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Abstract

This paper deals with the existence of cyclic kite configuration in the Newtonian four body problem. By
considering the center of mass of the system as the origin the coordinates of the four- point masses have been
expressed in terms of radius R of the common circular orbit in three theorems. We have also proved that the
masses lying on both sides of the axis of symmetry of the kite configuration are equal to the non-dimensional
mass parameter 4 then explicit and unique representations of other two masses in terms of the mass parameter

A and the total mass ‘M’ became possible. Further by taking angular velocity @ = nk and using first two

theorems the equations of motion of each of the four point masses relative to the other three have been derived
in synodic frame and hence the mean motion ° n’ of the synodic frame was expressed as a function of mass
parameter ££ .Later on an attempt has been made for fixing the domain of £z .

Keywords: Cyclic kite configuration, mass parameter, axis of symmetry, mean motion.

Cyclic kite configuration: Kite configuration is a quadrilateral with two pairs of equal adjacent sides whereas
in a cyclic kite configuration, the vertices of the kite lie on the circumference of a common circle.

1. Introduction

In the field of four body configuration MacMillon etal (1932) proved two theorems in detail for the existence of
quadrilateral configuration. Brumberg(1957) studied permanent configuration of the Four-body problem. Albouy
(1996) discussed the symmetric central configuration of equal masses. Long etal (2002) analyzed the four-body
central configuration with the masses (5, f,a, o) & (f,a, B, £)in which they proved that a convex non-

collinear planar four body central configuration with three equal masses must be a Kite.

Chavela etal (2007) invented that if in a convex four body central configuration two equal masses are located at
opposite vertices of a quadrilateral and at most the mass of one of the remaining particles is larger than the equal
masses then the configuration must be a Kite shaped quadrilateral. Albouy etal (2008) established the relationship
between the masses and some geometric properties of the quadrilateral configuration. Further they proved that the
planar four body problem is a convex central configuration and is symmetric with respect to one diagonal if and
only if masses of two particles on the other diagonal are equal

. During discussions of central configuration for the planar Newtonian four body problem, Pina etal (2009)
developed an algorithm to construct general four-body configuration on dividing the directed areas by the
corresponding scalar areas. These algorithms became important tools for finding the new properties of symmetric
and non-symmetric central configuration. Pina (2010) developed the new coordinates of the four particles forming
kite configuration in terms of principal moments of inertia and Eulerian angles independently. Cors etal (2012)
studied cyclic central configuration of point masses in the Newtonian four body problem by using six mutual
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distances of the four-point masses as their coordinates and showed that the four-point masses form two dimensional
plane surface. They extensively investigated two symmetric families, the kite configuration and the isosceles
trapezoidal configuration. Further they have shown that if any two masses of a four-body cyclic central
configuration are equal, then the configuration has a line of symmetry. Balint Erdi etal (2016) extended the work of
Cors etal (2012) in three cases (one in convex case and two in concave cases) by expressing the masses of the
central configuration in terms of angle coordinates Further they claimed that formulas derived represents the exact
analytical solutions of the four-body problem.

Deng etal (2017) used mutual distances as the coordinates and proved that the diagonals of a cyclic central
quadrilateral cannot be perpendicular except that the configuration is a Kite. Corbera etal(2017) proved that the
diagonals of a four body central configuration are perpendicular then the configuration must be a kite. Further they
verified the same theorem in the four-vortex convex central configuration. Hassan et al (2017) studied planar
Newtonian four-body problem and applied it to the different central configurations to develop some tools for further
research.

Benhammouda etal (2020) identified the global regions in the mass parameter space by using action minimizing
orbits of the central kite configuration in the four-body problem. Also, they presented the dynamical aspects of
periodic solutions in the problem under consideration and showed that the minimizers of the classical action
functional restricted to the hodographic solutions are nothing rather they are Keplerian elliptical solutions. Finally,
they provided numerical explorations of the periodic and quazi-periodic solutions by Poin-Care section in broad
sense.

