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Abstract:

In this paper,we introduce the new concept of Nano D-irresolute function and some separation axioms in nano
topological spaces and obtained some of their properties using nano D- closed sets.Further, we have given some
appropriate examples to understand the abstract concepts clearly.
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1.Introduction:

Lellis Thivagar introduced the notion of Nano topology by using theory approximations and boundary region
of a subset of an universe in terms of equivalence relation on it and also defined Nano closed sets, Nano-interior
(briefly nint)and nano closure (briefly ncl) in nano topological spaces . The notion nano D-open sets in nano
topological spaces were introduced by K Dass etal and studies some of their properties. Bhuvaneshwari and
Ezhilarasi introduced irresolute maps and semi generalized irresolute maps in nano topological spaces

Khalaf and Ahmed Elomoasry discussed slightly nano separation axioms in nano topological spaces.The
purpose of this paper is to discuss the concepts of nano D-irresolute maps and nano separation axioms in nano
topological spaces via nD-open sets .Moreover nD-Ty,

nD-T1, nD-T», spaces are introduced and some of their properties are discussed
2.Preliminaries:
Definition 2:1:[5]

Let U be a non empty finite set of objects called Universe and R be an equivalence relation on U named as the
indiscernibility relation. Elements belonging to the same equivalence class are said to be indiscernibility with
one another . The pair (U,R) is said to be the Approximation space.
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Let XC U

o The Lower approximation of X with respect to R is the set of all objects which can be certain classified
as X with respect to R and is denoted by Lr(X).

. LX) = | {ROQRO) =X

xeU
. The Upper approximation of X with respected to R is the set of objects which can be possibly classified
as X with respect to R and is denoted by Ur (x).
. UX) = [ {ROORX) N x # 9}
xeU
) The boundary region of X with respect to R is the set of all objects which can be classified neither as x

nor not X with respect to R and is denoted by Br (X).
L] BR (X) = UR (X) — LR (X)
Definition 2.2 :[6]

Let U be the universe R be an equivalence relation on U and 7 g (X) = {U,p,Lr (X), Ur (X) , Br(X) }, where X
cu.

Then the property 7 r (X),satisfies the following axioms

i.U and ¢ belongs to 7 r (X).

ii.The union of the elements of any sub collection of 7 g (X) isin 7 r (X).

iii. The intersection of the elements of any finite sub collection of 7 g(X) isin 7 g (X).
Thus, 7 r(X) is atopology on U is said to be Nano Topology on U with

respect to X. (U, 7 r (X)) as the Nano Topological Spaces.

The element of 7 g (X) are called as Nano-open sets and complement of Nano-open sets are called Nano-closed
sets.

Example 2.3:
Let U= {ab,c,d} U/R ={{a},{b}{c}.{d}}.
Let X={a,c} € U. Then the nano topology is 7 r (X) ={ ¢ ,{a}{c,d}{a,c,d},U}.
Definition 2.4 :[5]
Let (U, 7 r (X))be a nano topological space and H< U.Then H is said to be
i) Nano Semi-open if HZ Ncl(Nint(H))
i) Nano regular open if H= Nint(Ncl(H))
iii) Nano m-open if it is finite union of all nano-regular open sets.
Definition 2.5 :[5]
If (U, 7 r (X)) is a nano topological space and if H C U, then
i)The nano -interior of H is defined as the union of all nano open sets contained

in H and is denoted by Nint(H) Nint(H) is the largest nano open set .
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ii)The nano closure of the set H is defined as the intersection of all nano closed
sets containing H and is denoted by Ncl(H). Ncl(H) is the smallest nano closed set.
Definition 2.6 :[4]

A subset H of a nano topological space (U, R (X)) is called a Nano 9 _ Closed (N 9. closed) if
Ncl(H) <V whenever HSV and V is semi open in (U, 7 R (X)).

