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Abstract: In the present paper, a new subclass of bi — pseudo starlike and convex functions related with strongly
Janowski functions in the open unit disc is introduced. For functions belonging to the class, estimates on the first
two Taylor — Maclaurin coefficients are obtained. Also, to derive new results and known results as special cases
of investigation.
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1. Introduction

Let A be the family of functions f which are analytic in the open unit disk A = {Z eC: |Z| < 1} of the form:

F(2)=2+3 d,2" M
k=2

Let S mean the subclass of A consisting of univalent functions inA . It is well known (refer[1]) that every
function f €S virtually posses an inverse of f, defined by f[f(2)]=z(z€A) and

FLE (w)] = w, (W] < l'o(f);l’o(f)Z%),where
f (W) =w—d,w? + (2d2 —d,)w® — (5d3 —5d,d, +d,)W* +....... @)

When the function f e A is bi univalent, both f and f “are univalent inA. Let Y. be the class of bi

univalent functions in A given by (1). In fact, Srivastava et al.[12]has revived the study of analytic and bi
univalent functions in recent years. Many researchers investigated and propounded various subclasses of bi

univalent functions and fixed the initial coefficient coefficients |d2| and |d3| (refer [2, 3, 9, 10]).

With a view to recalling the principal of subordination between analytic functions, let f and g be analytic in A
We say that the function f is said to be subordination to g, if there exists a Schwarz function @ analytic in

Awith @(0)=0and |a)(z] <1,(ze A) such that f(z)=g(w(z)). This subordination is denoted by

f—<gorf(z)-< g(Z)(ZeA). It is well known that, if the function g is univalent in A, then
f <g< f(0)=g(0)and f(A)cg(A).

Applying the concept of subordination, Janowski [4] investigated the class P[A, B] of analytic functions p such
that p(z)< 1+ Az)/(1+Bz) for -1<A<B<lzeA.
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Let p be analytic function in A with p(0)=1. Then peP. [A, B], if and only if

p(z):(igj re(01]-1<A<B<lzeA

where p,, P, € P[A, B]. Furthermore, let p e P, [A, B] if and only if

o(0)=[ T+ 3]0 @-(2-2 o0

4 2 4 2
where P, , P, ePT[A, B] and m>2.

Particularly, for 7 =1, the class P, _ [A, B] coincides with the class P, [A, B] introduced in [5], whereas, for
t=1,A=1-2land B=-1, the class P [A, B] reduces to the class pm(ﬁ) of analytic univalent

functions in P, normalized with p(O) =1 and satisfying

J-Zn'
0

where m>2,¢& e [0,1) andZ € A refer to [6]. Moreover for & =0, the class p,, (O): P, introduced by

LU
1-¢

Pinchuk [7]. Furthermore, for m = 2 it is well known class p of Caratheodory functions. Also it is noted that,
(74

when m=2,A=1and B=-1 then pe szr[l,—l] implies |arg p(Z)| < >

The aim of this work, introduce a new subclass Z J[i\"’B](m, 5) and determine the bounds for the initial Taylor

— Maclaurin coefficients of |d,| and [d;| for f e ZJ[ﬁfB](m,ﬁ).

Definition 1.1 A function f € X is said to be the class f € ZJ[&TB](m,5) if the following conditions are

satisfied:

(1—5)2(;'(2))i +5[Z(ff,,(z) ] eP, [AB](zeA) @)

and

oty e
1-5) (g((w))) +5[ Z,(W)J cp. [AB}(wea).

where —1< A<B<Ilm=2,1=21re (0,1]and oe [0,1], and g(W)is given by (2).

4)

Special cases:

(i) For 5=0,anewaclass f € ) J[’ka](m) of the functions f € 2 such that
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@) b [aBL(zea)

f(z)

wlg W) _ .
Sl v, [nelwen)

where —1< A<B<1,m>2 1>17e(01]and g(w)is given by (2).

(ii) For =1, anewaclass f ZJ[ﬁfB](m) of the functions f € 2 such that

eP, . [A, B], (Z IS A)

eP, . [A, B], (W € A)

where — 1< A<B<1lm=>2,1>1re (0,1]and g(W) is given by (2).
2. Main Results

The following lemmas are required to prove our investigations.

o0

Lemma 2.1. [8] Let q(z)=1+§:qnzn be subordinate to Q(z)= > Q2" . if Q(z)is univalent in A and

n=1 n=1

Q(A)is convex, then |q(n)| < |Q(1], nx>1.

The following lemma can be easily proved by using Lemma 2.1along with the definition of P_ [A, B].

Lemma 2.2. For —1<A<B<1m>2ze(01]and let peP_[A B] with p(z)=1+ i p,z", then
=1

Ip,|<7(A-B)n=>1.

Lemma23.Let —1<A<B<1lm=z=2,7 e(O,l] and let p erYT[A, B with p(z)=1+i p,Z" . Then

n=1
m
Ip.|< == (A-B)n>1
2
Proof. This proof is straight forward by using Lemma 2.2 along with the definition of Pm’T [A, B].

