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1 Introduction

Information systems are fundamental instruments for generating information understanding in any real-life
sector, and topological information collection structures are appropriate mathematical models for both
quantitative and qualitative information mathematics. In both the pure and applied domains, the importance of
general topology is quickly increasing. In data mining, it plays a significant role [7, 20].In computer science and
digital topology [8-10], computer topology for geometric and molecular design [16], quantum physics, high-
energy physics, particle physics and superstring theory [12, 23], and one can observe the impact of particular
topological spaces as well.

Continuity is most important concept in Mathematics and many different generalized forms of continuity have
been studied and investigated. Levine [13] introduced weakly continuous functions and established some new
results. Further, Son et al. [22] introduced weakly clopen and almost clopen functions. These authors [23]
investigate that almost clopen functions are the generalized forms of perfectly continuous functions, regular set-
connected functions and clopen functions.

The authors Arya,S. P., Gupta,R Anuradha, Baby Chacko and Singh D [1-2,21] introduced the concept of
strongly continuous functions and almost perfectly continuous functions in topological spaces and established
the various significant results. Benchalli S.S and Umadevi | Neeli Nour T.M [3, 19] studied the concept of
totally semi-continuous functions and semi-totally continuous functions in topological spaces and verify the
certain properties of the concept. Bhattacharya,S, [4] introduced and studied the concept of generalized regular
closed sets and establish the various characterizations. Nithyanantha and Thangavelu [18] introduced the
concept of binary topology between two sets and investigate some of the basic properties, where a binary
topology from X to Y is a binary structure satisfying certain axioms that are analogous to the axioms of
topology. Jamal M. Mustafa [6] studied binary generalized topological spaces and investigate the various
relationships of the maps so discussed with some other maps.

1.1 Contribution

As outline, the concept of almost perfectly &-continuous maps, completely € -continuous maps, almost
completely &-continuous maps, totally €-continuous maps, strongly &-continuous maps have been introduced and
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studied different properties of these maps in this paper. The significant of results have been shown by several
counter examples.

1.2  Organization

The rest of the paper structured as follows: Some require basic definitions, concepts of &-topological and
notations are discussed in Section 2. The section 3 has been headed by the concept of almost perfect &-
continuous maps in &-topological spaces in which several other maps have also been are discussed and
established the relationships. Section 4 concludes the paper. Throughout the paper g(Y) denotes the power set
of Y.

2. Preliminaries

Some require and important definitions and concepts of &-topological space and notations have been given in
this portion

Definition 2.1: LetY; and Y, be any two non-void sets. Then &-topology (§;) from Y; to Y, is a binary
structure € < o (Y;) X #(Y,) satisfying the conditions i.e. (@,0), (Y;,Y;) € £and If {(L,, My); a €T} is a
family of elements of €, then (Uger Lo, Uger Mo) € . If Eis & from Y; to Y, then (Y;,Y3, %) is called a &-
topological space (§1S) and the elements of € are called the €-open subsets of (Y;,Y5,&). The elements of
Y; XY, are called simply &-points.

Definition 2.2: LetY; and Y, be any two non-void set and (L,, M;), (L,, M,) are the elements of g (Y;) X
#(Y;). Then (L, M;) € (L, M) only if L; € L, and M; € M,.

Remark 2.1: Let {T, ; a € A} be the family of & from Y; to Y,. Then, Ngea Ty, is also & from Y; to Y,. Further
Ugea Ty Need not be &r.

Definition 2.3: Let (Y;,Y,,§) be aéSand LS Y;,M cY,. Then (L,M) is called §-closed in (Y;,Y,%) if
(1\L, Y;\M) € &

Proposition 2.1: Let(Yy,Y,,8) is&S. Then (Y;,Y;) and (@, @) are &-closed sets. Similarly if {(L,, My): a € T'}
is a family of &-closed sets, then (Nger Lo, Naer My) 1S E-closed.

