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Abstract: - Fuzzy predicates as pentagonal fuzzy variable increases the precision and considered to be more
appropriate and effective translational fuzzy set model in characterizing decision variables. This paper aims at
revisiting the theoretical developments on pentagonal fuzzy variable along with the existing operational
properties. Also, the algebraic properties for linear symmetric pentagonal fuzzy number have been introduced
with suitable illustrations. Further, the significance of proposed algebraic properties in the decision-making
models has been discussed with numerical illustration.
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1. Introduction

In the year 1962, Lotfi A. Zadeh argued that insufficiency that exists in conventional mathematics which specifies
impreciseness by probability distributions [23]. Moreover, he first hinted the term mathematics of fuzzy in his
article "Circuit Theory to System Theory™ in the year 1962 where he advocated the necessity of new mathematics
of fuzzy or cloudy guantities in describing biological systems, which are more complex than man-made systems
[22]. Further in the year 1965, he proposed the idea of fuzzy subsets as an alternative to conventional crisp sets
[23]. People use natural language to communicate their opinions, ideas, and decisions. Opinions are of two kinds:
objective and subjective. Objective statements or propositions are very simple to quantify; whereas, subjective
opinions, statements or propositions are hard to quantify. Fuzzy sets and its arithmetic is a widely used tool to
represent such subjectivity in a larger sense. Human rational thinking reflects as a vague, imprecise natural
language sentences or statements and these imprecise reflect human rational opinions with diverge meanings [4].
Quantifying the opinions that are subjective in nature involves large sensibility and is very much reliant on
contextual nature. Fuzzy number is a tool to represent such impreciseness in a larger sense [6], [7],[8].

Translational fuzzy set models are defined over the real line as a real valued function that depicts the imprecise
fuzzy predicates. Nahmias and Dubios et.al. synthesized the concept of fuzzy variable for the first time and argued
that fuzzy variables, as the effective tool to characterize vagueness in a deeper sense [6], [7], [8], [17] [18]. Arnold
Kaufmann and Madan M. Gupta elaborated the nuances in fuzzy numbers furthermore [2]. Translational fuzzy
set model like triangular and trapezoidal be found to be linear and represent vagueness to certain extent.
Trapezoidal and triangular fuzzy numbers have a kind of sharp increase and decrease on the sides of the
membership function. Always there is a need for such generalized piecewise linear representation. It’s always
challenging to represent ill defined variables using such functions. Generalizations have been made on the linear
translational fuzzy set model and it has served the purpose of quantifying vague predicates in any real time
application. Decision making theories are driven by experts’ opinion. Fuzzy numbers play a significant role in
quantifying the expert’s opinion by fuzzifying the linguistic information. The process of doing so is called as
Fuzzification. Fuzzy numbers are inevitable in a situation where impreciseness exists. Various arithmetic
operations on fuzzy numbers have been developed in order to combine the imprecise information. Again, in
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decision making theories, aggregating two or more information is common and arithmetic operations are widely
used to combine the opinions. Further, it is essential to study the importance of arithmetic operations and its
functions in combining two or more linguistic information. In this research paper, various arithmetic operations
have been introduced to the notion Pentagonal Fuzzy Number.

In 2015, Pathinathan, Ponnivalavan and Mike Dison conceptualized the idea of pentagonal fuzzy arithmetic with
real time application [20]. The conceptual significance of Pentagonal Fuzzy Number as an alternative for the
existing triangular and trapezoidal fuzzy numbers is to study the imprecise vague circumstances with the
variations observed in « -level. Further they argued the importance and validation of Pentagonal Fuzzy Number
by associating it to the vague fuzzy predicate "indeed x", whereas "about x" and "approximately between" are the
vague fuzzy predicate largely associated with triangular and trapezoidal fuzzy numbers respectively. The vague
term "indeed x" is rather difficult to characterize into a single linear type of fuzzy function, which eventually
forces the curve that which observed to has fluctuations in « -level. [9]

The key objective of this research paper is to introduce various arithmetic operations based on Extension Principle
and Interval Method for the pentagonal fuzzy number. Arithmetic operations such as addition, subtraction,
multiplication, scalar multiplication and division are introduced based on the Extension Principle and « -cut
empowered Interval Method. Further, the significance of each arithmetic operations has been emphasized
withnumerical illustrations and insights into real time application.

2. Translational Pentagonal Fuzzy Variable
2.1 Fuzzy Variable [17], [18]

A Fuzzy variable A or Fuzzy number defined in the real number line R is a Fuzzy set with the degree of
belongingness 1, (x) is continuous or piecewise continuous with atleast one x, € R such that x,(x,) =1. Also
A'is convex and normal and support of A must be bounded.