From the discussions of the authors like Chavela (2007),Albouy (2008), Deng (2017) and Corbera (2017), it is
found that a quadrilateral is a kite if and only if the diagonals are perpendicular to each other and at least one
diagonal is the line of symmetry. In present work | have proved three existence theorems to establish unique
expression of four masses forming Kite configuration and these results were applied to rotating frame for finding
mean motion.

From the definition; the cyclic kite configuration can be classified into three classes as follows.

2 (i) The kite formed by the combination of one equilateral triangle and one isosceles triangle with common base;
2(ii)The kite formed by the combination of two congruent right-angled isosceles triangles with common base and
2(iii)The kite formed by the combination of two non-congruent arbitrary isosceles triangles with common base.

2.Existence of kite configuration

Theorem 2.1: When the cyclic kite configuration is formed by the combination of one equilateral triangle and one
isosceles triangle with the common base P,NP, .

Statement:-The necessary and sufficient conditions for the existence of cyclic kite configuration with four
positive point massesm, (k =1,2,3,4)at the respective vertices P, of the kite are that there exists a non-

MZ—,Ll1m3:M_3/J

M
dimensional mass parameter 1 € (0,?j such thatm, =m, = s then ,m = , Where

m+m,+m,+m,=M.
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Kite configuration of the systent 2(i)
Figure—1
Proof. Let P,P,P,P, be a cyclic kite formed by the combination of one equilateral triangle P,P,P,and one
isosceles triangle

P,P,P, with the common base P,NP, and axis of symmetry POP, = 2R . Let P, be the positions of the four

positive point masses M, moving on a common circular orbit with center at O, radius R and diameter POP, = 2R
as the axis of symmetry. Considering the center of the circle as the origin, the axis of symmetry as the x-axis and a
line YOY ' parallel to P,NP, and perpendicular to PJOP, as the y- axis. Using the properties of cyclic

quadrilateral P,P, P,P, in the form of cyclic kite configuration and the cyclic equilateral triangle P,P,P,, the
coordinates of the four point masses can be written as P, (R cos 6, , Rsin 6, ), where g, = 0°, 6, =120°,
6, =180°,6, = 240°.

Thus, the position vectors of the four-point masses are given by r, = R cos ka +Rsin g, j = OR,

:>?1:Rf,F'2:—%f+§Rj,l‘g:—Rﬂr’;:——l——Rj.

The position vector of the center of mass of the system of four-point masses is given by

4
c=M"> mf.
k=1

If we consider the center’ of mass as the origin, then c=0= m,f, +m,F, + m,F, +m,F, = 0

= mlRiA+mz(—%iﬂu?RjA)+m3(—RiA)+m4(—%”—§Ri) =0

= R{z(ml _ms)_(mz + m4)}iA+\/§R{m2 _m4}jA =0
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Taking scalar product of i and jA we get

Z(ml_ma)_(mz +m4) =0 (1) Also
m,=m,
we know that
m+m,+m;+m, =M (2)
The equations (1) and (2) yield
m —m,-m, =0 (3)
m, +2m, +m, =M (4)

. . . M
Let us introduce a non- dimensional mass parameter 1 € (O, ?

jsuch that m, =m, = u then from (3) & (4)

we get

Thus, the necessary conditions for four positive point masses m, situated at the vertices of a cyclic kite

configuration formed by an equilateral triangle P,P,P, and an isosceles triangle P,P,P, are

@m,=m,=xu, m=

(b)m, =m,+2u
(C)PP,=P,P, =PP, =/3Rie;r, =r, =1, =/3R (5)
(d) RR=PRP, =Rie;r,=r,=R
(e)RR =2Rie;r; =2R

Conversely the results of 5(a), M, =M, = u represents that the diagonal POP;is the line of symmetry,

5(b) shows that M, > M, and from the results 5(c,d,e) PP,2 + NP,> = PN?.e.; the diagonals are perpendicular
1 3 1" 2 2 1

to each other. Thus the results of (5) represent the sufficient conditions for the existence of cyclic kite configuration.
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Theorem 2.2: When the kite is formed by two congruent isosceles right-angled triangles:

Statement:- The necessary and sufficient conditions for the existence of a cyclic kite configuration with four
positive point massesm, (k =1, 2,3, 4) at the respective vertices P, of the kite are that there exists a non-

dimensional mass parameter 4 € (0, M /2)such thatm, = m, = z, thenm, = (M /2) — zz = m, , where
m +m,+m,+m, =M.

