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Abstract: The article highlights the issue of improving cognitive processes in terms of individualization and
personalization of learning paths, addressing the gap in students' basic mathematical knowledge through the use
of digital technologies and computer-assisted learning systems. The presented computer-based mathematics
training program with animated elements aims to ensure that students thoroughly comprehend key mathematical
concepts, which are essential during the initial stage of university studies. To evaluate the effectiveness of
implementing this program in the learning process, criteria were developed to assess students' mastery of
educational material, the quality of their understanding of mathematical concepts, and the development of
cognitive skills.The test revealed statistically significant trends in all the indicators studied (the degree of
comprehension of the volume of concepts, the completeness of the development of the ability to work with
concepts in problem-solving, the depth of understanding of the connections and relationships between a particular
concept and others, as well as the mechanisms of memorization, comprehension, synthesis, analysis, and
evaluation).
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1. Introduction

The issue of the competitiveness of university graduates in the field of pedagogical science is a long-standing one,
and it is of significant importance, as it is reflected in research conducted in the fields of philosophy, economics,
psychology, and pedagogy [1; 2]. Scientific and methodological studies demonstrate that education today is no
longer feasible without the incorporation of digitalization. The Minister of Higher Education and Science of the
Russian Federation, V.N. Falkov, has noted that even the traditional full-time learning format is undergoing
transformation, with some elements of remote interaction between students and teachers becoming an integral
part of it [3]. In this regard, the rector of the Higher School of Economics, N.Yu. Anisimov, has stated that
«digitization is no longer a future possibility, but an unavoidable reality, and there is no alternative path for
universities other than to adapt and achieve digital maturity».

It should be noted that traditional learning approaches cannot be discarded due to their merits. This is not the sole
view in Russia, as J. Rohall, president of the European School of Management and Technology (ESMT Berlin),
has stated: "Education is not merely a transfer of information, but a discussion, a debate on various concepts..."
Similarly, Wei Shu, vice-president of the Hong Kong University of Science and Technology, has stated that "the
educational process can only be effective with feedback from all parties involved." [4].
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As practice has shown, the training of first-year students can be successful if:
- There is a solid foundation of high-quality pre-university training.

- Effective forms and methods of instruction are employed.

- Educational motivation and interest are present.

The first point, as a general rule, is crucial — with a poor level of school knowledge (in this case, mathematical
knowledge), the motivation component quickly diminishes, which hinders first-year students' smooth and active
entry into the learning process. For regional universities, this is a current reality, as the best graduates from schools
with high Unified State Examination (USE) scores tend to enroll in capital-based educational institutions. A
survey of schoolchildren revealed that the situation is not ideal. In St. Petersburg, out of 46 schools across 12
districts, only 5.9% of respondents answered "The school of the future™ when asked "What does the school of the
future mean to you?", and the answer "A foundation for education™ was selected by [5] respondents. Many higher
education mathematics teachers note the poor quality of school mathematics knowledge [6].

Obviously, such a scenario at the start of the first term, when the fundamental principles of higher mathematics
are introduced through the study of disciplines such as "Algebra”, "Analytical Geometry™ and "Mathematical
Analysis”, would not allow weaker students to develop appropriate academic skills, and subsequently, to correctly
master more complex subjects and engage successfully in research activities. By "correct perception”, we mean
the perception cycle of the "Y" model, as proposed by Neisser [7]. This model reflects such characteristics of
perception as objectivity, structure, selectivity and meaningfulness.

Today, a variety of innovative tools, including computer-based solutions, are utilized to address this challenge.
Computer software for training initially emerged in the United States in the 1940s (flight simulators). Due to the
high cost of computers at the time, their size, the limitations of monitors, and the need to input programs using
first-generation programming languages via punch cards, as well as limited access to computers only in
specialized centers, the widespread adoption of computers in scientific, technological, and educational settings
was hindered.

In the 1960s and 1970s, the primary programming language paradigms were developed, which continue to be
used today. During the 1980s, consolidation occurred, with some languages adopting object-oriented features and
system programming concepts, while others focused on the potential of modules.

After 1980, the availability of personal computers led to the emergence of leading companies in the field, primarily
from the United States, that specialized in educational software. The primary goal of this software was to enhance
the efficiency of educational processes.

In 2020, at the third international conference, eSTARS 2020, which focused on the study of the role of
digitalization in higher education, Rector of the Higher School of Economics, Ya. Kuzminov, noted that in many
universities in the country, there is a lack of implementation of digital technologies due to insufficient professional
training of teachers and a well-established perception that digital education (particularly online) is of low quality.
It is evident that the introduction of digital elements into the educational process in higher education should be
based on a variety of high-quality content.