2.2 Pentagonal Fuzzy Variable [19],[20],[21]

Generalized Pentagonal Fuzzy Number or Variable is defined as A, :(a, b, c d,e: W) and w defined to be the

maximum height of the pentagonal pentagonal membership function with the variations below 1. The pentagonal
fuzzy membership function is given by,

0 X<a
l— as<x<b
2b-

Liw —E)X—b b<x<c
2 2°c—

Uy (X) =W X=¢
1 (W_E)d;x c<x<d
2 2°d-c
le-x
E— d<x<e
2e—

0 X>e

with a<b<c<d<eand 0<w<1which mustbe continuous in [0,1]. x, (X)is continuous and increasing

from a to ¢ and decreasing from c to e. The Generalised Pentagonal Fuzzy Variable turns to Normalised
Pentagonal Fuzzy Variable if wis 1.
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Figure 1: Pentagonal Fuzzy Number

3. Arithmetic Operations of Generalized Pentagonal Fuzzy Variable

Lee and Yuin (2014) defined pentagonal fuzzy set and the results of arithmetic operations [4]. T. Pathinathan and
K. Ponnivalavan (2015) introduced the idea of reverse notion in triangular, trapezoidal and Pentagonal Fuzzy
Number [20]. Apurba Panda and Madhumangal Pal (2015) studied the concept of pentagonal fuzzy variable and
its generalisation along with the representation of pentagonal fuzzy matrices (PFMs) [2]. Abbasi introduced
various operations on pseudopentagonal fuzzy numbers induced by transmission average [9]. Sankar Prasad
Mondal and Manimohan Mandal summarized the formation of different types of Pentagonal Fuzzy Number [15].
Avinash Kamble discussed the notion of canonical Pentagonal Fuzzy Number and various arithmetic operations
by means of « -cut [1]. Jesintha Rosline and Mike Dison (2018) introduced the notion of symmetric Pentagonal
Fuzzy Number and quadratic Pentagonal Fuzzy Number with various arithmetic operations [11].

Let A=(a,8,,8,8,,8 :W)and B=(b,b,,b;,b,,b, :w,) be two generalized Pentagonal Fuzzy Numbers with

the membership functions
1, (X) = max| min 1x-a —+(w1—l 8 -x 1a-X
2a,- 27 a,-a, 2a,—4a,

1 1

a 2 2

b, 1 1, y-b, 1 y 1b
=W, ——)——=,w,,— —=
2(22)bb 22(22)bb2b—a4

+(w—= _—a'Wl'

s (Y) = max(min [% y—_

and their parametric forms are

A (a)=[a,+2a(a, —a),a; —2a(as —a,)], Va €[0,w;],0<w, <0.5

Ap(a)= _az 22\,0\; _1 (a;—a,),a, —22\I‘i/‘1—__11(a4 —aS)}Va €[0.5,w,],05<w, <1

By, () =[b, +2a(b, —by), b5 — 2 (bs —b )], Vael[0,w,],0<w, <05

Br(a@)=|b, + 20 1(b -b,),b, - (b b)}Vae[05w2]05<w2<1
L 2w, -1 2w1

where, A, (a), Az (a)and B, (), B,; (o) are increasing and decreasing functions in « - respectively.

Throughout this paper, the operations defned using Extension Principle and Interval Method have been verifed
by the set of pentagonal fuzzy variables A=(0.1,0.3,0.5,0.7,0.9) and B =(0.2,0.4,0.6,0.8,1.0) .

3.1 Addition of two Generalized Pentagonal Fuzzy Variables by Extension Principle
The Addition of two Generalized Pentagonal Fuzzy Variables by Extension Principle is given as follows:

Let A+B=C where y(2) :sup(min(,uA(x),yB(y) IX+y= z)

Let w=min(w,,w,)
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1
sup(in 2= T %1» a <x<a,b <y<b,
. x—a, 1 1, y-b,
sup(min(=+(w, —= =+ (w, —= a,<x<a,b,<y<hb
p( (2(1 )—zz(zz)bs—bz” , <x<agb, <y<b,
sup(min(w, wz)'x+y:z) X=a,,y=Dh
07 su (mln(—+(w g~ 1+(W —l)b“—_y)) <x<a,,b,<y<b
P t2a,-a,2 7 2'b,-h, B
la—-x 1b-y
sup(min a, <x<a;,bh, <y<h,
PminG = .  <x<agb <y<h
0 otherwise
1 z-a-b
S S S +b <z<a,+b
2 +b _a:L_b1 a'.l bl 2 2
1w —-)ﬁ b, <z<a,+h,
2 2 a;+b;—a, b,
w z=a,+b
1,(2) = T
1 a,+b, -
=+ (w ——) a,+b,<z<a,+h,
2 2" a,+b, - —b3
1 a;+by—z
-5 " a,+b, <z<a +h
2a,+b,—a, b, Lo %+
0 otherwise

Therefore, the addition Addition of two Generalised Pentagonal Fuzzy Variables is another Generalised
Pentagonal Fuzzy Variable with the above membership function.