Y

by(my)

5 Py(m;) R R

o | (0,0 P(m)

P4(m4)

M
Kite configuration of the system 2(ii)
Figure=2

Proof: Let P,P,P;P, be the cyclic kite formed by the combination two congruent isosceles right- angled triangles
PP,P, &P,P,P, with the common bas P,OP, = 2R and axis of symmetry POP, = 2R . Let P, be the
positions of the four positive point masses m, on the cyclic kite ss .Taking the center O of the circle as the origin
and two perpendicular diameters POP, & P,OP, as the x- axis and y-axis respectively, then the position vectors
of the four point masses areOT:’1 =Ri = r, O_P; =Rj= r, O—F’3 =—Ri = . O—F’4 =—Rj= I, respectively
wherei and jA are the unit vectors along the x-axis and y —axis respectively .If we take the center of mass as the
origin then by using theorem2.1 we have, ~ m,Ri +m,Rj —m,Ri —m,R] =0,

Here either of BOP, or P,OP, may be taken as the axis of symmetry.

Taking scalar product of i and jA we get
m =m, &m, =m, (6)  Introduction of (6) in (2) gives
m+m,=M/2 (7) Let us introduce a non-dimensional

mass parameter 4 € (0, M /2)such that m, =m, = 4, then from (2) & (7) m, =m, = (M / 2) — 4. Both the

masses of each pair are equal so both the diagonals are the axes of symmetry of the cyclic kite configuration .Thus
the required necessary conditions for the existence of cyclic kite configuration are
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@m,=m,=py, m=m,=(M/2)—p,

(b)m =m;>m, =m,,
()RR, =F,R, =PP, =RP, = J2Rie; o =T =My =Ny = V2R
(d) AR =RP, =2R ie.;n;=n, =2R

(8)

Conversely the results8(a) (similar to Long et al (2002)) and 8(b) justify that both the diagonals are the axes of
symmetry and 8(c),(d) are the sufficient conditions for the perpendicularity of the diagonals.

Theorem 2.3: When the kite is formed by the combination of two non-congruent arbitrary isosceles triangles with
2(iii)

Statement: The necessary and sufficient conditions for the existence of cyclic kite configuration are that there exists
M

0,——— where  9e(0, 7 such that m,=m, =, then
2(1—c056?)j (0.7) 2 =T A

a parameter HE (

m, :%—y(lmose) ,m, :%—y(l—cose), where m +m, +m,+m, =M.

P,(my)

P.(m,) =0

P,(m,)
y'
Kiteconfiguration of the system 2(iii)
Figure-3

Proof Let B P,P,P, be a cyclic kite configuration formed by the combination of two non-congruent arbitrary
isosceles triangles P,P,P, & P,P,P, with the common base P,NP, .Let the four point masses m;, m,, m,, m,
be moving on a common circular orbit of radius R and center O. Considering BP, = BP, &P,P, =PF,P, asthe
pair of adjacent equal sides.Let< POP, =< P,OP, = @then < P,OP, =< P,OP, = 7 — @ .Taking the axis of
symmetry POP, as the x-axis, O as the origin (the bary—center) and the line YOY as the y-axis then the position
OP, =Ri =F,OP, =Rcosfi +Rsin@]j =F,,

vectors of the four point masses are given by 2
OP,=—Ri =T,,OP, =Rcosdi —Rsin@j =T,,
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As in previous theorems, m,r, + m,F, + m,f, +m,F, = 0

= m,Ri +m,(R coséi +Rsin@j)+m,(—Ri)+m,(R cosdi —Rsindj)=0
= R(m,+m,cosd—m,+m,cosd)i +R(m,—m,)sindj =0

By taking scalar products of i & jA we get

m, +(m, +m,)cos@—m, =0 (9)
m, =m, 10)
Collaboration of the equations (9) and (10) gives
m, +2m, cos@—m, =0 (11)
Introduction of (10) in (2) gives
m +2m,+m, =M (12)
Addition of (11) and (12) gives
M
m, +m, (1+cos ) = > (13)
Let us introduce a parameter EEO’LJ suchthat m, =m, = x where 0e (O, 7r) then from(12) &
2(1—cos6)