Definition 2.4: Let(Y;,Y;,8) is§rSand (L, M) € (Y3,Y,). Let (L, M)l*E = N{Ly: (Lg, My) is &-closed set and
(LM) € (Ly, My)} and (L, M)Z*E = N{My: (Ly, M) is & -closed set and (L,M) € (Ly, My)}. Then
(LMY, (L, M)',) is E-closed set and (L, M) € (L, M)"", , (L, M)*",). The ordered pair (L, M)*";, (L, M)?")))
is called &-closure of (L, M) and is denoted Clg(L, M) in &S (X, Y, ) where (L, M) < (Y1, Y>).

Proposition 2.2: Let(L,M) € (Y, Y3). Then (L, M) is &-open in (Y;, Y3, 8) iff (L, M) = I¢(L, M) and (L, M) is &-
closed in (Yq, Yy, §) iff (L, M) = Clg(L, M).

Proposition 2.3: Let (L,M) € (N,P) € (Y;,Y;) and (Y, Y;,8) is &rS. Then Clg(@,8) = (8,0), Cl(X,Y) =
XY), LM EC@LM) , LM NP , LM?>)SNP)?, , ClLM) CSCENP) and
Definition 2.5: Let(Y;,Y,,) is &S and (L, M) € (Y, Y,). Let (L, M)l"E =U {Ly: (Lo, M,)is E-open set and
(L,M) € (Lg, M)} and (L, M)2°E =U{M: (Ly, M) is & -open set and (L,M) < (L., M,)}. Then
(LMY, , (L, M)?°) is E-open set and (L, M)'°;, (L, M)?",) € (L, M). The ordered pair ( (L, M)""; , (L, M)*’))
is called &-interior of (L, M) and is denoted Iz (L, M) in &S (X, Y, u) where (L, M) € (Y3, Y3).

Proposition 2.4: Let (L, M) < (Y, Y3). Then (L, M) is &-open setin (Y;,Y,, &) iff (L, M) = Ig(L, M).
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Proposition 2.5: Let (L, M) € (N,P) € (Y, Y,) and (Y3, Y3, 8) is &S. Then I (@, @) = (@, ®), [:(X,Y) = (X,Y),
LMY, € (NPT, (LM, € (NP, (L, M) S [¢(N, P) and [ (Tg(L, M)) = I¢(L, M)

Definition 2.6: Let (Y;,Y5,%) is &S and (Z,T) be Gy. Then the map F: (Z,T7) — Y; X Y, is called &-continuous
at z € Z if for any &-open set (L, M) € (Y3, Y;, &) with F(z) € (L,M) then there exists T-open G in (Z,T) such
that z € G and F(G) < (L, M). The mapping F is called &-continuous if it is &-continuous ateachz € Z .

Proposition 2.6: Let (Y;,Y;,%) is &S and (Z,7) be Gr. Then the map F:(Z,T7) - Y; XY, is called &-
continuous if F~1(L, M) is T-open in (Z,T) for every &-open set (L, M) in (Y, Y3, ).

3. Almost Perfectly &-Continuous Maps (APECM)

In this section, the concept of almost perfectly &-continuous maps, completely &-continuous maps, almost
completely &-continuous maps, totally €-continuous maps and strongly &-continuous maps in &S have been
introduced and established the relationships between these maps and some other maps by making the use of
some counter examples.

Definition 3.1: Let (Y;,Y;,%) is &S and (Z,T) be Gy. Then the map F: (Z,7) - Y; X Y, is called almost
perfectly &-continuous map (APECM) if F~1(L, M) is T-clopen in (Z, T) for every &-regular open set (L, M) in
(Yl' YZ' E)

Definition 3.2: Let (Y, Y5, &) is &S and (Z, T) be Gr. Then the map F: (Z,T) — Y; X Y, is called completely &-
continuous map (CECM) if F~1(L, M) is T-regular open in (Z,T") for every &-open set (L, M) in (Y1, Y5, ).

Definition 3.3: Let (Y;,Y5,%) is &S and (Z,T) be Gy. Then the map F: (Z,7) - Y; X Y, is called almost
completely E-continuous map (ACECM) if F~1(L, M) is T-regular open in (Z,T) for every E-regular open set
(L,M) in (Yy, Y5, 8).

Definition 3.4: Let (Y;,Y,,8) is &S and (Z,T) be Gr. Then the map F: (Z,T) - Y; X Y, is called totally €-
continuous map (TECM) if F~1(L, M) is T-clopen in (Z, T) for every £-open set (L, M) in (Yy, Y5, ).

