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Abstract:-This paper's goal is to introduce a new class of function known as Ng*b-continuous function and
determine how to characterize them in terms of Ng*b-interior, Ng*b-closure, and Ng*b-closed sets.
Additionally, an attempt has been made to characterize Ng*b-irresolute function and define them in terms of
Ng*b-closed sets, Ng*b-closure, and Ng*b-interior.
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1. Introduction

One of the fundamental ideas of topology is the continuity of functions. A continuous function is, in general,
one for which slight variations in the input cause similarly tiny variations in the output. The notion of
generalized closed sets in topological spaces was first presented by Levine [2] in 1970. Lellis Thivagar[3]
introduced the idea of NT, which was defined as approximations and the boundary region of a subset of a
universe using an equivalency relation on it. Nano closed sets, nano-interior, and nano-closure of a set were also
defined. Nano generalized closed sets and their properties in NTSs were introduced and studied by
Bhuvaneshwari et al. [5]. The properties of Nano gb closed sets in NTSs were introduced and studied by Mary
A [1]. Few fundamental properties of Nano b open sets in NTSs are examined by Parimala et al. [6]. In NTSs,
Sathishmohan et al. introduced the idea of Nano pre and Nano semi pre-neighborhoods and demonstrated
several of its key findings [7, 8]. In topological space, Vidhya et al. introduced a new class of generalized closed
sets called Ng*b-closed sets. They studied these fundamental characteristics and looked into some of their
relationships with already-existing ones[9]. The concept of nano continuity was first introduced by Lellis
Thivagar and Carmel Richard [4].

A new class of functions on NTSs, known as Ng*b-continuous functions, is presented in this paper. Their
characterizations in terms of Ng*b-closed sets, Ng*b-closure, and Ng*b-interior are derived. Moreover, we have
established Ng*b irresolute functions, and their representations in terms of Ng*b- closure and Ng*b -interior.

2. Preliminaries

Definition 2.1. [3] Let J be a non-empty finite set of objects called the universe and R be an equivalence relation
on J named as indiscernibility relation. Then J is divided into disjoint equivalence classes. Elements belonging
to the same equivalence class are said to be indiscernible with one another.

The pair (J, R) is said to be the approximation space. Let X < J. Then,

(M The lower approximation of x with respect to R is the set of all objects, which can be for certain
classified as X with respect to R and is denoted by Lrx). Lrex) = Uxe/ {R(X):R(X) S X} where R(x) denotes the
equivalence class determined by x € J.

(i) The upper approximation of x with respect to R is the set of all objects which can be possibly classified
as X with respect to R and is denoted by J r(X). U r(X)=Uxe ] {R(x):R(x) N X #¢}.
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(iii) The boundary region of x with respect to R is the set of all objects which can be classified neither as X
nor as Not-X with respect to R and it is denoted by Br(X). Br(X) = U r(X) - Lr(X).

Definition 2.2 If (J, R) is an approximation space and X, YZJ, then
(i) Lr (X) € X € Ur(X)

(i) Lr(¢)=Ur($) =9

(i)  Lr(U)=Ugr(U)=U

(iv) Ur(XUY)=Ur(X)UUR(Y)

(v) Ur(XNY)SUr(X)NUR(Y)

(vi)  Lr(XUY)2Lr(X)ULr(Y)

(i) Le(XNY)=La(X)NLr(Y)

(viii)  Lr(X) S Lr(Y)and Ur (X) € Ur (Y ) whenever X € Y
(iX)  Ur(XCS)=[Lr(X)]Cand Lr (X°)=[Ur (X)1°

(x) Ur(Ur (X)) =Lr (Ur (X)) =Ur (X)

i) Lr(Lr (X)) =Ur (Lr (X)) = Lr (X)

Definition 2.3. [3] Let J be the universe, R be an equivalence relation on J and twr = {U,,Lr(X),Ur(X),Br(X)}
where X £J. Then tr satisfies the following axioms

(i) J and @€ tr.
(i) The union of the elements of any sub-collection of 1r is in Tr.
(iii) The intersection of the elements of any finite sub collection of tr is in Tr(X).

