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Abstract

In this paper, we investigate 4-total geometric mean cordial labeling behavior of star related graphs.
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Introduction

Graphs considered here are finite, simple and undirected. Graph labeling we refer to Gallian [2016]. We pursue Harary
[1969] for symbols and phrases. The motivation of the works done by Cahit [1987], Vaidya and Shah [2014], Ponraj
et al. [2021, 2022]. The notion of k-total geometric mean cordial graphs was introduced by Vennila and Vidhyarani
[a]. We investigated 4-total geometric mean cordial graphs of some families of graph in Vennila and Vidhyarani [b].
In this paper, we investigate 4-total geometric mean cordial labeling (4-TGMC) of star related graphs.

Definition 1.1. Let Z be a (p,q) graph. Let f: V(Z) — {1,2,3,-* ,k} be a function where k € N and k > 1 for each edge
st assign the label f(st) =

lpfls)RH)m. f'is called k-total geometric mean cordial labeling of Z if |tw(i)— tw/(j)| < 1, i,j € {1,2,3,--- ,k} where tu(y)
denotes the total number of vertices and edges labeled with y, y € {1,2,3,--+ ,k}. A graph that admits the k-total
geometric mean cordial (k-TGMC) labeling is called k-total geometric mean cordial graph.

Definition 1.2. Ponraj et al. [2022] Let Z be a (p1,q1) graph and Z, be a (p2,q2) graph. The corona of Z, with Z, is the
graph Z\(DZ, obtained by taking one copy of Zi, p1 copies of Z» and joining the j* dot of Z\ by an edge to every dot in
the j™ copy of Zo where 1 <j <p.

Definition 1.3. Ponraj et al. [2021] The complement Z of a graph Z also has V (Z) as its dot set, but two dots are
adjacent in Z if and only if they are not adjacent in Z.

Definition 1.4. Ponraj et al. [2022] The graph (K. 3 *K. ) is attained from K, 3 by attaching root of a star K, ,at each
pendant dot of K, 3.

Definition 1.5. Ponraj et al. [2022] Consider two copies of graph Z namely Z, and Z». Then the graph Z = (Z1AZ,) is
the graph obtained by joining the apex dots of Zi and Z, by an edge as well as to new dot x.
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Main Results’

Theorem 2.1. Let Z be a comb and Z be the graph obtained by attaching K, »
"at each pendant dot of a comb graph. Then Z admits 4-TGMC labeling.

’

Proof. Let Zbe a comb and Z be the graph obtained by attaching K > at each pendant dot of Z. Let whose dots be s,,4,a;

and b; (1 <j<r).

4-Total geometric mean cordial labeling

Case 1: when r is even

The r dots s1,52,53," - ,s,-are labeled with 1. The r dots #1,£5,23, - , ¢ are labeled with 3. The"r dots ay,G2,° -, 0

b1, by, - - ,b% are labeled with 2.
besz, brga, -+ . b, )
Ary2, Grgd, ) and 5520 UH " T are labeled with 4.

The r dots
Case 2 : when ris odd

. ) rdots a;,as, -+,
The 7 dots 51,582,853, ,s,are labeled with 1. The » dots #1,£2,13, - , - are labeled with 3. The 1,82

andbl’ CRE b% are labeled with

2. The r dots - 252 02" ’a'randbrfzrl ’ b%:;’ T brare labeled with 4.

t 1)=2r-—1
Clearly ™/ (1) and £,/(2) = tuf(3) = tuf(4) = 2r.
Hence Z is 4-TGMC graph. O]

Theorem 2.2. The graph K »* K admits 4-TGMC labeling.
Proof. Let V(K12 * K1) = {s,51,52%,¥: 1 <j<r} E(Kio* K1) = {ss1,852} S{s1xj,s207: 1 <j<r}.

Here |V (Ki2* Ki.0)| + |[E(K12 % Ki,)| = 4r + 5.

Allocate the label 1, 3, 4 to the dots s,51,52. The 7 dots xi1,x2,x3,x4, - ,x,-are labeled with 1. The » dots y1,y2, 3,4,

are labeled with 3.
Clearly tu(1) = tm(3) = tuf(4) = r + 1 and t,,(2) = r + 2. The function f'is 4-TGMC labeling. O

Theorem 2.3. The graph K, 3 * K1 admits 4-TGMC labeling.

Proof. Let V(K35 K, ,) = {s,51,52,83,2;,Y;,2 : 1 < j<r}

EK K ( L3+« Ln=
{ss1,552,553}S{s1xj,s2y,53zj : 1 <j<r}.

Here |V (K13 * Ki,,)| + |E(K13 % Ki )| = 6r+7.
Allocate the label 2 to the dot s and 4 to the dots s1,52,53.

Case 1: ris even
3r4+2 ) 3r—2
The ~ 2 dots xi,x2°* ,x and yi,y2,-+ ,yrip are labeled with 1. The ~2  dots z,zp, .z
2

yr;‘l:yr;ﬁ:“' » Yr

Case 2: ris odd

___ ___ are labeled with 3.
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3r43 3r—3
The 2 dots xix2--- ,x, and yi),-- ,yr3 are labeled with 1. The 2 dots =zy,zpr ,zr and
2
Yras , Yrs7, o .
YripaYrims »Yr __ __ are labeled with 3.

The function f'is 4-TGMC labeling

Nature of » taf(1) tf(2) twf(3) tmf(4)
ris odd # 3rt52 3rt3 2 3rt3 2
7 is even % 3r+4 2 3r+4 2 3r+4 2
O
(D) A -(2)
(I(l 7 AA 1,r )

Theorem 2.4. The graph admits 4-TGMC labeling.