Definition 3.5: Let (Y;,Y,,8) is &S and (Z,T) be Gp. Then the map F: (Z,7) - Y; X Y, is called strongly &-
continuous map (SECM) if F~1(L, M) is T-clopen in (Z, T) for every &-set (L, M) in (Y, Y5, §).

Proposition 3.1: Let (Y;,Y,,8) is &S and (Z,T) be Gy. Then the map F: (Z,7) - Y; XY, is APECM iff
F~1(L, M) is T-clopen in (Z,T") for every &-regular open set (L, M) in (Y1, Y5, ).

Proof: Let (Y;,Y5,%) is &S and (Z,T) be Gy and the map F: (Z,7) - Y; XY, is APECM. Let (L, M) be &-
regular closed set in (Y;,Y,&). Then (X\L, Y\M) is &-regular open set in (Y;,Y;, ). By definition F~1(X\L, Y\
M) is T-clopen in (Z,T). That is (Z\F~1(L,M) ) is T-clopen in (Z,7). This implies F~1(L, M) is T-clopen in
(Z,7).

Conversely, if (N, P) is &-regular open set in (Y3, Y, §). Then (X\N, Y\P) is &-regular closed set in (Y;,Y3,§). By
hypothesis, F~1(X\N, Y\P) = Z\F~1(N, P) is T -clopen in (Z,7), which implies F~1(N,P) is T -clopen in
(Z, 7). Thus, inverse image of every &-regular open set in (Y;,Y,,%) is T -clopen in (Z,7). Therefore
F:(Z,T) - Y; XY, is APECM.

Proposition 3.2: CECM =<« ACECM

Proof: Let (Y;,Y5,&) is &S and (Z,7) be Gt and the map F: (Z,T) — Y; X Y, is CECM. Let (L, M) be &-regular
open set in (Y;,Y5,%). Then (L, M) is &-open set in (Y;,Y,, ). Therefore F~1(L, M) is T-regular open in (Z,T)
for every &-regular open set (L, M) in (Y;,Y,,§). Hence F: (Z,T) = Y; X Y, is ACECM.

The converse can be illustrated in Example 3.1.

Example 3.1: Let 7= {ml, m,, m3} y Yl = {ml, m,, m3} and Yz = {ml, m,, m3} . Then T =

{Q)' {ml}' {mll mz}: {mlﬂ mS}' {mZ' m3}' Z} and E = {(@, (Z))' ({mz}: {mZ})' ({w}' {mz})' ({ml}' {ml' mz})'
({fmy, my}, {m;, m,}), ({Y1},{m;,m3}), (Y;,Y;)}. Clearly T is Gy on Z and & is & from Y; to Y,. Then the &-

757



Tuijin Jishu/Journal of Propulsion Technology
ISSN: 1001-4055
Vol. 45 No. 2 (2024)

regular open sets in (Y1,Y3,%) are(, ), ({8}, {m;}), ({Y1}, {m;, m3}) and (Y3, Y;). Define F: (Z,7) - Y; X Y,
by F(m;) = (m;m;) where and i=123 . Now F 1@ d)=0 , F1{o},{m,}) ={0}
F1{Y,}, {m;, ms}) = {@¥} and F~1(Y;, Y,) = Z. This shows that the inverse image of every g-regular open set
in (Y;,Y;,%) is T -regular open in (Z,7). Hence F:(Z,T) - Y; XY, is ACECM but not CECM because
F1({m,}, {m,}) = {m,} and F~1({m;}, {m;3}) = {m;}, where {m,} and {m5} are not T-regular open sets in
(Z,7).

Proposition 3.3: SECM =« AP{CM

Proof: Let (Y;,Y,,8) is &rS and (Z,T) be Gr and the map F: (Z,T) - Y; X Y, is SECM. Let (L, M) be &-regular
open set in (Y;,Y;,€). Since F: (Z,T) - Y; X Y, is SECM, therefore F~1(L, M) is T-clopen in (Z, T") for every &-
regular open set (L, M) in (Y;,Y,,§). Hence F: (Z,T) = Y; X Y, is APECM.