Then 7r is a topology on J called the nano topology(NT) on J with respect to X. We call (J, tr) as NTS (NTS).
The elements of 1r(X) are called as nano open sets (NOSs). The complement of the nano open sets is called
nano closed sets (NCSs).

Remark 2.4. If tr is the NT on J with respect to X, then the set B = { J, Lr(X), Br(X)} is the basis for tr.
Definition 2.5. [3] If (J, tr(X)) is @ NTS with respect to X where
X c&J and if A ¢J,then

(M The nano interior of A is defined as the union of all nano-open subsets of A and is denoted by Nint(A).
That is, Nint(A) is the largest nano-open subset of A.

(i) The nano closure of A is defined as the intersection of all nano-closed sets containing A and is denoted
by Ncl(A). That is, Ncl(A) is the smallest nano-closed set containing A.

Definition 2.6. [9] A subset A of NTS (J, (X)) is known as nano generalized star b-closed if Nbcl(A) < G,
whenever AC G where G is Ng-open.

3. Ng*b- continuous and Ng*b-irresolute

Definition 3.1: Let (I, tr(X)) and (J, tr' (Y)) be NTSs. Then a mapping f : (I, tr(X)) — (J, r' (Y)) is Ng*b
continuous on | if the inverse image of every Nano open set in J is Ng*b-open in .
Example 3.2 : Let | = {1,2,3,4} with I/R= {{1, 4},{2}.{3}} . Let X = {1, 2} < 1. Then w(X)) ={I @

{23.{1,2,4}{1,4}} . Let I ={x, y, zzw} with J/R = {{x}{y, 2} {w}} and Y = {x, z} . Then ' (Y) ={ J, @ ,{x}.{X,
Y, 2} {y, z}} . Define f: 1 — J f as f(1) =y, f(2) = w, f(3) = z, f(4)=x.Then Ng*b-closed ={U ,0
A3{23,{3}{4}.{1,3} {1,4}.{2,3}{3,4}.,{1,2,3},{1,3,4}.{2,3,4} }and
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Ng*bopen={1,0,{1},{2}.{3}.{2,4}.{2,3}.{1,4},{1,2},{1,2,3} {1,3,4}.{2,3.4},{1,2,4}}. That is, the inverse
image of every nano-open set in J is Ng*b -open in I. Therefore, f is Ng*b -continuous.

Proposition 3.3:Let (I, tr(X)) and (V, tr' (Y)) be NTSs and let f: (I, tr(X)) — (J, =" (Y)) be a map. Then f is
Ng*b — continuous iff the inverse image of every nano closed subset of (J, Tr' (Y)) is Ng*b -closed in (I, tr(X)).

Proof: Let F be nano closed subset in (J, =" (Y)). Then J — F is open in (J, ' (Y)). Since f is Ng*b —
continuous, f~1(J — F) is Ng*b — open. But f~1(J - F) = | — f~1(F) . Therefore, f~1(F) is Ng*b — closed in (I,
tr(X)). Thus, the inverse image of every NOC in J is Ng*b closed in 1, if f is Ng*b — continuous. Conversely let
G be a nano open subset in (J, tr' (Y)). Then J — G is nano closed in (J, tr' (Y)). Since the inverse image of each
closed subset in (J, =" (Y)) is Ng*b — closed in (I, tr(X)). We have f~1(J — G) is to be Ng*b — closed in (I,
wR(X)). But f71(J-G) =1- f~(G). Thus f~1(G) is Ng*b-open. Therefore f is Ng*b — continuous.

Definition 3.4 :A function f: (I, 1r(X)) — (J, ' (Y)) is called Ng*b-irresolute if f1(J) is Ng*b-closed in (I,
tr(X)) for every Ng*b-closed set J in (J, tr' (Y))

Example 3.5: Let | = {1,2, 3, 4} with /R= {{1, 4},{2},{3}} . Let X = {1, 2} < I Then (X)) ={I ,@

{23.{1,2,4},{1,4}} . Let I = {x, y, zzw} with J/R = {{x}{y, Z}.{w}} and Y = {X, z} . Then =" (Y) ={ J, @ ,{x}.{X,
Y, Z}{Y, 2} } . Define f: 1 — J fas f(1) =y, f(2) = w, f(3) = z, f(4)=x. Therefore, fis Ng*b -irresolute.