Definition2.7:[13]

Let (U, 7 r(X)) be a nano topological space and H<= U. Then H is said to be nano D-closed (resp nano D-open)

set if Npcl(H) < nint(V) whenever H< Vand V is nano ¢ -open.

Definition2.8:[13]

Let (U, 7 r(X)) be a nano topological space and let HZ U. Then the nano D-interior of H is the union of all
nano D-open sets contained in H and denoted by nDint(H)

Definition2.9:[13]

Let (U, 7 r(X)) be a nano topological space and let H< U. Then the nano D-closure of H is the intersection of
all nano D-closed sets containing H and is denoted by nDcl(H).

Definition 2.10[7]:

A mapping f: (U, 7 r(X)) = (V, 7 r(Y)) is said to be is nano continuous on U, if the inverse image of every
nano closed in V is nano closed in U.

Definition2.11[14]:

A mapping f: (U, 7 r(X)) —(V, 7 r(Y)) is said to be nano D-continuous if for each nano-closed sets F of V ,
the set f1(F) is nano D-closed set of U.

Definition 2.12:[11]
Let (U, 7 r(X)) and (V, 7 r(Y)) be two nano topological spaces. A mapping

f: (U, 7 r(X)) — (V, 7 r(Y)) is said to be nano irresolute on U if the inverse image of every nano closed in
(V, 7 r(Y)) is nano closed in (U, 7 r(X)).

Definition2.13:[10]

A nano topological space is called nano-To space if for any two points 1#m, there exists a nano open set G such
thatle Gand m¢g G.

Definition 2.14:[10]

A nano topological space is called nano-T; space if for any two points I#m, there exist disjoint nano open sets
Gand HwithleG,mg Gand 1€ H,meH.

Definition 2.15:[13]

A nano topological space is called nano-T, space if for any two points l#m, there exist disjoint nano open sets G
and HwithleGand meH

3. Nano D-irresolute function:

In this section ,we introduce and study a new concept of nD-irresolute functions in Nano topological spaces and
discuss their properties.
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Definition 3.1:
Let (U, 7 r(X)) and (V, 7 r(Y)) be two nano topological spaces. A mapping

f: (U, 7 r(X)) —(V, 7 r(Y)) is nano D-irresolute (nD-irresolute) on U if the inverse image of every nano D-
Closed in (V, 7 r(Y)) is nano D-closed in (U, 7 r(X)).

Example 3.2:

Let U={a,b,c,d} with X/r={{c}, {d}, {a,b}}

Let X={a,b}.

Then 7 r(X) = { @, {c}, {a,b}, {a,b,c}, U}

Let V={a,b,c,d} with Y/r-={{a}, {c}, {b.d}}

Let Y= {a,b}.

Then 7 r(Y)={ ¢, {a}, {b,d}, {a,b,d},V}

Define f: (U, 7 r(X)) — (V, 7 r(Y)) by f(a)=a; f(b)=b; f(c)=d; f(d)=c

It is observed that the inverse image of every nD-closed set in (V, 7 r(Y)) is nD-closed set
in (U, 7 r(X)).

Therefore,f: (U, 7 r(X)) —(V, 7 r(Y)) is nD-irresolute.

Theroem 3.4:

Let (U, 7 r(X)) and (V, 7 r(Y)) and (W, 7 r'(Z)) be a nano topological spaces.
If f: (U, 7 r(X)) = (V, 7 r(Y)) be nano D-irresolute and

g: (V, 7 r(Y)) = (W, 7 r(2)) be nano D-continuous.

Then gof: (U, 7 r(X)) and (W, T «(Z)) is nano D-continuous.

Proof:

Let G be any nano closed set of (W, 7 r(2)).

Since g is nano D-continuous, g**(G) is nD-closed set in (V, 7 r(Y)).

Since f is nano D-irresolute, f1(g*(G)=(gof)}(G) is nD-closed set in (U, 7 r(X)).
Therefore, gof: (U, 7 r(X)) = (W, 7 r:(2)) is nD-continuous.

