then {𝑢1, 𝑢2, 𝑢3} is the minimum geodetic set and 𝑔(𝛤2) = 3. The 

remaining edges are,   

𝑢1𝑣1, 𝑢1𝑣2, ⋯ , 𝑢1𝑣𝑝−6, 𝑢4𝑣1, 𝑢4𝑣2, ⋯ , 𝑢4𝑣𝑝−5, 𝑢5𝑣2, 𝑢5𝑣3, ⋯ , 𝑢5𝑣𝑝−5, ⋯ , 𝑢𝑝−2𝑣𝑝−5.   

We construct the graph 𝛤1 as 𝐾1,𝑝−5 + Remaining edges.   

Then 𝑉(𝛤1) = {𝑢1, 𝑢4, 𝑢5, ⋯ , 𝑢𝑝−2, 𝑣1, 𝑣2, ⋯ , 𝑣𝑝−5}.   

In this case {𝑢1, 𝑢𝑝−2} is the minimum geodetic set and 𝑔(𝛤1) = 2.   

Hence each 𝛤𝑖  satisfies the condition 𝑔(𝛤𝑖) = 𝑖 + 1 for all 𝑖.   

Thus 𝛤(𝑍𝑝 × 𝑍𝑝) admits geodetic decomposition (𝛤1, 𝛤2, 𝛤3, ⋯ , 𝛤𝑝−2).   

Theorem 12 Complete graph 𝛤(𝑍𝑝2) with any prime 𝑝 > 5 admits a geodetic decomposition 𝛤_1, 𝛤_2, . . . , 𝛤𝑝−3.    

Proof. Let 𝑣1, 𝑣2, . . . , 𝑣𝑝−1  be the vertices of 𝛤(𝑍𝑝2).   

Consider 𝛤1 = 𝑆2 with 𝑉 (𝛤(𝑍𝑝2)) = {𝑣1, 𝑣2, 𝑣𝑝−2}, 𝐸(𝛤1) = {𝑣1𝑣2, 𝑣2𝑣𝑝−2} and {𝑣1, 𝑣𝑝−2} is the geodetic set of 

𝛤1 and hence 𝑔(𝛤1) = 2.   

Let as construct 𝛤2 = 𝑆3 with 𝑉(𝛤2) = {𝑣1, 𝑣2, 𝑣𝑝−2}, 𝐸(𝛤2) = {𝑣3𝑣1, 𝑣3𝑣2, 𝑣3𝑣𝑝−2}  and {𝑣1, 𝑣2, 𝑣𝑝−2} is geodetic 

set of 𝛤2 and 𝑔(𝛤2) = 3.   

Similarly, we can construct 𝛤3 = 𝑆4 with 𝑉(𝛤3) = {𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣𝑝−2}, 
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𝐸(𝛤3) = {𝑣4𝑣1, 𝑣4𝑣2, 𝑣4𝑣3, 𝑣4𝑣𝑝−2} and {𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣𝑝−2} is the geodetic set of 𝛤3 and 𝑔(𝛤3) = 4.    

Continuing this process we get, 𝛤𝑝−4 = 𝑆𝑝−3 with 𝑉(𝛤𝑝−4) = {𝑣1, 𝑣2, . . . , 𝑣𝑝−4, 𝑣𝑝−3, 𝑣𝑝−2}, 

𝐸(𝛤𝑝−4) = {𝑣𝑝−3𝑣1, 𝑣𝑝−3𝑣2, . . . , 𝑣𝑝−3𝑣𝑝−4, 𝑣𝑝−3𝑣𝑝−2} and {𝑣1, 𝑣2, . . . , 𝑣𝑝−4, 𝑣𝑝−2} is the geodetic set of 𝛤𝑝−4 and 

𝑔(𝛤𝑝−4) = 𝑝 − 3.   

Finally, we get, 𝛤𝑝−3 with 𝑉(𝛤𝑝−3) = {𝑣1, 𝑣2, . . . , 𝑣𝑝−2, 𝑣𝑝−1},   

𝐸(𝛤𝑝−3) = {𝑣𝑝−1𝑣1, 𝑣𝑝−1𝑣𝑝−2, 𝑣1𝑣𝑝−2, 𝑣𝑝−1𝑣2, 𝑣𝑝−1𝑣3, . . . , 𝑣𝑝−1𝑣𝑝−3} and {𝑣1, 𝑣2, . . . , 𝑣𝑝−3, 𝑣𝑝−2} is the geodetic 

set of 𝛤𝑝−3 and 𝑔(𝛤𝑝−3) = 𝑝 − 2.   

Hence 𝛤(𝑍𝑝2) satisfies the condition 𝑔(𝛤𝑖) = 𝑖 + 1, for all 𝑖 and hence the proof.    

5. Conclusion  

In this paper, we discussed the new concept of geodetic decomposition of graphs. Let 𝛤(𝑍𝑛) =

(𝑉(𝛤(𝑍𝑛)), 𝐸(𝛤(𝑍𝑛))) be the graph. For a non empty set 𝑆 of 𝑉(𝛤(𝑍𝑛)) we define 𝐼[𝑆] =∪ 𝐼[𝑎, 𝑏], for some 

𝑎, 𝑏 ∈ 𝑆, where 𝐼[𝑎, 𝑏] is the closed interval consisting of 𝑎, 𝑏 and all vertices lying on some 𝑎 − 𝑏 geodesic of 

zero divisor graph 𝛤(𝑍𝑛).  If 𝛤(𝑍𝑛) is a graph, then a set 𝑆 of vertices is a geodetic set if 𝐼[𝑆] = 𝑉(𝐺). The 

cardinality of a geodetic set is called the geodetic number of zero divisor graph and is denoted as 𝑔(𝐺). We have 

discussed the geodetic number of zero divisor graph 𝛤(𝑅) and determine the geodesic decomposition of zero 

divisor graph of the ring 𝑅 = 𝑍2𝑝, 𝑍𝑝𝑞 , 𝑍𝑝2 , 𝑍𝑝 × 𝑍𝑝.  
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