(13)weget m =(M/2)—u(+cosd) & m,=(M/2)—pu(l—cosb).
Thus, the necessary conditions for the existence of cyclic kite configuration are

(@) m, =m, = u,

b)) m=m,=m, =2m;,,
() my=m +2ucosé,
d) m=(M/7/2)—u@d+cos@), m,=(M/2)—u@—cosb) (24)

. %
© PP, =BP, =2RSII’]E, PP, =PRP, =2RCOS§,

P,P, = 2Rsin 6, PP, = 2R

Conversely the results 14(a) and 14(b) will justify that the line POP, is a line of symmetry and the results of 14(e)
will justify the perpendicularity of the diagonals of the kite.

2.4 Collapse of the kite configuration:

If the equal point masses lying on opposite sides of the axis of symmetry of the kite configuration are very closed to
either of the point masses of the axis of symmetry, then collision may happen and hence the kite configuration may

collapse. So there should some restricted domain of 6 for existence of kite configuration. The necessary condition
may be taken as 2P,P, > R

4047



Tuijin Jishu/Journal of Propulsion Technology
ISSN: 1001-4055
Vol. 44 No. 6 (2023)

ie; 4Rcosg>R:cos§ i:cosz>025:(145) <€<(755) = 29° <@ <151 Thus  the

kite configuration will exist for 6 € [7[ 16,57/ 6] and will collapse if @ <29° and @ >151° approximately.

3. Justification of the results of three theorems with the results of previous authors:

The above results of three theorems are the representations of the sufficient conditions for at least one line of
symmetry and

for perpendicularity of the diagonals of the kite indeed we have verified some results of the previous authors like
Long & Sun (2002), Chavela & Santoprete (2007), Albouy (2008), Pina & Lonngi (2009), Pina (2010), Roberts
(2011) Roberts et al (2012) and Roberts (2017) etc. The results (a), (b), (c) of (5) justify the theories of Chavela and
Santoprete (2007), Albouy (2008), Pina & Lonngi (2009) and Roberts (2011,2012) etc. The results of system
5(c d,e) satisfy the conditions of Long &Sun (2009) given by:

3 3 3 3 3 3 3 3
( 24 2)(!‘23 4)(r13 - r14) = (rn o r14)("13 o I’34)("24 - rzs)- (15)
This is the necessary and sufficient condition of four body planar central configuration that the six mutual distances
r, determine a geometrically realizable planar configuration. The results of (5)vanish the Caley —Manger

1]

determinant.

0O 1 1 1 1
1 0 r; r; r bt -2 0 1
s N 11 1 0
ie;v(r)=[1 r; 0 r} ri|=3R° L1 1 o =-3R°|0 -2 -1=0. (16)
1 g 0 12 L o 11 3 -1 -2
1 2 2 2 e T
r;|.4 I’24 r34

Thus the square of six mutual distances r; satisfy V (r) = Othat is the volume of the tetrahedron formed the four

point masses is zero i.e., cyclic kite configuration is planar.
Again

P(r)= Mol + 10 — Tyl = 0.

Thus, the four-point masses forming cyclic kite configuration and numbered sequentially lie on a common circle

with diagonals, r,, & r,,where r,, <T,,

The twice of the directed areas of the four parts of kite configuration P,P,P,P, are given by

STE A A A AT R AR A AR A S S o
S =B LA L L+ S, =L LR AL AL
3 3¢ R 3 3
=(-— +§Rj) (-RD+(-RD" (-= —gRj)+(—E| \/_RJ) (——l+\/2_RJ)—\/2_
j§1:§ RE. S = VBRI §3=3§Rzg, S, = —J3R%. (17)

Thus, the directed areas 3—1 &8—3 are normals to the plane of motion of the point masses whereas S.—2 &S—4 are the
anti-normals to the plane of motion that is all directed areas are parallel to each other.
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Also 24287: +S,+S3+S,=0. (18)
As Pk(xklyk):HE(RiO)’PzE(_g £ R),R,=(-R,0),P, =(-— _£R)then

