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Abstract:-The first Zagreb coindex is the sum of degrees of non adjacent vertices of a graph G. In this paper the edge 

version of the first Zagreb coindex is defined as the reformulated Zagreb coindex. We explore here their basic 

mathematical properties and using these results, the reformulated Zagreb coindices of some classes of chemical 

graphs are computed. 
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1. Introduction 

Let 𝐺 = (𝑉, 𝐸) be a graph. The number of vertices of 𝐺 we denote by 𝑛and the number of edges we denote by 𝑚, 

thus |𝑉(𝐺)| = 𝑛and |𝐸(𝐺)| = 𝑚. The degree of a vertex 𝑣, denoted by 𝑑𝐺(𝑣). Specially, ∆ =  ∆(𝐺) and 𝛿 =  𝛿(𝐺) 

are called the maximum and minimum degree of vertices of 𝐺 respectively. 𝐺is said to be 𝑟-regular if 𝛿(𝐺) =

∆(𝐺) = 𝑟 for some positive integer 𝑟. The complement of a graph 𝐺, denoted by 𝐺, is a simple graph on the same set 

of vertices 𝑉(𝐺) in which two vertices 𝑢 and 𝑣 are connected by an edge 𝑢𝑣, if and only if they are not adjacent in 𝐺 

.Obviously, 𝐸(𝐺) ∪ 𝐸(𝐺̅)  =  𝐸(𝐾𝑛), and 𝑚̅ = |𝐸(𝐺̅)| =
𝑛(𝑛−1)

2
− 𝑚. The line graph 𝐿(𝐺) of a graph is the graph 

derived from 𝐺 in such a way that the edges in 𝐺 are replaced by vertices in 𝐿(𝐺) and two vertices in 𝐿(𝐺) are 

connected whenever the corresponding edges in 𝐺 are adjacent [14]. The jump graph 𝐽(𝐺) of a graph 𝐺 is the 

complement of a line graph [15]. 

The Zagreb indices were first introduced by Gutman and Trinajstić[12]. They are important molecular 

descriptors and have been closely correlated with many chemicalproperties[23,27,28]. There was a vast research 

concerning the mathematical properties and bounds for Zagreb indices and also their various variants [3–6,10,13,16–

22,29–32]. 

𝑀1(𝐺) = ∑ 𝑑𝐺(𝑢)2

𝑢∈𝑉(𝐺)

            𝑎𝑛𝑑          𝑀2(𝐺)  = ∑ 𝑑𝐺(𝑢)

𝑢𝑣∈𝐸(𝐺)

𝑑𝐺(𝑣). 

In fact, one can rewrite the first Zagreb index as  

𝑀1(𝐺)  = ∑ [𝑑𝐺(𝑢)

𝑢𝑣∈𝐸(𝐺)

+ 𝑑𝐺(𝑣)]. 

Noticingthatcontributionofnonadjacentvertexpairsshouldbetakenintoaccount when computingtheweighted 

Wiener polynomials ofcertain compositegraphs(see [8]) definedfirstZagrebcoindexandsecondZagrebcoindexas 

𝑀1(𝐺)  = ∑ [𝑑𝐺(𝑢)

𝑢𝑣∉𝐸(𝐺)

+ 𝑑𝐺(𝑣)]          𝑎𝑛𝑑         𝑀2(𝐺)  = ∑ [𝑑𝐺(𝑢)

𝑢𝑣∉𝐸(𝐺)

𝑑𝐺(𝑣)]. 

For more information on Zagerbcoindices see [1,2]. 

Miličevićet. al [25] reformulatedtheZagrebindicesintermsofedge-degreesinstead of vertex-degrees: 

𝐸𝑀1(𝐺) = ∑ 𝑑𝐺(𝑒)2

𝑒∈𝐸(𝐺)

           𝑎𝑛𝑑         𝐸𝑀2(𝐺)  = ∑ 𝑑𝐺(𝑒)

𝑒~𝑓∈𝐸(𝐺)

𝑑𝐺(𝑓), 
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where𝑑𝐺(𝑒) denotes the degree of an edge 𝑒 = 𝑢𝑣 in 𝐺, which is defined by 𝑑𝐺(𝑒) = 𝑑𝐺(𝑢)+𝑑𝐺(𝑣) − 2 and 𝑒 ∼

𝑓means that the edges 𝑒 and 𝑓are adjacent.The properties 

ofthereformulatedZagrebindicesarestudiedbyseveralresearchers[18,32]. 