Theorem 3.6: A function f: (I, tr(X)) — (J, =" (Y)) is Ng*b-irresolute if and only if the inverse image of every
Ng*b-closed set in (J, tr' (Y)) is Ng*b-closed set in (I, Tr(X)).

Proof. Let f: (I, 1r(X)) — (J, ="' (Y)) be a Ng*b-irresolute mapping and let A be a Ng*b-closed set in (J, tr'
(Y)). Then J- A is Ng*b-open set in (J, 1=’ (Y)). Since f is Ng*b-irresolute,f ~1(J — A) is Ng*b-open in (I,
w(X)). i.e., I- f71(A) is Ng*b-open in (I, 1r(X)) . Therefore f~1(A) is Ng*b-closed in (I, Tr(X)). Conversely,
suppose that the inverse image of every Ng*b-closed set in (J, tr' (Y)) is Ng*b—closed set in ((I, tr(X)). Let B
be a Ng*b- open set in (J, tr' (Y)). Then J — B is Ng*b— closed set in (J, tr' (Y)). Then f~1(J — B) is Ng*b-
closed in (I, wr(X)). i.e., I- f~1(B) is Ng*b-closed in (I, tr(X)) .Therefore f~1(B) is Ng*b-open in (I, tr(X)).
Hence f is Ng*b-irresolute.

Definition 3.7: A topological space | is a Ng*b- space if every Ng*b- closed set is nano closed.

Proposition 3.8:Let (I, tr(X)) and (J, tr' (Y)) be NTSs and (J, tr' (Y)) be a Ng*b — space. If f: (I, tr(X)) — (J,
R (Y)) and g: (J, ' (Y)) = (W, 1r" (Z2)) are Ng*b — continuous, then g o f is Ng*b — continuous.

Proof: Let H be nano open in (W, tr" (Z)). Since g is Ng*b — continuous, g~*(H) is Ng*b — open in (J, 1" (Y)).
But (J, tr' (Y)) is a Ng*b — space, hence g~*(H) is nano open in (J, tr' (Y)). Thus f~1(g~*(H)) = (g o f) ~*(H)
is Ng*b — open in (I, tr(X)). Therefore, g o f is Ng*b — continuous.

Proposition 3.9:Let (I, r(X)), (J, ="' (Y)) and (W, tR" (Z)) be NTSs. If f: (I, r(X)) — (J, t=' (Y)) is Ng*b -
continuous and g: (J, wr' (Y)) = (W, 1r" (2)) is nano continuous then g o f is Ng*b —continuous.

Proof: Let H be a nano open subset of (W, 1" (Z)). Since g is nano continuous, g~1(H) is open in (J, tr' (Y)).
Since f is Ng*b — continuous, f~* (g~1(H)) is Ng*b — open in (I, 1r(X)). But f~1(g~*(H)) = (g o f) ~1(H).
Therefore, g o f is Ng*b — continuous.

Proposition 3.10:Every Ng*b — irresolute map is Ng*b — continuous.

Proof: Assume that f is Ng*b — irresolute. Let H be a Nano closed set in J. Every Nano closed set is Ng*b —
closed. That implies H be a Ng*b — closed set in J. Since f is Ng*b — irresolute, £ ~(H) is Ng*b — closed set in I.
Thus f~1(H) is Ng*b — closed set in I, for all Nano closed set H in J. That implies f is Ng*b — continuous.

Proposition 3.11: Let (I, r(X)) and (J, tr' (Y)) be NTSs and f: (I, t@r(X)) — (J, =" (Y)) be a map. Then f is
Ng*b — irresolute if and only if f~1(B) is Ng*b — closed in (I, Tr(X)) whenever B is Ng*b — closed in (J, &'
(Y)).
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Proof: Suppose B be a Ng*b -closed subset of (J, tr' (Y)). Then J — B is Ng*b - open in (J, tr' (Y)). Since f: (I,
®R(X)) — J, r (Y)) is Ng*b — irresolute, f~*(J — B) is Ng*b - open in (I, tr(X)). But, f~*(j —B) =1 —
f~1(B), so that f ~1(B) is Ng*b - closed in (I, tr(X)). Conversely, Let A be a Ng*b - open subset in (J, TR’
(Y)).Then J — A is Ng*b - closed in (J, tr' (Y)). By the assumption, f~1(J — A) is Ng*b - closed in (I, tr(X)).
But f~1(J — A) =1 — f~1(A). Thus f ~}(A) is Ng*b - open in (I, tr(X)). Therefore, fis Ng*b - irresolute.
Proposition 3.12:Let (I, tr(X)), (J, tr' (Y)) and (W, 11" (Z)) be NTSs. If f: (I, r(X)) — (J, R (Y)) is a Ng*b—
irresolute map and g: (J, ' (Y)) = (W, 1r" (2)) is a Ng*b- continuous map, then the composition g o f: (I,
(X)) = (W, 1r" (Z)) is Ng*b - continuous.