Theorem 3.5:

Letf: (U, 7 r(X)) = (V, 7T r(Y))and g: (V, 7 r(Y)) = (W, T r(Z)) be two maps.
If f and g are both nD-irresolute, then gof is nD-continuous

Proof:

Let G be nano closed in (W, 7 r(2)).

Since every nano closed is nano D-closed and also g is nD-irresolute,

g’}(G) is nD-closed in (V, T r(Y)).

Since f is nD-irresolute, f1(gX(G)) is nD-closed in (U, 7 r(X)).

Thus (gof)1=f1(g’Y(G)) is nD-closed set in (U, 7 r(X)) for every nano closed G in
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(W, 7 r(2)).

Therefore ,gof is nD-continuous.

Theorem 3.6:

If f: (U, 7 r(X)) = (V, 7 r(Y)) isnD-irresolute and g: (V, 7 r(Y)) = (W, 7 »(2)) is
nD-irresolute, then gof: (U, 7 r(X)) — (V, 7 r(Y)) is nD-irresollute.
Proof:

Let G be a nD-closed in (W, 7 r(Z)).

Since g is nD-irresolute, f1(g"(G)) is nD-closed in (U, 7 r(X)).

Thus (gof)}(G)=f1(g(G)) is nD-closed in (U, 7 r(X)), for every nD-closed in (W, 7 r(Z))
Hence gof is nD-irresolute.

Theorem 3.7:

A mapping f: (U, 7 r(X)) = (V, 7 r(Y)) is nD-irresolute if and only if the inverse image
f1(G) is nano D-open in (U, 7 r(X)) for every nano D-open in (V, 7 r (Y)) .
Proof:

Let G be nD-openin (V, 7 r(Y)).

Then V-G is nD-closedin(V, 7 r(Y)) .

Since f is nD-irresolute ,f1(V-G) is nano D-closed in (U, 7 r(X)).

But f(V-G)=U-f(G).

Hence f1(G) is nD-open in (U, 7 r(X)).

Conversely ,assume that inverse image f(G) is nD-open in (U, 7 r(X)),
for every nD-open set G in (V, 7 r(Y)).

Let F be nD-closed in (V, 7 r(Y)).

Then V-F is nD-open in (V, 7 r(Y)).

By assumption , f1(V-F) is nD-open in (V, 7 r(Y)).

But f1(V-F)=U- f1(F).

Then f1(F)is nD-closed in (U, 7 r(X)).

Hence f is nD-irresolute.

Theorem 3.8:

A mapping f: (U, 7 r(X)) = (V, 7 =(Y)) is nD-irresolute if and only if

f (nDcl (F)) < nDcl(f(F)) for every subset F of (U, 7 r(X)).

Proof:

Suppose f: (U, 7 r(X)) = (V, 7 r(Y)) is nD-irresolute.

LetFC U.
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Then f(F) c V.

Hence nDcl(f(F)) is nD-closed in V.

Since f is nD-irresolute, f1(nDcl(f(F)) is nD-closed in (U, 7 r(X)).
Since f(F) < nDcl(f(F)), which implies F < f(nDcl(f(F)).

Since nDcl(F) is the smallest nD-closed set containing F, nDcl(F) < f* (nDcl(f(F))).