ZS X, = Z:Skyk =0 and consequently ZS . =0,

4 4 4 4 4 4
zzrnfnsmsn _22|rm F;|2 S S _ZZ(rmz + Fr'12 2rm F;)Smsn
m=1 n=1 m=1 n=1 m=1 n=1
= ismrmzisn +Z4:SmZ4:Snr;12 _Zismrm isnrn
m=1 n=1 m=1 n=1 m=1 n=1
:[ismr2j0+0(isnn2)—z£ismﬁn] [isnrﬂj:o (19)
m=1 n=1 m=1 n=1
where ro=x1+Y,]
Using 5(c),(d),8(c) ,(d)and 14(e)
‘S’l‘ _ r234r3l4;z4 _ 3\/_ 1"3 ‘ LELEA J_Rz
(20)
|§3| _ r12:‘:2I4;14 :gRZ =A3,|§4|= rlzd':z'sqﬂs =\/§R2 —A
=S A2A, =A,2A,. (21)

Now using the results of 5(c, d , ) and a matrix A we have

[rzzs rsi I’224] AI:rzzsrsi rzi] = [4A2:|

-1 1 1
ririrs | Al rairar 4A7

[133414] [133414] I: :I where A=l 1 -1 1 (22)

['1254'14] A[I’12I’24I’14:' [4A2:| 1 1 -1

I:rlé rzzsré] Al:rﬁ I’223I’1§:| = |:4Ai:|

Thus, the results of 5(c, d e) justified the results of previous authors. In similar way all the results from (15) to (23)
can be verified by the results of (8) and (14) also.

The partial derivatives of the Caley-Manger determinant with respect to the variables r,” (i = j =1,2,3,4) are
given by

oV (r)
or’
4.Mean motion

To develop the works of synodic kite configuration we need mean motion of the rotating frame .Let us find it by
using theorems 2.1 and 2.2 separately .

=(-1)""32a,. (23)
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4.1 The mean motion using theorem 2.1

Let the plane of motion of the four point masses rotate with the angular velocity ¢ = nK about the z-axis OZ ;
ﬁj be the unit vector along the line P, PJ. joining the i-th and j-th point masses ,then the equation of motion of the

i-th point mass relative to the other three point masses is given by

-mn°rf z (1#]) (24)

where the potential Vij between the i-th & j-th point masses and gravitational constant G are given by the relation

(25)

and the unit vector is given by ﬁj = ﬁ = ‘21:;’ _8:5“ = ‘:’ _ :‘ (26)
ij i~V il

The equations (25), (26) & (27) yield n f’+GZ M, =0,>i#])

= |
:nzmei%:o. (27)
=i

Putting i=1 and expanding the summation on j we get

n2ﬁ+G|: 2(2_r)+m (r I_") | | ﬁ)} 0 (28)

|F.;2| |r13|

Thus, the equations of motion of the system of four-point masses of the cyclic kite configuration are

RN + [ u(ry = f’) (M =3u)(F, - 1) ﬂ(f’ F’)}
' 33 16 33
3.2 (M = p)(F, - f') (M =3u)(F, - 1) ﬂ(f' r,)
R*n r2+G_ 63 > 373 } 0,
R3nzf§3+G (M _ﬂ)(ﬁ_ra)
16

(29)

+ﬂ(f;—§)+u(fz—f’s)}=0

e, + 6| M= —0) |, —5) | (M 3001~ r)} N

63 33 2
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Choosing units of mass, units of force, units of distances in such a way that

M =m,+m,+m,+m, =1G =1 maximum distance between the two-point masses as unity then
1-u _1-3u

1 1
RZ—, =—,Mm —, M, =M, = L, € O,—.
2 m, 2 J 2 7 , =M, e ( 3)

Arranging the terms of the above four equations as the linear combinations of position vectors we get

n° 2u 1-3u 7 1-3u Y7,
— — r+ T, + T+ r,=0, 30
(8 33 16 J 337 16 7 33 (30)