Proof: Let G be a nano open subset of (W, tr" (Z)). Then g=1(G) is a Ng*b - open in (J, tr' (Y)) as g is Ng*b —
continuous. Hence,f 1 (g~1(G)) is Ng*b — open in (I, Tr(X)) because f is Ng*b — irresolute. Thus gof is Ng*b —
continuous.

Proposition 3.13:Let (I, wr(X)), (J, 8" (Y)) and (W, 1r" (Z)) be NTSs. If f: (I, tr(X)) — (J, ' (Y)) and g: (J, Tr’
(Y)) = (W, 1r" (2)) are Ng*b - irresolute, then g o f: (I, r(X)) — (W, r" (Z2)) is Ng*b - irresolute.

Proof: Let F be Ng*b -open set in (W, =" (Z)). As g is Ng*b - irresolute, g~1(F) is Ng*b -open in (J, tr' (Y)).
Since, f is Ng*b - irresolute. f~2(g~1(F)) is Ng*b - open in (I, tr(X)). That implies (g o f) *F = (f g~ 1(F)) is
Ng*b -open in (I, tr(X)). Hence gof is Ng*b - irresolute.

Proposition 3.14:Let (I, tr(X)) and (J, tr' (Y)) be NTSs and (J, tr' (Y)) be a Ng*b - space. If f: (I, 1r(X)) — (J,
=" (Y)) be a Ng*b -continuous map and g: (J, ' (Y)) — (W, r" (2)) is a Ng*b - irresolute, then the
composition g o f: (I, r(X)) —> (W, 1r" (Z2)) is Ng*b — irresolute.

Proof: Let H be Ng*b — open in (W, 1r" (Z). Since g is Ng*b — irresolute, g~1(H) is Ng*b — open in (J, 1=’ (Y)).
As Jis a Ng*b — space, g~*(H) is nano open in (J, Tr' (Y)). Since f is Ng*b -continuous,f ~*(g~*(H)) is Ng*b —
open in (I, Tr(X)). Thus (g o f) ~1(H) is Ng*b — open in (I, tr(X)). Hence g o f is Ng*b - irresolute.

Characterization of Ng*b-continuous and Ng*b-irresolute functions in terms of Ng*b-closure

Theorem 4.1: A function f: (I, (X)) — (J, " (Y)) is Ng*b-continuous if and only if f(clyz, (4)) €
clygp (f (A)) for every subset A of I.

Proof: Let f be Ng*b-continuous and A < I. Then f (A) < J. clyg+p, (f(A)) is nano closed in J. Since f is Ng*b-
continuous, f*(clyg+p (f(A)))is Ng*b-closed in I. Since f(A) < clyzp (f(A)), AC FH(clyg+p (F(A))) . Thus

f4(cly g (F(A)))is a Ng*b- closed set containing A. But, cly,+, (4) is the smallest Ng*b- closed set containing
A. Therefore clyg+, (A) < FH(clygp (A)). Thatis,clygp, (A) S F(clyg+p (A). Conversely, let cly,+, (A) < T
Yclyg p (A) for every subset A of I. If F is nano closed in J, since f'(F) < |, f(clyz+ (F'(F))) <
clygy (F'(F)) S clygp (F).Thatis, clyg+, (F'(F)) < f'(clygep (F)) = f'(F)), since F is nano closed. Thus
clygy (F'(F)) < F'(F). But f'(F) < clyg+p (F'(F)) . Therefore, clygep, (F'(F)) = f'(F). Therefore f'(F) is
nano closed in | for every Nano closed set FinJ. That is, f is Ng*b- continuous.