Conversely, assume that f (nDcl(F)) < nDcl(f(F)) for every subset F of U.
Let G be nD-closed in V.
Now, f1(G) < U.
Therefore, f (nDcl(f(G)) < nDcl (f(f1(G))=nDcl(G),
Therefore,nDcl (f1(G)) < ! (nDcl(G))=F(G) .
Therefore ,f1(G) is nD-closed in U for every nD-closed G in V.
Hence f is nD-irresolute.
Theorem 3.9:
A mapping f: (U, 7 r(X)) = (V, 7 r(Y)) is nD-irresolute if and only if
f1(nDint(G)) < nDint (f1(G)) for every subset G of (V, 7 r(Y)).
Proof:
Let f: (U, 7 r(X)) = (V, 7 =(Y)) be nD-irresolute.
LetGC V.
Then nDint(G) is nD-open in V.
Since f is nD-irresolute, f1(nDint(G)) is nD-open in (U, T r(X)).
Hence nDint (f-1(nDint(G))=f-1 (nDint(G))
Since nDint(G) < G,fY(nDint(G))=nDint(f(nDint(G))
< nDint(f*(G)).
Thus f1(nDint(G)) < nDint(f(G)).
Conversely, assume that f1(nDint(G)) < nDint(f%(G)) for every subset G of V.
Let G be nD-open inV.
Hence nDint(G)=G.
By our assumption, f1(G) < nDint(f%(G)).
But nDint(f{(G)) < f1(G).
Hence f1(G)=nDint(f(G)).
Thus f1(G) is nD-open in U for every subset G of Y.
Hence f is nD-irresolute.

Theorem 3.10:
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A mapping f: (U, 7 r(X)) = (V, 7 r(Y)) is nD-irresolute if and only if
nDcl(f%(F)) < fX(nDcl(F)) for every subset F of V.

Proof:

Suppose f: (U, 7 r(X)) = (V, T r(Y)) is nD-irresolute.
LetFC V.

Then nDcl(F)) i8s nD-closed in (V, 7 r(Y))

Since f is nD-irresolute, f(nDcl(F)) is nD-closed in U.

Thus nDcl (f1(nDcl(F))=f*(nDcl(F)).

Since F < nDcl(F), then f1(F) < f1(nDcl(F).

Now nDcl(f*(F)) < nDcl(f*(nDcl(F)) = f1(nDcl(F))
Therefore,nDcl (F1(F)) < f*(nDcl(F)), for every subset G of V.

Conversely,assume that nDcl(f1(F)) < f*(nDcl(F)) for every subset F of V.

Let F be nD-closed in V.

Hence nDcl (F) = F.

By our assumption, nDcl(f(F)) < f(F)

But f1(F) < nDcl(f1(F)).

Hence f1(F)=nDcl(f(F)).

Then f1(F) is nD-closed in U for every subset F of V.

Hence f is nD-irresolute.

4.Nano D- Separation Axioms:

In this section, the basic properties of nD-To, nD-T1, ND-T,,spaces are established.

Definition 4.1:

A nano topological space (U, 7 r(X)) is called nano D-T, (brief nD-To) space if for any two points 1#m, there

exists a nD-open set G such that le Gand m¢ G.
Example 4.2:

Let V={a,b,c}, Y={b,c}

Then Vir-{{a,b}, {c}}

Now 7 r(Y)={@ {c}, {a,b}V}

NDo (7 = (Y))={ ¢ .{a}, {b}, {c}.{a.b}, {b.c} {ac} V}
Therefore (V, 7 r(Y)) is nD-Tospace.

Theorem 4.3:

Every nTo space is nD-To space .

Proof:
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Assume that | and m are distinct points in nTo_space (U, 7 r(X)) .

Since (U, 7 r(X)) is a nTy space , there exists a nano open set G in (U, 7 r(X)) such that
leGandmgG.

Since every nano open is nano D-open , there exists a nano D-open G such that | € G and
m¢G.

Therefore, (U, 7 r(X)) is nD-Ty space.

Every nTo- space is nD-Tg space.

Theorem 4.3:

A nano topological space (U, 7 r(X)) is a nD-T, space iff nD-closures of distinct points are disjoint.
Proof:

Let I,m be two distinct points of U.

Since U is a nD-Ty space, there exists a nD-open set G such that le G and m¢ G.
Consequently, U-G is a nD-closed set containing m but not I.

But nDcl ({m}) is the intersection of all nD-closed sets containing {m}.

Hence menDcl({m}) but | & nDcl ({m}) asle U-G.

