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Abstract

The NIm.Fi (Normal Implicative Filter) and NFIm.Fi (Normal Fuzzy Implicative Filter) of LPWA (Lattice
pseudo-Wajsberg Algebra) are introduced in this work, and we use its illustrations to explore some of their
related properties.
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1. Introduction

PWA’s were introduced by Rodica Ceterchi[l]. Wajsberg algebras give rise to PWA’s(Pseudo-
Wajsberg algebras). In this article, we define NIm.Fi’s of LPWA and discuss their characteristics. We also look
into the fuzzification of their Cartesian and normal product.

2. NIm.Fi OF LPWA
The references [1, 2, 3], [4, 5, 6, 7, 8], and [9, 10] are used for all of the fundamental definitions.
A NIm.Fi is a non-empty subset of LPWA A; defined by F;.Then it satisfies x +— y iff x w» y €
FV %,V € Ay
2.1. Example: The quasi complements and binary operations of the poset A =
{0,p,,q1,1}with 0 <p, <q; < 1. (Refer table in [5])
The table [5] shows that, F;, = {0,1} is a NIm.Fi of A;.
But F;, = {p1,q,} isnota NIm.Fi of A;.
Since,(p; — q1) =1 ¢ F1,& (ppwq)=1¢ Fi,-
2.2. Proposition: Let F; be a non-empty subset of A, and A, be a LPWA. Then F, isa NIm.Fi of A, iff
the following circumstances are true V x, y, Z € A,.
(i) 1eF,
(i) VEF, & — (ymwi)EF, >xwZiEF,
(iii) VEF, &%k w (yr—2)EF, > % — Z2€F,.
Proof for (i): Fix,x +— (y = 2) e Fyand y € F,
Wehave ym (X +—2)=%x+— (yw» 2)EF, (By reference [1])
Thusy w (t— 2)EF, > xw ZEF, (By reference [3])
In similar manner, (% — 2) € F;.
Conversely, suppose that F, satisfies (i),(ii) and (iii)
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To prove F;is a NIm.Fi of LPWA A,;.

Letx € F,,x— y € Fythenbothx, 1w (x — y) € F, (By reference [1])
From (ii), we have 1 — y € F,
Soy € F,. (By reference [3])

Letx +— y € F,,toprove x w y € F;

Letx < ( — y) = y and by reference [1], we have £ — ((x — ) w» y) =1 € F,
From (ii), we have x w y € F;

Letx = y € Fy ;% < (X = ¥) — y then by reference [1], X w (( » y) — y) =1 € F;
From (iii), x — y € F;

Thus Fyis a NIm.Fi of LPWA.

2.3. Proposition: If an Im.Fi F, of A, is a NIm.Fi, then the following conditions hold V x,y € A,

(i) XEF&(X—y)—yETF

(ii) X EF & (X my) wyEF,.

Proof for (i): If F;is a NIm.Fi of LPWA A, x € F;, and x < (x w y) = y then by reference [1], we
have(x w y) w» y € F;

From the definition of NIm.Fi , we have (x — y) — y € F;

In similar manner, we can prove that (x « y) w y € F,.

3. NFIm.Fi of LPWA
An Inconstant FIm.Fi ¢, of LPWA A, is known as a normal fuzzy, if ¢,(x) =¢,(1) V x; € A;.

3.1. Example: Take the collection A, = {0, sy, t;,u,, 1}. Create a partial ordering “<” on A, that includes the
binary operations " +— "," w " and quasi complements " ~", "~ " suchthat0 < s; <t;, u; <1.
1 if x=1 €A,

(i) Take into consideration a fuzzy ¢, on A, as, ¢, (xX) = { 04 Otherwise

Then, ¢,is a NIm.Fi of LPWA A, . Refer table in [5]

- N (1 if x=1, . .

(ii) If ¢, (%) = {0_2 Otherunse ¥ € Ar. Then, @, isnota NFIm.Fi of LPWA oA,
Refer table in [5]