Noticingthatcontributionofnonadjacentedgespairsshouldbetakenintoaccount, we define reformulated Zagreb 

coindices: 

𝐸𝑀1(𝐺)  = ∑ [𝑑𝐺(𝑒)

𝑒≁𝑓∉𝐸(𝐺)

+ 𝑑𝐺(𝑓)]          𝑎𝑛𝑑         𝐸𝑀2(𝐺)  = ∑ 𝑑𝐺(𝑒)

𝑒≁𝑓∉𝐸(𝐺)

𝑑𝐺(𝑓). 

where𝑑𝐺(𝑒) denotes the degree of an edge 𝑒 = 𝑢𝑣 in 𝐽(𝐺), which is defined by 𝑑𝐽(𝐺)(𝑒) = 𝑚 + 1 − (𝑑𝐺(𝑢)+𝑑𝐺(𝑣)) 

and 𝑒 ≁ 𝑓means that the edges 𝑒 and 𝑓are non adjacent. 

2. Connection between original and reformulated Zagreb coindices 

Because of the equalities that exist be between the complementofagraph𝐺andjump 

graphJ(G),theoriginalandreformulatedZagrebcoindicesarerelatedasfollows: 

𝐸𝑀1(𝐺)  = 𝑀1(𝐽(𝐺)) 

𝐸𝑀2(𝐺)  = 𝑀2(𝐽(𝐺)) 

The above relations can be easily verified. 

Therefore, one can compute the edge-based Zagreb coindices of molecular graphs as the vertex based indices of 

corresponding jump graphs. Vertex-based Zagreb coindices appear to be easier to generate, because there is no 

ambiguities in assigning the vertex degrees. However, there is a price to paythe jump graph is almost always is a 

more complicated structure than the corresponding molecular graph, this can easily be confirmed by drawing a few 

simple graphs and the corresponding jump graphs. Thus, the user must decide whether it is simpler to construct the 

jump graph of a graph or to assign the edge-degrees to a graph. 

 

3. MathematicalpropertiesoffirstreformulatedZa- grebcoindex 

InthissectionwepresentupperandlowerboundsforthefirstreformulatedZagreb coindex. 

Webeginwiththefollowingstraightforward,previouslyknown,auxiliaryresult. 

Lemma1.[1]Let𝐺beanynontrivialgraphoforder𝑛andsize𝑚.Then 

𝑀1(𝐺) + 𝑀1(𝐺) = 2𝑚(𝑛 − 1).     (1) 

Lemma 2.[9]Let 𝑎𝑖 and 𝑏𝑖 , 𝑖 = 1,2, . . . , 𝑛 be a real numbers such that 𝑚𝑎𝑖 ≤ 𝑏𝑖 ≤ 𝑀𝑎𝑖for  𝑖 = 1,2, . . . , 𝑛. Then  

∑ 𝑏𝑖
2

𝑛

𝑖=1

+ 𝑚𝑀 ∑ 𝑎𝑖
2

𝑛

𝑖=1

≤ (𝑀 + 𝑚) ∑ 𝑎𝑖𝑏𝑖                                                            (2)   

𝑛

𝑖=1

 

with equality if and only if either 𝑏𝑖 = 𝑚𝑎𝑖 or 𝑏𝑖 = 𝑀𝑎𝑖 for every𝑖 = 1,2, . . . , 𝑛. 

Lemma 3.[24]Let 𝑎1 ≥ 𝑎2 ≥ ⋯ , ≥ 𝑎𝑛 and  𝑏1 ≥ 𝑏2 ≥ ⋯ , ≥ 𝑏𝑛 be a real numbers. Then  

                                                                 𝑛 ∑ 𝑎𝑖𝑏𝑖

𝑛

𝑖=1

≥ ∑ 𝑎𝑖

𝑛

𝑖=1

 ∙ ∑ 𝑏𝑖                                                                             (3)   

 𝑛

𝑖=1

 

with equality if and only if𝑎1 = 𝑎2 = ⋯ , = 𝑎𝑛or 𝑏1 = 𝑏2 = ⋯ , = 𝑏𝑛. 

 

Proposition 1.Let 𝐺 be any nontrivial graph of order 𝑛 and size 𝑚. Then 

𝐸𝑀1(𝐺)  = 2𝑚(𝑚 + 1) − 4𝑚(𝑛 − 1) − 2𝑀1(𝐺)                                                                   (4)  

where𝑚is the number of edges in 𝐺. 