~(1) . ~(2)
Proof. Let 51,50, ,s-be the pendant dots ofR Lr and t,, 1, b be the pendant dots ofB Lr. Let s and ¢ be the

}:{(1)

~(2)
dots of " * 1,7 andh Lr which is adjacent to s;,¢ (1 <j <r) respectively. Assume that a new common dot x is adjacent to
sand .

~(1 ~(2 ~(1 (2
V(KAKD)| + |B(K)AKD) = 4r +6
Allocate the labels 1,3,4 to the dots x,s,t. Now consider the dots 51,52, " ,s,. The r dots 51,52, ,sare labeled with 1,

and the 7 dots #1,5, - ,¢-are labeled with 3.
Clearly tuA1) = tmf(3) = r + 1 and £,,/(2) = tu(4) = r + 2. The function f'is 4-TGMC labeling. [

Here

Theorem 2.5. The graph Hy © K, admits 4-TGMC labeling for all r > 2.

Proof. Consider V (Hg)) = {s;t;: 1 <j<r} and let x;,y; (1 <j < r) be the pendant dots adjacent to s;,4 (1 <j <r). Here
|V (Hyy © K|+ |[E(Hpy © K1) = 8r — 1. The 2r dots x1,x2,* - ,x,and y1,y»," -,y are labeled with 1. The r dots s1,52,"
,s-are labeled with 3, and the r dots #1,1,,-*- ,¢-are labeled with 4. Clearly (1) = tuA(2) = twA(4) = 2r and #,(3) = 2r —
1. The function fis 4-TGMC labeling. [

Theorem 2.6. The graph Hyy © K> admits_4—TGMC labeling for all r > 2.

Proof. Consider V (H»OK>2) = {s;t,a;,b;,x,y;: 1 <j<r} and E(H»O

K>) = {sisp it - 1 <j <r— US{sja;sib;tix;,ty;: 1 <j <r} and let a;b;(1 <j < r) be the pendant dots adjacent to s; (1
<j<r)andx;y (1 <j<r)be the pendant dots adjacent to £ (1 <j <r).

Here |V (Hy» © K2)| + |[E(H» O K2)| = 12r— 1.

The 2r dots 51,52, ,s-and y1,y», -+ ,y-are labeled with 3. The 37 dots ai,as,*** ,ay, b1,ba, - ,brand x1,x2, -+ ,x,are labeled
with 1, and the » dots #1,5," - ,t-are labeled with 4.

Clearly tuf(1) = twf(2) = twf(4) = 37 and t,(3) = 37 — 1. The function f'is 4-TGMC labeling.[]
Theorem 2.7. For m > 2, the graph mKs, m copies of K3 is 4-TGMC graph.

Proof. The graph mK3 which is m copies of triangles. Let the dot set of mK3 be
V=V1uUV2UV3U:---UVm,V={V1jV2j,V3j} Define a function f: V' (G) — {1,2,3,4}
Case 1: When m is even

e

For L SJ =3 , for the labeling pattern of the dots VY =Vy= 1, V¥=2.
m+2 N . . .
For 2 <J= m, for the labeling pattern of the dots V= V5 =3, V3 =4. Case 2: When m is odd
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m—1 Jo_ oy J_
For1 SJs 2 , for the labeling pattern of the dotsVT = Vs =L V5 =2 4w geometric mean cordial

labeling

m+

j— mtl J J_
For] = 72 , for the labeling pattern of the dotsVi =1, V5 =3
mel <j<m, Vi =3
m+3

2

For
For <Jj= M for the labeling pattern of the dotsvlj =V = 3,
For = 25 < <m Vi =4

The function fis 4-TGMC labeling.

Nature of m | tuf(1) tw(2) twf(3) tmf(4)
misodd | 2= | 3mtl | 3wl | 3mfl
2 2 2
m is even 3Tm 3m 3m 3m
2 2 2

O

Theorem 2.8. The graph P, © Ksis 4-TGMC for all r.

Proof. Let p1,ps, -+ ,prbe the dots of the path. Let s;,#, w;be the pendant dots adjacent to p;(1 <j <r).

Note that |V (P, © K3)| + |(P,© K3)| =87 — 1.

Now consider the dots pi,p2, " ,pr. The n dots p1,p2, -+ ,prare labeled with 3. The 2r dots s1,52,°** ,s-and 1,6, 1, are
labeled with 1. The r dots wi,wy, "+ ,w, are labeled with 4.

Clearly tuf1) = tmA2) = tu((4) = 2r and #,A3) = 2r — 1. Hence fis 4-TGMC labeling. L]

Theorem 2.9. The graph C.© Kz is 4-TGMC for all r.

Proof. Let c1,c2,-* ,c-be the dots of the cycle. Let s;,4,w; be the pendant dots adjacent to ¢; (1 <j <r).

Note that V'|C, © Ks| + E|C, O K| = 8r.

Now consider the dots ci,¢a, - ,c. The n dots c1,¢5, -+, ¢, are labeled with 3. The 2r dots s1,52,** ,s-and t1,f, - ¢ are
labeled with 1. The » dots wy,wy, -+ ,w;are labeled with 4.

Clearly tuA1) = tmf(2) = tuf(3) = twf(4) = 2r. Hence f'is 4-TGMC labeling. [

Conclusion

Here, we have proved that 4-TGMC labeling behavior of star related graphs and
like K1 % K1y (K13 % K1), (K{VAK®), Hyy © Ky, Hpy © Ky, P 0 Ky
Cr ® K.
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