3.2. Proposition: Define a fuzzy set ¢, " in A, as ¢, (%) = ¢, (X) + 1 — ¢, (1) V % € A;. Then ¢~ is
NFIm.Fi ¢; of A, such that ¢, € ¢, " with ¢, is a NFIm.Fi of LPWA.
Proof. To demonstrate that, ¢, is NFIm.Fi of LPWA A;.
(i) Letp (1) =1 (D) +1 -1 (1) =12 " (%)
¢:1"(1) = ¢, (%)
(i) To prove ¢,"(¥) = ¢1(¥) = min {¢," (% — ¥), ¢, (¥)}
Now ¢,"(¥) = ¢, (¥) + 1 — ¢, (1)
> min {(¢,(* — 7), (1))} + 1 — ¢, (1) (By reference [4])
=min {¢p;(*) + 1 —¢(1), P, (X — y) +1 - ¢, (1)}
Thuse, " (¥) = min {¢;"(x; — y;), d," ()}
(iii) To prove that ¢"(¥) = ¢1(¥) = min {¢;" (% = ¥), 1" (%)}
Now ¢, (¥) = $1(¥) + 1 — 91 (1)
> min {(¢; (x » ), 1))} + 1 — ¢, (1) (By reference [4])
=min {¢;(X) + 1 —¢p1(1), o1 (X » y) + 1 — ¢4 (1)}
¢1"(¥) = min {¢; " (X = ), ;" (£)}
Thus ¢,* isa FIm.Fi of LPWA A;.
Clearly ¢, (%) = ¢,"(1) VX € A;.
#,* is NFIm.Fi of LPWA A,.
Thus, it is obvious that ¢, () € ¢, (%) V % € A,.
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3.3. Remark: Let (A, — , =, —, 7, 1) be a LPWA and #4,: X; +— Y; be an onto homomorphism for any
FIm.Fi of ¢, in Y, define a mapping ¢, **: X; + [0,1] such that ¢, (%) = ¢, (#,(%)) ¥ % € A,.

3.4. Proposition: Let A; be a LPWA and £,: X; +— Y;be an onto homomorphism for any FIm.Fi of ¢, in Y3,
define a mapping ¢,"*: X; — [0,1] such that ¢, (%) = ¢,(4,(¥)) V % € A;. Then ¢yis a NFIm.Fi of
LPWA A, iff ¢, is a NFIm.Fi of LPWA cA;.
Proof.
(i) ¢1ﬁ1(1) = ¢1(h1(1)) = ¢, (1) = ¢1(/L1(7,C)) = ¢1IL1 ) VxEA
(i$1" () = ¢1 (A1) = min {¢; (A1 (£) — A1), p1 (£1(D)}
= min {¢1(h1(5f = 3’))' o} (/h (x))}
¢ (@) = min {1 (£ — ), ¢, O}V 4,9 € A,
(iii)¢1ﬁ1(3/7) = ¢1(/L1(Y)) = min {¢1(h1(55) e h1(}")): ¢1(h1(x))}
= min {¢1 (fh (& w 3")): ¢1(/L1 (x))}
¢, "1 () = min {§, "1 (£ > ), ¢, 1D}V £, € Ay
Hence ¢, " is a FIm.Fi of LPWA A,
To prove ¢, is a NFIm.Fi of LPWA A, We have ¢, " () = ¢, (4, (1)) = ¢, (1) =1
Thus ¢, *1is NFIm.Fi of LPWA A,
Conversely, suppose ¢1’L1 is a NFIm.Fi of LPWA A,
To prove ¢, is a NFIm.Fi of LPWA A,
(i) If 4, isonto, then there exist x € A, such that 4,(y) = %.
We have
¢:1(D) = ¢1 (A1 (D) = ¢, (D) = ¢, () = "1 (1 (D) = g1 (V%7 € A,
(i) If £, isonto, then there exist X,y € A,such that £,(a) = % and A,(a) =y
We have ¢, (9) = 1 (41 (b)) = ¢, (b) = min {¢,"1(a — b), $,"* (@)}
= min {¢1 (h1 (@) — A, (b)): ¢1(/L1(a))}

$1(¥) = min {¢, (X — 7), $p1(X)}V X,y € A;.
(iii) If £,is onto, then there exist X,y € A, such that £4,(a) = x and A,(a) =y
We have ¢, () = ¢1(#1(b)) = ¢, (b) = min {¢;"*(a = b), ¢, " ()}

= min {¢1(/1,1(a) w /1/1(17)): ¢1(/L1(a))}

$1(¥) = min {¢, (X » ), $1(£)}V %,y € A;.
Hence ¢, is FIm.Fi of LPWA A;.
We have ¢, (11) = ¢,((1)) = ¢,**(1) = 1 (since ¢, ™ is normal)
Thus ¢, is NFIm.Fi of LPWA A;.