Proof. It is easily seen that 
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𝐸𝑀1(𝐺)  = ∑ (𝑚 + 1 − (𝑑𝐺(𝑢) + 𝑑𝐺(𝑣)))

𝑢𝑣∉𝐸(𝐺)

 + (𝑚 + 1 − (𝑑𝐺(𝑢) + 𝑑𝐺(𝑣))) 

   = 2(𝑚 + 1)𝑚 − 2𝑀1(𝐺) 

   = 2𝑚(𝑚 + 1) − 2[2𝑚(𝑛 − 1) − 𝑀1(𝐺)] 

   = 2𝑚(𝑚 + 1) − 4𝑚(𝑛 − 1) + 2𝑀1(𝐺)] 

As asserted. 

Theorem2.Let 𝐺 be any nontrivial graph of order 𝑛 and size 𝑚. Then 

𝐸𝑀1(𝐺)  ≤ 2𝑚(𝑚 + 1) − 4𝑚(∆ + 𝛿 + 𝑛 − 1) − 2𝑛𝛿∆.                                                         (5)  

Proof. By setting  𝑏𝑖 = 𝑑𝐺(𝑣𝑖) and 𝑎𝑖 = 1in Lemma 2, we have 𝛿𝑎𝑖 ≤ 𝑏𝑖 ≤ ∆𝑎𝑖  and  

∑ 𝑑𝐺(𝑣𝑖)
2

𝑛

𝑖=1

+ 𝛿∆ ∑ 1

𝑛

𝑖=1

≤ (∆ + 𝛿)2𝑚 

                                           𝑀1(𝐺) ≤ (∆ + 𝛿)2𝑚 − ∆𝛿𝑛. 

By Proposition 1, it follows that 

𝐸𝑀1(𝐺)  ≤ 2𝑚(𝑚 + 1) − 4𝑚(∆ + 𝛿 + 𝑛 − 1) − 2𝑛𝛿∆ 

Theorem3.Let 𝐺 be any nontrivial graph of order 𝑛 and size 𝑚. Then 

𝐸𝑀1(𝐺)  ≥ 2𝑚(𝑚 + 1) − 4𝑚(𝑛 − 1) +
8𝑚2

𝑛
                                                               (6)  

with equality if and only if 𝐺 is regular. 

Proof. By setting  𝑎𝑖 = 𝑏𝑖 = 𝑑𝐺(𝑣𝑖) in Lemma 3, we have 𝑀1(𝐺)  ≥
4𝑚2

𝑛
 

Therefore, by proposition 1, it follows that 

𝐸𝑀1(𝐺)  ≥ 2𝑚(𝑚 + 1) − 4𝑚(𝑛 − 1) +
8𝑚2

𝑛
 

4. Mathematicalpropertiesofsecondreformulated Zagreb coindex 

Proposition4.Let𝐺beanynontrivialgraphoforder𝑛andsize𝑚.Then 

𝐸𝑀2(𝐺) = 𝑚(𝑚 + 1)2 + ∑ (𝑑𝐺(𝑢)2 + 𝑑𝐺(𝑣)2) + 2𝑀2(𝐺) − 2(𝑚 + 1)𝑀1(𝐺)

𝑢𝑣∉𝐸(𝐺)

.                  (7) 

where𝑚is the number of edges in 𝐺. 

Proof. It is easily seen that  

𝐸𝑀2(𝐺) = ∑ (𝑚 + 1 − (𝑑𝐺(𝑢) + 𝑑𝐺(𝑣))2

𝑢𝑣∉𝐸(𝐺)

 

= 𝑚(𝑚 + 1)2 + ∑ (𝑑𝐺(𝑢)2 + 𝑑𝐺(𝑣)2) − 2(𝑚 + 1) ∑ (𝑑𝐺(𝑢) + 𝑑𝐺(𝑣))

𝑢𝑣∉𝐸(𝐺)𝑢𝑣∉𝐸(𝐺)

 

= 𝑚(𝑚 + 1)2 + ∑ (𝑑𝐺(𝑢)2 + 𝑑𝐺(𝑣)2) + 2𝑀2(𝐺) − 2(𝑚 + 1)𝑀1(𝐺)

𝑢𝑣∉𝐸(𝐺)

 

as asserted. 

Theorem5.Let 𝐺 be any nontrivial graph of order 𝑛 and size 𝑚. Then 

𝐸𝑀2(𝐺)  ≤ 2𝑚∆′(𝑚 + 1) − ∆′𝑀1(𝐺) − ∆′𝑀2(𝐺)                                                          (8)  
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where∆′ is the maximum degree of an edge. 