Today, many countries around the world are actively seeking new pedagogical approaches and techniques that,
combined with digital technologies, can ensure universal learning, including by activating the learning process,
individualizing it, and providing access to modern resources from leading experts in various fields.

The authors of a joint study conducted by the British Organization for the Development of Digital Technologies
in Higher Education (Jisc) and the Emerge Education Investment Fund believe that it is time for a complete
transformation of teaching in universities.

In their research, titled "Roadmap to 2030" [9], the authors identify three areas in which digital technologies can
be most beneficial: educational content (improving the quality of digital curriculum), its delivery through learning
and assessment infrastructure, and support for the educational process.
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According to the results of a survey of 74 British educational institutions, it has been found that information
technologies are most commonly used for convenience rather than for improving teaching effectiveness [10].

In Germany, research has been conducted to assess the level of proficiency of university teachers and students in
using digital media. The findings indicate that both groups are underprepared for working in a collaborative digital
environment [11]. Similar results have been observed in other countries such as Australia, Spain, New Zealand
and the United States [12; 13].

American scientists, led by R.E. Mayer [14], have identified great potential for multimedia learning. They have
defined multimedia learning and developed principles such as coherence, signaling, redundancy, spatial and
temporal proximity, segmentation, modality, and others.

In addition, the experience of using multimedia technology is valuable, especially in a pandemic, and it should be
further developed and expanded. This is relevant in improving the educational process [15]. Many Russian
scholars see the use of multimedia technology as a new and more progressive approach to teaching [16;

17; 18]. The article [19] emphasizes the importance of incorporating digital technologies and systems into
education, as they make the learning experience more effective and engaging.

Computer training programs (CTPs) that are skillfully written with built-in animations, as mentioned previously,
make the learning process more visual, appealing, and engaging. The effectiveness of this approach is
demonstrated in the works cited [20-27]. While there are some effective CTPs in higher mathematics, it should
be noted that their number is relatively small. This is because professional programmers often lack knowledge of
appropriate methodologies, while mathematics teachers, for the most part, do not possess programming skills.

The purpose of the study: optimization of the educational process through the use of a computer training program
with animation elements in the formation of basic knowledge and cognitive skills of bachelors.

The object of the study: First-year students from the fields of applied mathematics, computer science, and
computer engineering, as well as information security, from the Institutes of Mathematics, Natural Sciences and
Technology, Economics, and Management, are invited to participate in the event.

The selection of the first courses is based, as previously noted, on a poor knowledge of basic mathematics and the
need to rapidly engage former applicants in the field of higher mathematics through interest, which evolves into
a motivational trend with a dynamic nature that contributes to the development of scientific interest.

2. Research methods and materials

One of the methods for enhancing the cognitive activity of university students is the incorporation of computer
technology into the educational process, particularly in relation to the organization of independent study [28, 29,
30, 31]. This article discusses a computer-based training program with animated elements developed at I.A. Bunin
State University (YSU). The program aims to supplement the fundamental mathematical knowledge acquired in
secondary school, which is essential during the initial stages of university study.

Cognitive mechanisms in the form of vivid and dynamic images capture attention, stimulate thought, activate
students' cognitive abilities, and aid in better retention of material. At these points, the emotional state can be
described as a complex and multifaceted process involving several components, including cognitive, motivational,
and motor aspects [32].

During the first week of the academic year at the Institute of Mathematics, Natural Sciences, and Technology of
YSU named after I.A. Bunin, over the past three years (2020-2023), applicants were assessed on their knowledge
of the fundamentals of elementary mathematics, including modules, sets, limitations, elementary functions, and
trigonometry. Only 20% of high school graduates and 9% of graduates from secondary vocational programs were
able to correctly answer 50% or more of the questions. This situation prompted me to develop a computer program
that offers learning functionality and helps students quickly fill in any knowledge gaps during this critical period
of their studies. The program is designed to be used in conjunction with traditional classroom instruction and
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provides additional resources and practice opportunities for students to improve their understanding of the
material.

The training program is a set of six software modules: "Limit of sequence”, "Function of one real variable", "Limit
of function”, "Continuity of function", "Derivative", "Applications of derivative", focusing the attention of first-
year students on such important concepts of mathematics as modulus of number, limit of sequence, limit and
continuity of function, points of discontinuity of functions, plotting of functions. As an example, consider the
"Sequence Limit" module.