4. Cartesian product of FIm.Fi

4.1. Proposition: Let ¢;and 1, be two FIm.Fi ’s of a LPWA A,. Then ¢p; X ¢, isaFIm.Fi inA; X A;.
Proof.
Let (x,y) € A; X A;. Since ¢ and P, be two FIm.Fi’sin A;.
We have (¢; X 11)(1,1) = min{¢;(1), 11 (1)} = min{p; (X), P, (Y)}V %,y € A,
(p1 X Y)(A,1) = (¢1 X P, )
Let(x,x™), (¥,y*) € Ay X A
Clearly(x — y,%™ — y*) = (£, £") — (7, y7); (£, X7) = (,7")
(1 X P1) (%, y) = min{p, (%), ¥, (¥}
(91 X Y@, y") = min{p, (), Y1 (¥}
= min{min{¢; (%), ¢, (& — )}, min{yh; (£*), 1, (£* +— y")}}
= min{min{g; (¥), P, (y")}, min{ep; (£ — ), ¥, (£* — 5}
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=min{(¢; X Y1) (%, £7), (p1 X P (X — ¥, — y)}
(62 X Y@ = min{(ds X Y) (&%), (b1 x ) (6% = (3,5))}
Similarly,

(P X))@, Y") = min{((l)l X Py) (%, X7), (g ¥ 1!’1)((32’92*) g (y’y*))}
Thus ¢, X ¥, is a FIm.Fi of LPWA A,.

4.2. Proposition: Let ¢,be a FIm.Fi of a LPWA A, and ¢1¢1 be the strongest fuzzy relation on A,. Then y,is
aFIm.Fi ofa LPWA A, iff ¢1w1 isa FIm.Fi ofa LPWA of A; X A,;.
Proof.
() 1y, (6F) = min{P, (), 1; ()} < min{y; (1), 1, (1)}
1y, (69) < by, (1L1)
(ii) Let (%, %), (7,y") € Ay X Ay
b1, 0,37 = min{yp; (), Y1 (5)} = min{min{y; (%), Y, (% — $)}, min{; (&), Y, (" — 73}
= min{min{y; (£), P; (")}, min{yp, (% — ), 1 (& — y*)}}
= min {¢,,, ((£,%), by, (¢ — ¥, — 3}
= min {¢, ((6,9), §1,, (& = 34" = 7}
$1,, 3,97 = min{e,, (657, ¢y, ((1E) — 3,59)}
similarly, ¢, (5,5 = min{¢y,, (%), b1, (6% » 5,57)}
Therefore ¢1w1 is a FIm.Fi of LPWA of A; X A;.
Conversely, suppose ¢1¢1 is a FIm.Fi of LPWA of A, X A;.
Then
(i) ¥1(1) < min{y, (1), P, (1}
b1y, (1L1) = ¢y, (%) = minfap, (), 1, (9)} = ¥ ()
P1(1) =P (X) VX € A,
(i) Y1 (y1) < min{y; (), Y, (1} = ¢1¢1(J’1: 1)
> min{$y,, (4 1), ¢, (£ 1) — G, 1)}

= min {¢p1,, (4,1), ¢y, (6 3) — (1,1))} = minfmin{yp, (), P, (1)}, min{p, (¢ — ), 3 (D}
1 (9) = min{, (6, s (¢ — $))
(iii) Y1 (¥) < minf{y, ¥), P, (D} = ¢1¢1 Y
> min {¢,, (4, 1), ¢y, (6 1) = 7, 1)}
= min{$,,, (£1), ¢, ((£3) » (1,1))}
= min{min{y; (¥), Y; (1)}, min{yp; (£ = ), %, (D}

Y1) = min{y); (X), Y1 (X = y)}
Hence ¥, isa FIm.Fi of LPWA A;.

4.3. Proposition: Let 1, be a FIm.Fi of a LPWA A, and ¢>1¢1 the strongest fuzzy relation on A;. If ¥, is
NFIm.Fi of a LPWA A4, then qblwlis NFIm.Fi of a LPWA A, X A,;.
Proof.
¢1¢1(1.1) = min{y; (1), ¥, (D} = min{y, (%), Y1 ()} = ¢1¢1(32' )
b1y, (L) = ¢, (£9)
Let (X,y) € A X A
P1,, (21, W) = min{y; (£), 1 (W)} = min{min{y,; (x1), 1 (£ — 2}, min{y, (), Y1 (7 — w)}}
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= min{min{; (), ¥, ()}, min{y, (& — 2,1, (5 — w)}}
= min {¢,, (4), ¢, (&= 29— w)}

$1y, (£ W) = min{p, (&), b1y, ((£3) — (£w))}
Let (%,9) € Ay X A,
B1,, (£, w) = min{ip, (2), 1, (W)} = min{min{y; (£), 1, (£ = 2)}, min{h (7), 11 (F > w)}}

= min{min{y; (), 1; (5}, minfsh; (& = 2), P, (7 = w)}}
= min{¢y,, (&3), by, & > 2,5 » w)}

Py, (Z,w) = min{py, (63), b1, ((69) » (£,w))]
Therefore, ¢>1w1is FIm.Fi of LPWA A; X A,;.
Also ¢y, (1,1) = min{y; (1), %, (1)} = min{1,1} = L.
Hence ¢1w1is a NFIm.Fi of LPWA A; X A;.
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