1-u n® 1+u 1-3u 1-3u y7i
— |+ —- - r,+ L+ r,=0, 31
(ﬁﬁjl(g A RE (31)
1- n° 1-
(Tujﬁ+ﬂg+(§_l—;_ ]r;)+m=0, (32)
1-u Y7, 1-3u n° 1+u 1-3u

N+ r,+ +| ————F—=—-———11,=0 33
(e Syt p b, (®)

Here the above system of equations (30,31,32,33) represents the equations of motion of the four-point masses
forming cyclic kite configuration in synodic frame. Eliminating 17, I, I, I, from the above four equations we have

N _2u 1-3u H 1-3u A
8 3/3 16 33 16 33
1-u n_2_1+,u_1—3,u 1-3u M
643 8 63 2 2 2 33 0 (34)
1-u n° 1-u
16 . g 16 #
1- M 1-3u n_2_1+,u_1—3,u
63 33 2 8 63 2
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Graph between mass parameter versus mean motion

Figure—4 system 2(f)

The equation (34) gives the mean motion ‘n’ of the synodic frame as a function of mass parameter L. Using
Mathematica 11in (34) the mean motion is given by n = f,(£) . The graph in figure- 4 shows that the mean motion

'N'is a continuous monotonic increasing function of the mass parameter 4 . The mean motion increases with the
increase of the mass parameter .

4.2. The mean motion using theorem2.2

Similar to theorem 2.1, the equations of motion of four-point masses of the kite configuration of the theorem 2.2 are
RN+ 22, ) + (g )6~ )+ 22u(t, ) |0
BRE, G| 24E(y 4 1)+ 2E(Y - () -t~ ) |0
BRN’T, + G [(%—y)(ﬁ —B)+ 22p(F, — )+ 2424(F, - @)J =0,

8RN, +G[zﬁ(%—u)<ﬁ—m+y(c —m+2ﬁ(%—u)(r3—m}=o.

Choosing units as in case (i)weget M =1, G=1R= %and Pl(%,O), P, (0, %), P3(—%,O), P4(0,—%)

Rearrangement of above four equations yields
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[nz—(m —1)#—%}@2@@+(%—u)f;+2ﬁufz -0,
\/E(l—Zu)Ti—f-[nz+(4\/§—1),u—2\/§]@+\/§(1—2,u)l_’;+,ul74 -0,
(%—u)fi+2\/§ﬂfé +[n2 —(4\/5—1)u—ﬂf; +2\2uf, =0,
21— 2)F, + u, +J§(1—2ﬂ)r3+[n2+(4\/§—1)y—2ﬁ}r; =0.

Eliminating 17, I, I;, I, from the above equations, we get

a 2«/§,u 1/2—pu 2x/§,u
V2(-2u) b N20-2u)

12—  2J2u a 22
J2(-2u) o N2(-2w) b

=0 (35)

wherea=n?>—(4J2 - u—1/2 b=n?+(4J2 -Du—22.

This equation gives different values of the mean motion ‘n’ as a function of the mass parameter . Those values of

M for which n is positive are valid.
n
1.7}

1.6
1.5
1.4}
1.3
1.2+

1.1}

0.1 0.2 0.3 0.4 0.5

Graph between mass parameter versus mean motion

Figure—5 system 2(ii)

The equation (35) gives the mean motion ‘n’ of the synodic frame as a function of mass parameter 4. Using
Mathematica 11in (35) the mean motion is given by n = f, () . The graph in figure- 5 shows that the mean motion

"N'is a continuous monotonic increasing function of the mass parameter 4 but the rate of increase of ‘n’is low in
comparison of the figure-4.
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For (0, 3_1) the rate of increase of” * n’ is higher than that of for 4 €(0, 2_1).