The motivation for addressing this topic was the analysis of the test results. It turned out that there is a large—scale
misunderstanding of the expression "[x - 2| < 3", which in a slightly modified form will be used later in the topics
"Sequence limit", "Function limit". Obviously, this misunderstanding is a direct consequence of the inability to
work with an absolute value or a module.

The "Sequence Limit" program module is presented in three sections: Module, Association, and Limit. When the
"Module™ button is selected, the program shows students the formula for the numerical module in the school
context, demonstrates and explains the concept error that this formula "presents” to students (Figure 1), and
proposes applying another, more "general” formula (Figure 2), based on extensive teaching experience during the
first years.

Module I Association I The limitl Exitl
= X, if
Let's recall the well-known definition of a module: x| = < if (1)

Many freshmen do not know how to work with it. And if you conduct an experiment ,
by asking them to define |x-1|, then, as practice shows, many will write an expression with an error:

x-1, if
Pl = { o @

This is because the right part of formula (1) is firmly remembered,
which is transferred without any change to all the modules encountered!

Figure 1 - A typical mistake of first-year students when working with the module

J f(x), if f(x)=0
It is better to remember the formula for the module in this form:|f(x)| =
l -f(x), if {f(x)<0
Examples:
a) |3|=3:heref(x)=3>0, so the top line of the module works!

B) |-7]|=-(-7) :heref(x)=(-7) <0, so the bottom line of the module works!

Figure 2 - The universal formula for the module

Later, various examples of the difference between two numbers on the numerical axis encourage students to draw
the correct conclusion (Figure 3).
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=
3-(-2)F1  13-5=2 |1 -4=3
B-(HEL B2 (- (23

CONCLUSION: the modulus of difference is the distance between 2 points on a straight line.

} } } : ] C : i t —X
-4 -3 -2 -1 0 1 2 3 4 5

Figure 3 - Formation of the concept of the modulus of the difference between two numbers

After discussing the inequality |[x - 3| < 2 on the number line (Figure 4), the geometric interpretation of the
definition|x — a| < € becomes clear (Figure 5).

And how to understand the expression |x-3|<2 ?
Here 3 1s a known (fixed) number,
X 1s an arbitrary number
This mequality defines the set of all points of a straight line,
the distance between which and the number 3 1s less than 2!
Obviously, the numbers 1 and 5 are not included in this set!

Figure 4 - Discussion of inequality [x — 3| < 2

m Thus, the geometric meaning of the basic expression
in mathematics becomes clear: |x-a| < ¢ !

That's right! This is the mterval:
(a-gate),

which is called the € neighborhood of point a.

{ 3\
\ 4 X
a-¢ a ate

Figure 5 - The key inequality of mathematical analysis

Next, a transition is made to the "Association” section (menu button), where Zenon's famous paradox "Achilles
and the Tortoise" is presented in animated form, which "demonstrates” that Achilles will never overtake the
tortoise (Figures 6 and 7).
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Achilles will never catch up with the turtle!

TR

1 1/2

Figure 6 - The animation of Achilles
Part of the program code is presented below:
def clicked1():

global k, k1, g4

ac_kn(0, knopl)

ac_kn(0, knop4)

for i in range(1,250):
cnv.move(id_imgl, 2, 0)
cnv.update()
sleep(0.01)

knopl.configure(text="CONTINUE!")

if g4 < 4:
t_ext(-20,-270+40*q4, spisok[g4], zw="DarkGreen", grup="group5", ti=mF2)

g4=04+1

ac_kn(1, knop2)

def clicked2():

global k, k1, tex_1, tex 2

ac_kn(0, knop2)

ac_kn(0, knop4)

cnv.delete(tex_1)

cnv.delete(tex_2)

for i in range(1,250):
cnv.move(id_imgl, -2, 0)
cnv.update()

tex_1 = cnv.create_text(-540, 254, text=Fraction(k1/2), fill="red",
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font=("Times', 35)) # The beginning of the path
tex_2 = cnv.create_text(22, 254, text=Fraction(k1/4), fill="red",
font=('Times', 35)) # The middle of the road
k1=k1/2
k=k+1
ac_kn(1, knopl)
ifk >=5;
ac_kn(1, knop4)

Achilles will never catch up with the turtle!

fuher _I Half the way is over!
Another half of the way has been completed!

And the next half is over!
And soon...!