Theorem 24. For —1<A<B<Im=>2,A>1re (0,1], oe [0,1] and let f e ZJ[’;”TB](m,é') be
given by (1). Then

<min me(A-B) 3\
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and

mz(A-B)

d, - nd?| < .
ds =7 2‘<2(1+25)(3,1—1)

2(1+25)34—1)+(1+35) 242 — 44 + 1).

h -
et (L+25)34-1)

mz(A-B) . mz(A-B) _
(1+25)(3/1 1) 2(1+26)34-1)+1+35)22 - 42 +1))
o< mz(A-B) (1+2mrA B)(1+35)(2/12 4/1+1)]
3 2(1+265)31-1) 41+68)(22-1) ’
mz(A-B) {1+2mrA B)2(1+25)34—1)+ (1+35)242 — 44 +1))
2(1+25)34-1) 41+ 5) (24 -1)

|

Proof. Let erJAB m, 5 be given by (1). Then there exists two analytic functions

uveP, . [A, B]Wlth

u(z)=1+uz+u,z* +u,z® +..(z€A)
and
V(W) =1+ V,W+ VW +V,We +..(We A)

with u(0)=v(0)=0,|u(z) <L|v(z) <1 z,we A, such that

and

gty [ ]

o) oW

From (7) and (8), comparing the coefficients of z, W, z%and W* , it is obtained that
@+6)224-1)d, =u,,
(1+25)32 -1)d, + (1+35)242 44 +1)d2 =u,,
~@+5)22-1)d, =v,,

(1+25)34-1)2d2 - d, )+ (1+35)24% — 44 +1)dZ =,

From (9) and (11), it can be written as

(®)

(6)

()

®)

)
(10)
(11

(12)
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u V
d, = = =— . : 13
2 (@+6)24-1) (1+6)24-1) 49
Applying Lemma 2.3. it follows that
mz(A—-B)
d,| <
= 2L+ 05)24-1) (49
Adding (10) and (12), it is clear that
2(1+25)34-1)+(1+35)242 — 44 +1)}d2 =u, +v, (16)

By applying Lemma 2.3 and simple computations yields

d,| < \/2((1 mz(A-B) . (17)

+26)34-1)+(1+35)242 - 42 +1))

Subtracting (10) and (12),

u,-v, 2

d, = d 8
° 2(1+25)31-1) i (49)
Now, employing Lemma 2.3 and (15) , it is found that
< mz(A-B) mz(A-B) 2 | 19)
20+26)34-1)  2(1+26)34-1)+(@1+35)24 - 44 +1))
On making use of (9) and (10), it can be easily obtained that
mz(A-B) 2mz(A-BY1+35)24° — 44 +1)
d| < 1+ (20)
2(1+25)34-1) 41+68) (24 -1)
Again, using (9) and (10), finally found
o< me(A-B) (,, 2mz(A- B)2(1+25)34 1)+ (1+35)242 — 44 +1))
T2+ 26)34-1) 41+65) (24 -1) '
(21)
From (12), it can be write
2(1+25)34 1)+ (1+35) 22 —44+1) ., v,
dy —d, = —2—— (22)
(1+25)34-1) (1+25)34-1)
By applying Lemma 2.3. it implies
‘ 77d ‘ |< mT(A—B) (23)

[ 25)(3/1 1) 21+25)31-1)

2(1+25)34 —1)+ (1+35)242 — 42 +1)
(1+25)34-1) '

where 17 =

It is noted that for specializing the parameters, as mentioned in special cases of (i) and (ii) in Definition 1.1,
the following new results.
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Taking the parameter ¢ = 0, the following corollary 2.5 is obtained.

Corollary 25 Let f € ) J[’ka](m). Then

|d2|£min{ mz(A-B) me¢ }

20222 -2) 2(22-1)

and

mz(A- B)+ mz(A-B).
234-1) 2022 -1)’
mz(A- B)[1+ omr(A—B)242 —44 +1)J
2(31-1) 424 -1)
mz(A- B)[1+ 2mz(A-B)242 + 24 —1)]
2(32-1) 424 -1)

dy <

with —1< A<B<1,m>2,1>17 (0] Moreover

mz(A-B
da =] < Zé/%—l))
22 +21-1

where n= (3/1—_1)

Setting the parameter & =1, the following corollary 2.6. becomes

Corollary 2.6. Let f & ) J[ﬁfB](m). Then

mr(A-B)  mr }

4] < mm{ 282 —74+1) 424 -1)
And

mz(A-B) mz(A-B) .
632-1) 282 -74+1)
mz(A— B)(H omr(A—B)24* —42 +1)J
6(31-1) 424 -1)
mz(A- B)(1+ 2mz(A—B)4A + A —1)]
6(34-1) 8(24 -1y

dy| <

with —1< A< BSLmZZ,ﬂZLTe(O,l]. Moreover
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mz(A-B
o, o < A= B)
6(31-1)
2422 + 2 -1)
where 7 = ———<—*
3(31-1)
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