Therefore, nDcl ({1} )#nD-cl({m})

Conversely, suppose nD-cl ({1}) #nD-cl({m}) for l#m.

Then there exists atleast one point m € U such that n € nD-cl({1}) but n& nD-cl ({m}).

Suppose | ¢ nD-cl({m}).

If l € nD-cl ({m}), then {I} CnDcl ({m})

Therefore ,ND-cl ({I}) ©nD-cl({m})

So, ne nD-cl({m}), which is a contradiction

Hence I ¢ nD-cl ({m}).

Therefore, | € U-nD-cl ({m}), which is a nD-open set containing | but not m.
Hence U is a nD-Ty space.

Theorem 4.4:

If f:(U, 7 r(X)) = (V, 7 r(Y)) is a injective, nD-continuous function and V is nD-To space, then U is a nD-To
space.

Proof:

Let | and m be any two distinct points in U.

Since f is injective, f(I) and f(m) are distinct points in V.

Since V is nD-Ty space, there exists a nD-open set G in V containing f(I) but not f(m).
Again, since f is nD-continuous, f%(G) is a nD-open set in U containing | but not m.
Therefore, U is a nD-Ty space.
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Definition 4.5:

Let (U, 7 r(X)) be a nano topological space A space (U, 7 r(X)) is said to be nano D-T (briefly nD-T;) space, if
any two points l#m, there exist disjoint nD-open sets G and H

withleG, mg Gandlg H meH.

Theorem 4.6:

Every nT space is nD-T1 space.

Proof:

Assume that | and m are distinct points in nT1_space (U, 7 r(X)) .

Since (U, 7 r(X)) is a nD-Ty space ,there exist disjoint nano open sets G and H in

(U, 7 r(X)) suchthatle G mg Gandand g H, meH.

Therefore,l € nint ({I} ,m € ncl({m}) CG®and m €nint ({m}),l€ ncl({I}) CG°.

Since every nano open is nano D-open , there exist nano D-open G and H such that € G,

mgGand lgH meHandGNH=¢ .

Therefore, (U, 7 r(X)) is nD-T1 space.

Every nT;- space is nD-T1 space.

Examples 4.7:

Let U={a,b,c}, U/R={{a}, {b,c}}

Let X={a,b}, then 7 r(X)={ ¢ ,{a}, {b,c}, U}

nDo(7 r(X) = {¢ {a}{b}.{c}, {bc}, U}.

Therefore ,(U, 7 r(X)) is nD-T; space.

Theorem 4.8:

A nano topological space(U, 7 r(X)) is a nD-T; space iff every single on subsets {I} of U is a nD-open set.
Proof:

Let U be anD-Tyspace and | € U.

Letme U-{I}.

Then for 1#m, there exists nD-open set G such that m € Gpand | € Gn,.

Consequently, me G C U-{1}.

That is, U-{I}=U {Gm:m € U-{1}}, which is the union of nD-open sets and hence nD-open set.
Therefore, {I}is a nD-closed set

Conversely, suppose {1} is a nD-closed set for every | € U.

Let I, m € U with I#m.

Now I#m implies m € U-{l}.

Hence U-{1} is a nD-open set G, containing m but not I.

Similarily U-{m} is a nD-open set containing | but not m.
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Hence U is a nD-T; space.
Theorem 4.9:

If f:(U, 7 r(X)) = (V, 7 r(Y)) is a injective, nD-irresolute function and V is a nD-T1 , then U is also a nD-T;
space.

Proof:

Let Iy and |2 be pair of distinct points in U.

Since f is injective, there exists two distinct points m; and m; of V such that f(l1)=m;
and f(I2)=m- .

Since V is nD-T; space there exists a nD-open set G and H in V such thatm; € G, m;g Gand m;eH and my e
H.

That is, I, € f4(G), I ¢ f1(H) and I, € f1(H), I, & f1(G).