The converse can be illustrated in Example 3.2.

Example 3.2: In Example 3.1, F: (Z,T) — Y, X Y, is APECM but not SECM because F~*({m,},{m,}) = {m,}
and F~1({m;}, {m3}) = {m;}, where {m,} and {m;} are not 7'-clopen sets in (Z, 7).

Proposition 3.4: APECM =« ACECM

Proof: Let (Y;,Y;,%) is &S and (Z,T) be Gp and the map F:(Z,T) - Y; XY, is APECM. Let (L, M) be &-
regular open set in (Y,Y,,%). Since every T-clopen is T-regular open in (Z,7), therefore F~1(L,M) is T -
regular open in (Z, T) for every &-regular open set (L, M) in (Y;,Y3,§). Hence F: (Z,T) - Y; X Y, is ACECM.

The converse can be illustrated in Example 3.3.

Example 3.3: Let 7= {ml, m,, ms, m4}, Yl = {ml, m,, ms, m4} and YZ == {1’1’11, m,, ms, m4_} . Then T =
{w' {ml}' {mZ}! {m3}! {mlv mZ} ’ {er m3}r {mlr mz, m3}; {m1; mz, m4}, {ml, m3, m4}, Z} and E =

{(2,9), ({m;},{m}), ({m},{m,}), ({23}, {m,}), ({m,}, {m;, m;}), ({m;, m,}, {my, m,}),
{Y;}, {m;, m3, m,}), (Y;,Y;)}. Clearly T is Gr on Z and € is & from Y; to Y,. Then the &-regular open sets in

(Y1, Y3, are (@,0), ({0}, {m;}), ({m,}, {m,}), {mz}, {m,}), ({V;}, {my, m5, m,}) and (Y, Y;). Further T -
clopen sets in (Z,T) are @,{m,},{ms},{m;,m,, m,}, {m,;,m;,m,} and Z. Define F:(Z,T) - Y; XY, by
F(m;) = (m;, m;) where and i = 1,2,3,4. Now F~1(@, 0) = 0, F~ (@, m,) = @, F({m,},{m;}) = {m,},
F1({m,}, {m,}) = {m,}, F71({Y;},{m;, mg,m,}) = @ and F~1(Y,;, Y,) = Z. This shows that the inverse
image of every &-regular open set in (Y3,Y5, &) is T-regular open in (Z,T). Hence F: (Z,T) - Y; X Y, is ACECM
but not APECM, because F~1({m,},{m;}) = {m,}, where {m, }is T-regular open set but not 7'-clopen set in
(Z,7).

Proposition 3.5: SECM =< AC{CM

Proof: Let (Y1,Y;,8) is&Sand (Z,T) be Gy and the map F: (Z,T) —» Y; X Y, is SECM. Let (L, M) be &-regular
open set in (Y;,Y5,%). Since every T-clopen is 7-regular open in (Z,T), therefore F~1(L, M) is T-regular open
in (Z,T) for every &-regular open set (L, M) in (Y;,Y5,%). Hence F: (Z,T) - Y; X Y, is ACECM.

The converse can be illustrated in Example 3.4.

Example 3.4: In Example 3.3, F: (Z,T) = Y; X Y, is ACECM but not SECM, because F~1({m,}, {m,}) = {m,},
where {m, }is T-regular open set but not 7"-clopen set in (Z,T).

Proposition 3.6: APECM =« T{CM

Proof: Let (Y,Y5,8) is &S and (Z,7) be Gt and the map F:(Z,T7) » Y; XY, is APECM. Let (L, M) be &-
regular open set in (Y;,Y,,&). Since every &-regular open set in (Yq, Y5, §) is £-open set, therefore F~1(L, M) is
T-clopen in (Z,T) for every &-open set (L, M) in (Y, Y,,€). Hence F: (Z,T) — Y; X Y, is TECM.

The converse can be illustrated in Example 3.5.