Example
The sum A+ B with w=0.8, using Extension

1 (2) =

Principle is found to be

12-03 0.3<2<0.7
2 0.4

E 1032797 g7<7<11
0.8 z7=1.1
1i03%7% 11<7<15
2 0.4

119- 15<z<19
2 04

0 otherwise

which is the membership function for the sum of two Pentagonal Fuzzy Variables.

14

Figure 2: Addition of two Pentagonal Fuzzy Variables using Extension Principle
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3.2 Addition of two Generalized Pentagonal Fuzzy Variables based on Interval Method
Given A and B be the two Generalized Pentagonal Fuzzy Variables and their addition based on Interval Method

is obtained as follows:
C,=A,+B, Vae[0,w],0 <w<1,w=min(w,w,)
X1%+Q+2a@fﬂn—%—Q)<xsa5+@—2am5+@—a4—my03a305

~a

X:a,+hb, +§ (a3+b bz)sxga4+b4—§a—_1(a4+b4—a3—b3),0.5Sa§1
W_

3.3 Subtraction of two Generallzed Pentagonal Fuzzy Variables by Extension Principle
Given A, B be the two generalized Pentagonal Fuzzy Variables and their subtraction by Extension Principle is

obtained as follows:

X 1b -y
sup(mm(——a1 2, 2b, b, a <x<a,b, <y<hb
1 x-a, 1 1. b,-y
sup(min(= + (w, —+(w, —=)—— a, <x<a,b,<y<b
p( ( =) =t ) <xsab<ysh,
sup(mln(wl,wz)'x—y:z) X=a,,Yy=Dh
1 (2) = 1 a
sup(min(= + (w, — =) —— -= <x<a,,b, <y<h
p((( 2a4_a3 (zz)bab» a,<x<a,b, <y<b,
1A 1b-y
sup(min(=——,= a,<x<a,b <y<b
p( (2a5—a4 2b, b, 4 5,0 <y<b,
0 otherwise
1 z-a +b
- -b.<z<a,-b
2a,+b,—a —-b, A% 2
1 1, z-a,+b
Zr(w—= -b,<z<a,-b
2 ( Z)a3 b,—a,+b, - 3
w z=a,-b
1 (2) = P
L . —b,<z<a,-b
2 2&14b—a3+ba3 sThTe
1_a-b-? a,—-b,<z<a,-b
2a;,—b —a,+b,
0 otherswise
Example
The Pentagonal Fuzzy Variable A— B for w=0.8 obtained by Extension Principle is found to be
12+09 _09<7<-05
2 0.4
10329 g5<7<-01
2 0.4
0.8 z=-0.1
HD=1 3,
~+03—— -0.1<2z<0.3
2 0.4
10.7-2 03<z<07
2 04
0 otherwise
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-1 ' 0

Figure 3: Subtraction of two Pentagonal Fuzzy Variables using Extension Principle

3.4 Subtraction of two Generalized Pentagonal Fuzzy Variables based on Interval Method
Given Aand B be the two Generalized Pentagonal Fuzzy Variables and their subtraction by Interval Method is

obtained as follows:

X:a —b +2a(a, —a, +b. —b,) <x<a, - b+2W (a3 a,+b,—b), 0<ax<05

a, —b, —ia—_i(% —a,+b,—b,)<x<a;-b -2a(a; —a, +b, -b)-2a(a; —a, +b, —b),05<a <1
W_

3.5 Scalar multiplication of a Generalized Pentagonal Fuzzy Variable based on Extension Principle

method

Given A be the generalized Pentagonal Fuzzy Variable and its scalar multiplication based on Extension

Principle is obtained as follows:

Casei:k>0

sup(min(1 X8 ) = 2) a <x<a,

2a,-

sup(mln(—+(wl 1y x= az) kx=2z) a,<x<a,

sup(mln(w) tkx =2) X=a,

/u(_:(z)_ 1 a
sup(mln( +(w, - > 4 )k =7) a;<x<a,
a,

sup(min(— a5_X):kx=z) a, <x<a,

2a;-a,

0 otherwise
1 2=k ka, <z <ka,
2k(a, -a)