1/64

1/256 1/512

Figure 7 - The infinity of the process (the results are shown in a step)

In this context, students learn about the concept of the sequence limit. Achilles can get as close to the turtle as he
wishes, but he will never be able to touch it (see Figure 8).

n Thus, we can draw the following conclusion.
If Achilles is at point a and the turtle is at point b,
then no matter how small the distance £ from the turtle we take,
at some stage of his journey Achilles will be at such a point ¢
that the distance between Achilles and the turtle |c-b|
will be less than €, i.e., there will be the inequality |c-b|< £ is fulfilled.
Note that Achilles can approach the turtle as close as he wants,
but he will not be able to }ouch it!

- % c-bl<E
a c b

Figure 8 - The essence of the sequence limit
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In the "Limit" section, after defining the sequence, examples of various types of limits are provided (see Figure
9).

a) X, = n?
Herex1=121® x2=22@ x3=32@ x4,=42 x5=52@etc.

It is clearly seen that this sequence is increasing.
The lower face can be called the number m = 1, and the sequence above is unlimited.

6) x, =5+1/n.

X, = 5+111 {B)x, = 5+1/2 @x3 = 5+1/3 @ X, = 5+1/4 @ X5 = 5+1/5 @etc.

This sequence is decreasing.
The lower face can be called the number m = 5, and the upper face can be called the number Ml = 6.

Examples of sequences:

Note that there are sequences that are both non-increasing and non-decreasing:
B) X, = (-1)"/n. This sequence behaves as follows:

the terms of the sequence come as close as possible to the limit - the point x=0,
but they will never reach it, because the expression (-1)"/n cannot be equal o 0.

-1 -1/3 -1/81/7 1/8/6 1/4 1/2
—@ 4 .—_—.—C @ X
X1 Xs  XeX; ...0... XgXe Xa Xz

Figure 9 - Different kinds of sequences

Further, considering the increasing sequence on a straight line, the dependence is shown in dynamics N(g) (see
Figure. 10).

—& & @

X1 )@ )@

WHAT DOES THIS MEAN FROM A MATHEMATICAL POINT OF VIEW?

We have the situation observed with Achilles and the turtle. Obviously, the
members of the sequence will approach point a as close as they like, but they

will never reach it. If we step back from point a by an arbitrarily small distance ¢, then
for the number n = 2, for all n > 2, the inequality will be satisfied
X, - a] <E.

(IXxs-al <€, [xg-al <¢g, [X5-a|<g, etc. The index n = 2 is usually denoted by N = 2.)
And what will happen if we decrease the numberofe? N =3 N =4
Figure 10 - Dependence of the number N on the choice of a specific €

After all that has been studied, students are fully ready to perceive and assimilate the definition of the limit of

sequence in verbal form and in the language of mathematics, which in turn removes all problems in determining
the limit of a function.
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3. Results and discussion

The experiment, which took place between 2021 and 2023, was conducted at the beginning of each semester
during the study of the subjects "Mathematical Analysis" and "Mathematics.” In order to investigate the
motivational factors, interests, and individual characteristics of first-year students, representative control and
experimental groups of 42 participants were formed each year, and testing was conducted to assess their level of
knowledge. After a certain period, a repeated assessment was carried out - in the experimental groups, classes
were conducted using CTP (computer-based teaching program), and in the control groups - in the traditional
manner. As a result of the experimental research, values of indicators were obtained that characterize the degree
of mastering of educational material by students, the quality of absorption of educational material in mathematics,
and the formation of cognitive skills.

The leading indicators for the first criterion, which is the degree of mastery of the educational material, are the
coefficient of assimilation of the volume of concepts (K,) and the coefficient of completeness of the formation of

the ability to operate with concepts when solving problems (fy). These coefficients are determined using the
following formula:

K_p = % where m; — the number of concepts of the information module learned by the i-th student; m — the
number of key concepts needed to be learned in a given information module; n — the number of respondents who

took part in the testing.
K, = Z";—;p", rae p; — the number of information block tasks correctly solved by the i-th student; p — the number

of tasks that needed to be solved in a given information module; n — the number of respondents who took part in
the testing.