758



Tuijin Jishu/Journal of Propulsion Technology
ISSN: 1001-4055
Vol. 45 No. 2 (2024)

Example 3.5: Let Z={m;,m,,mg,m,}, Y; ={m;,m,, my,m,} and Y, = {m;, m,, my3, m,}. Then T =
{0, {m,}, {m3}, {m;, m,}, {m;,, m3}, {m;, mp, mz}, {m;, mp, m,}, {my, ms, m,}, Z} and §={(0,0),
({mg}, {m2}), ({2}, {m;}), ({m,}, {m;, m,}), ({my, m,}, {m;, m,}), ({Y3}, {my, m3, m,}), (Y3, Y2)}. Clearly T is
Gron Z and & is & from Y; to Y,. Then the T -clopen sets in (Z,7) are @,{m,},{m3},{m;, m,, m,},
{m;,m3,m,} and Z. Define F:(Z,7) » Y; XY, by F(m;) = (m;, m;) where and i = 1,2,3,4. Now F~1(@,
0)=0 : FH({my}, (mp}) = {m,}, F1({2}, {m,}) = {8} : FH({my}, {my, my}) = {0}
, F71({my, m,}, {m;, m,}) = {8}, F1({Y,},{m;, m3, m,}) = {@} and F~1(Y;, Y,) = Z. This shows that the
inverse image of every &-open set in (Y;,Y;, %) is T-clopen in (Z, 7). Hence F: (Z,T7) —» Y; X Y, is TECM but not
APECM, because F~1({m,}, {m;,m,}) = {¢#} and F~1({m,, m,}, {m;, m,}) = {@}, where ({m;}, {m;, m,}) and
(fmy, m,}, {m,, m,}) are &€-open sets but not &-regular open sets in (Y3, Y5, £).

Proposition 3.7: ACECM & T¢CM
The result can be illustrated in Example 3.6 and Example 3.7.

Example 3.6: Let Z={m;, m,, m;,m,}, Y; ={m;,m,, mg,m,} and Y, = {m;, m,, mg,m,}. Then T =
{0, {m,}, {m,}, {m3}, {m;, m,}, {m;, m3}, {m;, m;, m,}, {m;, my, m,}, {my, m3, m,},Z} and §={(9,0),
({m},{m;}), ({my},{m,}), ({2}, {m;}), {m,}, {m;, m,}), ({m;, m;}, {m;, m,}), (Y1}, {m;, m3, m,}),
(Y1,Y,)}. Clearly T is Gy on Z and & is & from Y; to Y,. Then the &-regular open sets in (Y3,Y,,8) are
(Q' Q)' ({Q}' {mz}), ({ml}' {ml})' ({mz}: {mz}); ({Yl}' {mlt mg, m4-}) and (Ylt YZ) Further T'regUIar Open sets
in (Z,T) are @,{m,}, {m,},{m3},{m,, m,, m,}, {m;, my, m,}and Z. Define F:(Z,T7) - Y; XY, by F(m;) =
(m;,m;) where and i=1234. Now F (@ 0)=0, F'@ m) =0, F'{m},{m})={m},
F1({m,}, {m,}) = {m,}, F1({Y:},{m;, m3,m,}) = @ and F~1(Y;, Y,) = Z. This shows that the inverse
image of every &-regular open set in (Y3,Y,, &) is T-regular open in (Z,T). Hence F: (Z,T) = Y; X Y, is ACECM
but not TECM, because F~1({m,}, {m;}) = {m;}, where {m, }is T-regular open set in (Z,7) but not 7-clopen
setin (Z, 7).

Example 3.7: In Example 3.5, F: (Z,7) - Y; X Y, is TECM but not APECM, because F~1({m;},{m;, m,}) =
{0} and F~*({m,, m,}, {m;, m,}) = {@}, where ({m,}, {m;, m,}) and ({m;, m,}, {m,, m,}) are &-open sets but
not &-regular open sets in (Y;, Y5, ).

4. Conclusion

In this paper, a very useful concept of almost perfectly &-continuous maps, completely &-continuous maps,
almost completely &-continuous maps, totally &-continuous maps, strongly €-continuous maps have been
introduced and established the relationships between these maps and some other maps. The significant of results
have been shown by several counter examples. In the present direction, we have categorised maps in generalized
binary topological spaces and investigated the behaviour of presented maps with the help of appropriate
examples. Further conclusion is illustrated in following figure

TECM

TECM — _..._|_"' CECM
\'\\ \
APECM SECM
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