1 1, z-ka,
w, ——)—— ka, <z<k
PR SRR
(2) = w z=ka,
z
e 1 1, ka, -z
(W —2)—2 "2 ka, <z<ka,
2 2" k(a, —a,)
EM ka4§z£ka5
2k(a5_a4)
0 otherwise
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Caseii:k <0
. 1a-x
sup(min(= kx=1z <x<a
p(min(; =)tk =2) 8 <x<a,
1 a—X, .
sup(mln( +(w, — ) Tkx =12) a<X<a,
2 -3,
sup(mln(w) tkx =2) X =2,
:ug(z)_ X—a
sup(mln( +(w _E) ):kx=2) a,<x<a,
a,
fool X—ag
sup(mln( —):kx=12) a, <X<ag
5 — 3,

0 otherwise
1 k-2 ka, <z <ka,
2k(a, —a,)

1 +(w, —E)M ka, <z <ka,
2 2 k(as_az)
(2) = w z=ka,
z
e 1 1, z-ka,
—+(w-—=)—— ka;<z<ka,
2 2" k(a, —a,)
1 z-ka ka, <z <ka,
2k(as-a,)
0 otherwise
Example
Case i: k=0.6
12-006 0.06<7<0.18
2 012
10322918 (15<7<03
2 0.12
(2) = 0.8 z=0.3
/u(_: - _
10324222 3o <0u
2 0.12
10.54-2 0.42<7<054
2 012
0 otherwise
Case ii: k=-0.6
12+006 ~0.18<7<-0.06
2 0.12
10324018 h3<,< 018
2 0.12
0.8 z=-0.3
D=1 oazes
-=—-0.3= -0.42<2<-0.3
2 0.12
_1054+2 _0.54<7<-0.42
2 0.12
0 otherwise
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0.8 e
SN A

06

0.2

k=0 (k<O
Figure 4: Scalar product of Pentagonal Fuzzy Variable using Extension Principle

3.6 Scalar multiplication of a generalized Pentagonal Fuzzy Variable by Interval Method

Let A be the generalized Pentagonal Fuzzy Variable and the scalar multiplication based on Interval Method is
obtained as follows:

Caseirk=0
X :ka, +ka(a, —a) < x<ka; —2ak(a;—a,), 0<a <05

~a

x:ka, + )<x<Kka, -

-a;),05<a<1

Caseii:k <0
X:kag —2ka(a; —a,) < x<ka +ak(a, —a), 0<a <05

C =
" x:ka, + ;"‘ 1k(a3 a,) < x <ka, - 20 -1
W—

(K@ -2,) 05<a<1

3.7 Multiplication of two Generalised Pentagonal Fuzzy Varlables by Extension Principle method
Given Aand B be the two Generalized Pentagonal Fuzzy Variables and their multiplication by Extension

Principle is obtained as fO||OWS'

x-3,_ 1y-b 3
x<a,,b <y<h
2a,-a, 2b b, & b <y<b,
1 x-a, 1 1, y-b,
sup(min(=+ (w, =+ (w, —=)—= a, <x<a,b,<y<hb
p( ( (W, — 2%_% 2(2 QQ b2)) 2 3,0, S Y= D,
sup(min(w,, w,) : Xy = z) X=a,;Yy=h,
:UQ(Z)_
1 a,-x 1
sup(mln(—+(wl 23 E +(w, 5 b b a;<x<a,b,<y<hb,
sup(min(-@,%&%» a, <x<a,b, <y<h,
4 5 4
0 otherwise
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z
sup(mm(— a1 17_ a <x<a,ab <z<ab,
"2b, b
z
1 x-a 1 1 Q_bz
sup(mln(—+(w1 5 2 E (WZ_E)b3—b2)) a, < X<ayab, <z<ah,
sup(min(w,, w,)) X=a5,Z=a5b,
1 (2) = ,
b —=
la-x1 1.
sup(mm(—+(w1 4 a E+(w2—5)b4_|[:)) a, <x<a,,ab,<z<a,b,
z
x 1 b =~
sup(mm(—— 2 h, bX)) a, <x<a;ah, <z<ahb,
0 otherwise
_ \/T
B, + B’ —4A(C, - 2) oy <2< ok
2A
-B Q/BZ—4 C,-
l+(W—£) RA L A7) a,h, <z<aph,
2 2 2A,
w z=a
1 (2) = . &
-B 4/B —4A,(C, -
l+(W—1) st yBs 4AG 72) a,b,<z<aph,
2 2 2A,
-B ,/82—4 C,—
4 42A4A4( =7 a,b, <z<ahb,
0 otherwise

where,

A =4(a, —a)(b, —b),B, =2[a,(b, —b) + b (a, —a)],C, =ab,

A, =(a;—a,)(b; —b,), B, =[a,(b; —b,) +b,(a; —,)]1.C, = a,b,

A =(a, —a3)(b, —by), By =[a,(b, —bs) +b,(a, —a;],C; = a,b,

A, =4(a; —a,)(b; —b,),B, = 2[a;(b; —b,) + b (a; —a,)],C, = ash;