Since f is nD-irresolute, f1(G)and f(H) are nD-open sets in U.

Thus for two distinct points I; and I, of U,there exist nD-open sets f(G)
and f1(H) such that I, € f(G), l. & f1(H) and I, € f1(H), I, & f(G).
Therefore, U is nD-T; space.

Definition 4.10:

A nano topological space (U, 7 r(X)) is called nano D-T, (briefly nD-T,) space if for any two points 1#m, there
exist disjoint nD-open sets G and H with | € G and m& H.

Theorem 4.11:

Every nT,-space is nD-T; space.

Proof:

Assume that | and m are distinct points in nT1_space (U, 7 r(X)) .

Since (U, 7 r(X)) is anD-T, space ,there exist nano open sets G and H in (U, 7 r(X)) such that | € G and and
meHandGNH=¢.

Therefore,l € nint ({I}) and m € nint ({m}).

Since every nano open is nano D-open ,there exist nano D-open sets G and H such that
leG.meHand GNH#Q .

Therefore, (U, 7 r(X)) is nT, space.

Every nT,- space is nD-T; space.

Example 4.12:

Let U={a,b,c}; U/R={{a}{b,c}}

Let X={a,b} then 7 r(X)={ @ ,{a}, {b,c}, U}

nDO(7 r(X)) ={ ¢, {a}, {b}.{c}.{b,c}.U}

Therefore, (U, 7 r(X)) is nD-T> space .
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Theorem 4.13:
If £:(U, 7 r(X)) = (V, 7 r(Y)) isanD-continuous, injective and V is nT, space, then U is nD-T space.
Proof:

For any two distinct points I; and I, of U, there exists two distinct points m; and m, of V such that f(l1)=m; and
f(|2):m2.

Since V is a nT; space, there exists a disjoint nano open sets G and H in V such that m; € G and my € H.
That is, I; € f4(G) and I, € f1(H).

Since f is a nD-continuous function,f*(G) and f-*(H) are nD-open sets in U.

Further f is injective, f3(G) N TL(H)=F*(GNH)=f(p)=¢.

Thus for two distinct points |1 and I, of U there exist nD-open sets f1(G)

and f1(H) such that |, € f}(G) and I, € f1(H).

Therefore, U is nD-T> space.

Theorem 4.12:

If f:(U, 7 r(X)) = (V, 7 r(Y)) is a injective, nD-irresolute function and V is a nD-T, space then U is also a
nTo-space.

Proof:

Let 11 and I be a pair of distinct points in U.

Since f is injective, there exist two distinct points ms1 and m, of V such that f(I)=m1 and f(I2)=m; .
Since V is nD-T; space, there exist disjoint nD-open sets G and H in V such that m1 € G and m, € H.
That is ,I. € f(G) and I, € f1(H)

Since f is a nD-irresolute function, f1(G) and f*(H) are disjoint nD-open setsin U.

Thus for two distinct points l; and I, of U, there exist disjoint nD-open sets

f1(G) and f1(H) such that I €fY(G) and I, € f(H)

Therefore U is nD-T, space.

Theorem 4.13:

A nano topological space is a nD-T» space if and only if for each 1m, then there exists a

nD-open set G such that | € G and m € nDcl(G).

Proof:

Assume that U is a nD-T, space.

Let Im € U and l#m, then there exists disjoint nD-open sets G and H such that | € G and m € H Clearly, U-H is
a nD-closed sets.

Since GMH=¢ , GCU-H
Therefore, nD-cl(G) &nDcl (U-H)=U-H

Now, m € U-H implies m € nDcl(G).
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Conversely, suppose I, mE U and I7m.

By hypothesis, there exists a nD-open set G such that | € G and m & nDcl(G)

This implies, there exists a nD-closed set H such that m & H.
Therefore, m € U-H is a nD-open set.

Then there exists two disjoint nD-open sets G and U-H such that | € G and m € U-H
Therefore, U is a nD-T; space
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