Theorem 4.2:A function f: (I, tr(X)) — (J, ' (YY)) is Ng*b-continuous if and only if

clygy FHBNC f (clNg*b (B))for every subset B of J .

Proof: If f is Ng*b- continuous and B < J ,cly,+p (B) is nano closed in J and hence f~* (cl,\,g*b (B))is Ng*b-

closed in I.Therefore, clyg+p, [f~" (clNg*b (B))] =ft (cl,\,g*b (B)).

Since  BC clygy (B).f " (B)f = (clgy (B))-Therefore,clygey (f ~(B)) S clyges (f‘1 (clwgs (B))) =
£ (clugs (B)
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That is,clyg (f ' (B)) < f7! (clNg*b (B)). Conversely, let clyz, (f*(B)) < f! (clNg*b (B))for every B
C J. Let B be nano closed in J. Then cly,+p, (B) = B. By assumption, cly,+, (f *(B)) < f~* (cl,\,g*b (B)) =

f1(B). Thus,clyg, (fH(B)S f1(B) But fH(B)S clygp (f1(B)). Therefore, clyge, (f (B))=
f71(B). Thatis, f~1(B) is Ng*b- closed in I for every Nano closed set B in J. Therefore, f is Ng*b- continuous
onl.

Theorem 4.3:A function f: (I, tr(X)) — (J, wr' (Y)) is Ng*b-continuous on | if and only if
[~ (intyg+p (B)) < intyg+p (f~(B))for every subset B of J .
Proof: Let f be Ng*b- continuous and B €J . Then inty4, (B) is nano-open in (J, ' (Y)). Therefore

f1(intyg+p (B))is Ng*b -open in (I, tr(X)). That is, f~*(intyzp (B))Sinty gy (f ~*(intyzp (B))) . Also,
inty g+, (B) SB implies that f = (inty,+, (B))Sf ~(B).

Therefore, —intygp, [f ' (intygp (B))]Sintyg, (f~1(B)). That is,f~ (intygp, (B))Sintyz (f~1(B)).
Conversely, let f~*(intyg+p (B))Sinty g, (f ~H(B))for every subset B of J . If B is nano-open in J ,inty 5, (B)
= B . Alsof (intygp (B))Sintyg, (f1(B)).  That is,  f (B)Sintys (f1(B)). But
intygp (f 1 (B))Sf 1(B).Therefore, f~*(B)= intygz+, (f ~*(B)) . Thus,f~*(B) is Ng*b- -open in | for every
nano-open set B in J . Therefore, f is Ng*b- continuous.

Theorem 4.4: A mapping f: (I, r(X)) — (J, =’ (Y)) is Ng*b- irresolute if and only if clyg, (f " (B)) =
£ (clugs (B)

Proof. Let f: (I, tr(X)) — (J, =" (Y)) be a Ng*b-irresolute mapping and B < J, then cly 4+, (B) is Ng*b- closed in
{J, ' (Y)) and hence f~! (clNg*b (B)) is Ng*b-closed in (I, tr(X)). Therefore,clyz+p (f‘l (cl,\,g*b (B))) =

f (ClNg*b (B))-SinceB Cclygy B), f(B)S f (clygn (B).

Thereforecly g+, (f 7' (B)) < (f‘l (clNg*b (B))) =f1 (clNg»«b (B)).Conversely,clNg*b (FrB)c
i (clNg*,, (B))for every subset B < J.Let B be a Ng*b-closed set in (J, =" (Y)). Thenclyy+, (B) = B.By
assumption, ,clygy (f *(B)  f* (clugs (B)) = £ (B). ie, clygwy (F(B)) = f~* (B). But 7' (B)C

clygs (f 71(B)) hence f~1 (B) = clyg+, (f 7' (B)), £~ (B) is Ng*b-closed in (1, tr(X)) for every Ng*b-closed
set BinJ. Thus f is Ng*b-irresolute on (I, tr(X)).

Results

The continuous and irresolute functions of Ng*b have been defined, examined, and their characterizations in
terms of Ng*b-closure and Ng*b-interior have also been derived in this paper.
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