3.8 Multiplication of two Generalised Pentagonal Fuzzy Variables by Interval Method

Given Aand B be the two Generalized Pentagonal Fuzzy Variables and their multiplication based on Interval is

obtained as follows

) 201 20 -1Y
x.a1b1+2 [ai(bz—bl)+b1(a2—ai)]+4( J (a, —a,)(b, —b) <x

<oy + 225 a0, b)) by (2 - a4)1+4(2

2 ](as 2,)(b ~b,), 0<a <05

X:a,b, +2

~1a,(0,-b) +b,(3, —aa]+4[2 j(aA—aa)(b4—b3>sx

2
<ab, + 225 e, (0, -b) 4,0 - a2)1+4[ j(as—az)(bg—b»,o.swﬂ

3.9 Division of two Generalised Pentagonal Fuzzy Variables by ExtensionPrinciple method
Given A and B be the two Generalized Pentagonal Fuzzy Variables and their division based on Extension

Principle method is defined as follows:

Let A:B=Cwhere u(2) = sup[min(,ué(x),,us ) :% = z}
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.1 x-a 1b-y
sup(min(z ——,= == <x<a,,b,<y<b
p( (2a2—a1 2b5—b4)) a 210 S Y S D
.1 1 x-a, 1 b, -y
sup(min(=+ (w, — = —+(w, —= a, <x<a,b,<y<b
PN+ (W —2) -5+ (W =) ) B Sxsanb<ysh,
sup(min(w;, w,)) X=a,,Yy=Dh,
#e(2) = 1 1, a,-x 1 y—b
sup(min(= + (W, — =) —4—— =+ (w, - =) >—=% <x<a,,b, <y<
p( (2(1 2a4_a32(z bg—bz)) a, ,,b, <y<b,
. la-x 1y-hb
sup(min(=—=——,= a, <x<a,b <y<bh
p( (2a5—a4 sz_bl)) 4 5,0 <y<b,
0 otherwise
1 -3 a /b, <z<a,/b,
2 (a, —a;) - z(b, —bs)
1wt b, — 3, a,/b,<z<a,lb,
2 2" (a, —ay)+z(b, —by)
w z=a,/b
He(2) = 1 1. a,—zb,—z e
Siw-D)—A——2 a;/b,<z<a,lb,
2 2°a,—b,—a;+h,
1 a-y-z a,/b,<z<a /b
2a;,—-b —a,+b,
0 otherswise
Example
A: B for w=0.8 by extension principle is found to be
12-01 0.1<7<0.375
20.2(1+2)
103282203 a5 ;<083
2 0.2(1+72)
0.8 z=0.83
D=1 07 04z
~+03————— 0.83<z<1.75
2 0.2(1+72)
109-022 475,445
202(1+2)
0 otherwise
§
£s i "."fy 4p:Bp
0.5 Sy
0 05 1 15 2 25 3 35 45

Figure 5: Division of two Pentagonal Fuzzy Varaibles using Extension Principle

3.10 Division of two generalised Pentagonal Fuzzy Variables by Interval Method
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Given two Generalized Pentagonal Fuzzy Variables and their division based on Interval Method is defined as
follows:
A, B, =C,isgiven by

:314'205('5‘2_31)S Sas_za(as_azt) 0<a<05
b+ 2a(b,~b) b, 2a(b,—b,)
2001 2001
C, = a4—m(a4—a3) a,+ W _1(33_32)
: 21 T <x< 21 I ,05<a<1
I o—
b,————(b,-b b,+ ——(b,-b
OB bt by

4. Conclusion

In this Research Paper, various arithmetic operations such as Addition, Subtraction, Multiplication, Scalar
Multiplication and Division have been derived for Generalized Pentagonal Fuzzy Variables based on Extension
Principle and Interval Method. They have been discussed and verified with suitable illustrations. Further, the
significant importance of « -cut on conceptualizing various operations has been discussed with detailed
investigations. The knowledge shared will drive researchers from various background on implementing the
derived arithmetic operations in their respective domains.
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