4.3. Exact domain of the mass parameter £ using theorem?2.1:

If 4=0,then M, =M, = 0& m =m, =1/2 then the four-body cyclic kite configuration will be reduced to

two body straight line configuration lying on the axis of symmetry POP,i.e.; z = 0 is a contradiction for the

existence of cyclic kite configuration .
Thus from (34) when £ = 0 we get

2
nn_ 1 0 1 0

8 16 16

1 n 1 1 1 0

653 8 63 2 2 —0=n=0,1,2.354, (36)
1 LU 0

16 8 16

1 0 1 0 1 1

673 2 8 643 2

Here n=0,2.354 ¢( f; (O), f, (3‘1) ) (ref. graph of figure -4, so the cyclic straight-line configuration is
rotating with mean motion n=1.
If we put gz=1/3thenM, =M, =M, = 1/3& M, =0 then the cyclic kite configuration converges to the cyclic

equilateral triangular configuration and hence a contradiction for the existence of a cyclic kite configuration.
From (34) when g =1/3 we have

n2_ 2 1 1
8 o8 of w3
12, L
9/3 8 93 2 93 | o= n-01241238, (37)
1 1 n°~ 17 1
o 3 8 24 3
I L
93 9V3 8 93

Heren =0&n = 2.38are invalid so the cyclic equilateral triangular configuration is rotating with mean motion
N=1.241.Thus for £ =0 & 4w =1/3 the kite configuration does not exist; consequently the exact domain of x

in the system 2(i) is the open interval (0,37)

4.4. Exact domain of the mass parameter £ using theorem 2.2:
If we put 22 =0,then M, =M, =0&m, =m, =1/2 and the four-body cyclic kite configuration will be

reduced to two body straight line configuration lying on the axis of symmetry P,OP, i.e.; a contradiction for the
existence of kite configuration .
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From (35) when =0

n*-1/2 0 1/2 0
2 —
2 ni-242 2\/E O |_omn =0,1,1.682. (38)
1/2 0 n’-1/2 0
2 0 V2. nt-2y2

Here n=0,1.682 ¢( f,(0), f1(2‘1) ) so the cyclic straight- line configuration lying on axis of symmetry is
rotating with the mean motion N=1.

If we put 4z =1/2thenM, =M, =1/2&m, =m, =0 then the cyclic kite configuration again will be reduced
to the cyclic straight-line configuration lying on the y-axis i.e.; a contradiction for the existence of cyclic kite
configuration.

From Equation (35) when g =1/2 we get

n2-22 2 0 2
0 n*-1/2 0 172 0=n=0,11.674 (39)
=U= = ) Sy
0 V2 n2—22 2
0 1/2 0 n2—1/2

Heren =0,1.674 are invalid (similar to (38) ) so the cyclic straight- line configuration lying on the y- axis is
rotating with the mean motion n =1.Thus for zz =1\ 2, the kite configuration of the system 2(ii) does not exist ,s0

the exact domain of 4 is the open intervaI(O, 2_1).

5.Conclusion: For the first time in section-2; | have established the necessary and sufficient conditions for the
existence of cyclic kite configuration by using the definition of central configuration (i.e.; center of mass of the
system be taken as the origin) in three theorems. The four masses forming kite configuration were uniquely
expressed in three theorems separately. Among the four masses of the kite two are of equal masses and situated at
equal distances from the axis of symmetry but on opposite sides of it. Other two masses lying on the axis of
symmetry are of different masses in the first theorem. The range of 4 in the first theorem is the open interval (0,1/3)

whereas in the second theorem it is (0,1/2) so the pair of opposite particles are of equal masses. In section 2.4 the
values of €@ give the range of existence and collapsing range of the cyclic kite configuration. For

0e [72/6,5%/6] the kite exists and 0<6<29° and 151° <60 <180° approximately are the collapsing

range of the Kite. In section -3 many results of previous authors have been well verified by the results of our three
theorems. The righthand side of equation (23) differs radically with the results of previous authors. To study the
motion of a satellite in the gravitational field of a kite configuration, the mean motion of the rotating frame has been
established by using first two theorems separately in section -4. During the justification of exact domain of the mass
parameter £ it was found that only two body systems can rotate with unit mean motion but not the higher order

systems. The higher order systems can rotate with the mean motion greater than unity. According to G.E. Roberts
(2011), the satellite motion in the gravitational field of a cyclic kite can be studied and further the existence and

stability of Lagrangian points also in future. For this the masses ﬂ,y,ﬂ,ﬂ and n arevery important tools .
2 2
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