Proof. Let 𝑢 and 𝑣 be any two edges of a graph 𝐺. Then𝑑𝐽(𝐺)(𝑣) = 𝑚 + 1 − (𝑑𝐺(𝑢) + 𝑑𝐺(𝑣)) and let ∆′ is the 

maximum edge degree if a graph 𝐺. Then 

𝑑𝐺(𝑢)𝑑𝐺(𝑣) ≤ 𝑑𝐺(𝑢) (𝑚 + 1 − (𝑑𝐺(𝑢) + 𝑑𝐺(𝑣))) ∆′ 

∑ (𝑑𝐺(𝑢)𝑑𝐺(𝑣))

𝑢𝑣∉𝐸(𝐺)

≤ ∑ (𝑑𝐺(𝑢) (𝑚 + 1 − (𝑑𝐺(𝑢) + 𝑑𝐺(𝑣)))∆′)

𝑢𝑣∉𝐸(𝐺)

 

𝐸𝑀2(𝐺)  ≤ ∆′(𝑚 + 1)2𝑚 − ∆′𝑀1(𝐺) − ∆′𝑀2(𝐺) 

 

5. Examples 

In this section, we consider some simple molecular graphs and determine their reformulated Zagreb coindices. 

Example1. 

Consider,ethylcyclopropaneanditscorrespondingmoleculargraphis 

 

ThevaluesofthefirstZagrebindex𝑀1andthesecondZagrebindex𝑀2forthegraph representing ethylcyclopropane are 

𝑀1 = 22and 𝑀2 = 24, respectively.The values of thefirstZagrebcoindexandthesecondZagrebcoindexare𝑀1(𝐺) =

18 and𝑀2(𝐺) = 15 respectively. 

Therefore,byProposition1andProposition4,thevaluesofreformulatedfirstand second Zagreb coindex for the molecular 

graphG representing ethylcyclopropane are 

𝐸𝑀1(𝐺) = 2𝑚(𝑚 + 1) − 4𝑚(𝑛 − 1) − 2 𝑀1(𝐺) 

It is easily seen that 𝑚 = 5, 𝑚 = 5, 𝑛 = 5. Therefore,  

𝐸𝑀1(𝐺) = 10(5 + 1) − 20(5 − 1) − 44 = 24. 

And 

𝐸𝑀2(𝐺) = 𝑚(𝑚 + 1)2 + ∑ (𝑑𝐺(𝑢)2 + 𝑑𝐺(𝑣)2) + 2𝑀2(𝐺) − 2(𝑚 + 1)𝑀1(𝐺)

𝑢𝑣∉𝐸(𝐺)

 

 = 5(6)2 + 36 + 2(6)(18) 

  =30. 

Example 2. 

Consider, methylcyclohexane and its corresponding molecular graph is 
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ThevaluesofthefirstZagrebindex𝑀1andthesecondZagrebindex𝑀2 forthegraph representing methylcyclohexane are 

𝑀1 = 30and 𝑀2 = 31, respectively.The values of 

thefirstZagrebcoindexandthesecondZagrebcoindexare𝑀1(𝐺) = 54 and𝑀2(𝐺) = 52respectively. 

Therefore,byProposition1andProposition4,thevaluesofreformulatedfirstand 

secondZagrebcoindexforthemoleculargraph𝐺representingmethylcyclohexaneare 𝐸𝑀1(𝐺) = 98 and𝐸𝑀2(𝐺) =

96. 

 

Example 3. 

Two vertices 𝑣and 𝑤of a hexagon 𝐻are said to be in ortho-position if there are adjacent in 𝐻.If two vertices 

𝑣and 𝑤are at distance two then they are said to be in meta-position, and if two vertices 𝑣and 𝑤are at distance 

three then they are said to beinpara-position. Apolyphenylchainof ℎhexagonsisortho-𝑃𝑃𝐶ℎandisdenotedby 

𝑂ℎ,ifallitsinternalhexagonsareotho-hexagons.Infullyanalogusmannaerwedefine meta-𝑃𝑃𝐶ℎand is denoted by 

𝑀ℎand para-𝑃𝑃𝐶ℎand is denoted by 𝐿ℎ. 

 

 

 

 

 

 

The value of first Zagreb index 𝑀1is given by 𝑀1(𝑂ℎ) = 𝑀1(𝑀ℎ)  = 𝑀1(𝐿ℎ) = 34ℎ − 10 see [3]. 

 

ThereforebyProposition1,thevalueofreformulatedfirst Zagreb coindex𝐸𝑀1(𝐺)is: 

𝐸𝑀1(𝐺) = 2𝑚(𝑚 + 1) − 4𝑚(𝑛 − 1) − 2 𝑀1(𝐺) 

 = 2𝑚(𝑚 + 1) − 4𝑚(𝑛 − 1) − 68ℎ − 20 
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