Table 1 - Dynamics of changes in the values of indicators characterizing the degree of students’ mastery
of educational material

Modules Control groups Experimental groups
K, K, K, K,
1. The limit of the sequence 0,73 0,71 0,75 0,78
2. A function of a single variable 0,71 0,72 0,78 0,79
3. Function limit 0,72 0,68 0,77 0,71
4. Continuity of function 0,60 0,73 0,76 0,82
5. Derivative 0,67 0,65 0,83 0,76
6. Applications of the derivative 0,59 0,68 0,81 0,75

For the purpose of analysis, Microsoft Excel TP and the Data Analysis add-in were used, in conjunction with the
"Paired Two-Sample t-Test for Means" function. The average number of key concepts learned in each module of the
course was selected as an independent variable. As a result of this analysis, the following statistical measures were
obtained:|t.w.| = 6,3, which significantly exceeds t,(0,05) = 2,02, Therefore, we reject the null hypothesis that there
are no differences. Therefore, the differences in the average values of knowledge acquisition indicators in the second
sample are not random but systematic. Based on the coefficient of completeness in the formation of skills for operating
with concepts, the following statistics have been obtained: |t,w.| = 8,49, which significantly also exceeds the critical
value t,(0,05) = 2,02.

The quality of learning of educational material in mathematics has been determined according to a methodology
developed by the author, using a coefficient that measures the depth of understanding of connections between
concepts. This indicator is calculated based on a definition of the fractal dimension (D), which is an indicator of
the interdisciplinary connectedness between concepts, and is calculated using the Hurst (H) indicator, which is
related to the simple ratio D + H = 2, as presented in reference [32]. A detailed description of the algorithm for
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calculating the Hurst indicator can be found in that reference. The final formula for calculating this indicator is:

_ tog(R/s)
log("/;) "’

where S — standard deviation of learned concepts, R — the scope of the accumulated deviation, n — the number of
respondents.

Table 2 - Dynamics of changes in the values of the H-Hurst index and the values of the fractal dimension

indicator D
Modules Control groups Experimental groups
H D H D
1. The limit of the sequence 0,5037 1,4963 0,3802 1,6198
2. A function of a single variable 0,4862 1,5138 0,4380 1,5620
3. Function limit 0,4879 1,5121 0,4116 1,5884
4. Continuity of function 0,5373 1,4627 0,5233 1,4767
5. Derivative 0,5663 1,4337 0,4527 1,5728
6. Applications of the derivative 0,4879 1,5121 0,4272 1,5690

A comparative statistical analysis of the distribution of interdisciplinary connectivity of concepts among students
in the control and experimental groups has allowed us to reject the null hypothesis, which states that there are no
significant differences in the average values of the indicator for interdisciplinary connectivity between the two
groups. (toun = 4,66 > t,,,(0,05) = 2,02). The obtained result allows us to suggest that the practical
implementation of the CTP leads to a significant increase in the fractal dimension of the content of mathematical
education, and as a result, to the establishment of deep connections at various levels, enhancing the quality of
assimilation of educational material in mathematics.

Bloom's taxonomy has been used to assess the development of cognitive skills, and its effectiveness has been

demonstrated in numerous studies. A summary of the findings from the study is presented in Table 3 below.

Table 3 - The results of the experiment using the Bloom method

Difficult Number of students
y Experiment Control Experimental Control Experiment
level Control groups
al groups groups groups groups al groups
Memoriza 39 42 37 42 40 41
tion
Understan 21 40 25 41 18 41
ding
App'r'lca“o 17 36 18 33 15 35
Analysis 8 25 6 28 10 30
Synthesis 4 14 5 20 7 19
Score 3 10 4 12 3 13
2021 r. 2022 r. 2023 r.

It is clear that the experimental group outperformed the control group in terms of quantitative indicators, as most
students in this group had a thorough understanding of the material under study. However, it is also true that there
were some students in the experimental group who had difficulty applying knowledge in practical situations and
analyzing material. This may be due to an overly childish approach on the part of these students, which may not
always be possible to reverse.

As a result of the study, it has been demonstrated that CTPs with the learning feature and interactive animations
generate considerable interest, contribute to the stimulation of cognitive activity, and significantly enhance the
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level of knowledge acquisition. Another benefit of this approach is its potential for use outside of regular school
hours.

4, Conclusion

During the study, the authors have developed a computerized learning system for mathematics with animation
features, which allows for the comprehensive formation of basic mathematical knowledge and ensures the
effective development of cognitive skills. The developed criteria and indicators can provide an objective
assessment of the dynamics of professional competence development in the teaching process, thus making a
significant contribution to expanding organizational and methodological support for teaching mathematics using
innovative digital technologies.An analysis of the empirical data from the study, using a range of mathematical
and statistical techniques, has revealed a positive trend in the level of comprehension of key concepts and
cognitive abilities in the learning of mathematics among the experimental groups, thereby validating the previous
theoretical findings regarding the enhancement of mathematical ability in the context of computer-based training.
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