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1. Introduction: 

 In 1999 D. Molodtsov [20] initiated the concept of soft set theory as a mathematical tool for modelling 

uncertainties. A soft set is a collection of approximate descriptions of an object. Maji et al. [18] have further 

improved the theory of soft sets. Naim Cagman et al. [1] 

modified the definition of soft sets which is similar to that of Molodtsov. Muhammad Shabir et al. [23] introduced 

soft topological spaces. In 2002 A. Csaszar [6] introduced the concept of generalized topology and also studied 

some of its properties. Let X be a non-empty set and ξ be a collection of subsets of X. Then ξ is called a generalized 

topology (briefly GT) on X if and only if ∅ ∈  ξ and 𝐺𝑖  ∈  𝜉 for i ∈  J implies ⋃ 𝐺𝑖𝑖∈𝐽  ∈  ξ. Sunil Jacob John et 

al. [13] introduced the concept of soft generalized topological spaces in 2014. Sunil Jacob John et al. [14] also 

introduced some interesting properties of the soft mapping 𝜋 ∶ 𝑆(𝑈)𝐸 ⟶  𝑆(𝑈)𝐸  which satisfy the condition 

𝜋 𝐹𝐵  ⊂  𝜋 𝐹𝐷 whenever 𝐹𝐵  ⊂  𝐹𝐷 ⊂  𝐹𝐸̃  in soft 𝜋-open sets in soft generalized topological spaces in 2015. 

 These concepts promote us in elaborating an extended study in soft μ-pre-open sets and soft μ-semi-open 

sets in soft generalized topological spaces. 

 

2. Preliminaries: 

Definition: 2.1 [14]  

 A soft set  𝐹𝐴  on the universe U is denoted by the set of ordered pairs 

 𝐹𝐴 = {(𝑒,  𝑓𝐴 (𝑒)) / 𝑒 ∈ 𝐸,  𝑓𝐴 (𝑒)  ∈  𝒫 (𝑈)} where  𝑓𝐴 :  𝐸 ⟶   𝒫(𝑈) such that   𝑓𝐴 (𝑒) =  ∅ if 𝑒 ∉   𝐴. Here  𝑓𝐴  

is called an approximation function of the soft set 𝐹𝐴  . The value of  𝑓𝐴 (𝑒) may be arbitrary, some of them may 

be empty, some may have nonempty intersection. The set of all soft sets over U with E as the parameter set will 

be denoted by 𝑆(𝑈)𝐸  or simply 𝑆(𝑈). 

 

Definition: 2.2 [14] 

 Let  𝐹𝐴 ∈ 𝑆(𝑈). If  𝑓𝐴 (𝑒) = ∅,  for all 𝑒 ∈ 𝐸, then 𝐹𝐴 is called an empty soft set, denoted by 𝐹∅.  𝑓𝐴 (𝑒) =

∅ means there is no element in U related to the parameter 𝑒 in E. Therefore we do not display such elements in 

the soft sets as it is meaningless to consider such parameters. 
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Definition: 2.3 [14]  

 Let  𝐹𝐴 ∈ 𝑆(𝑈). If  𝑓𝐴 (𝑒) = 𝑈,  for all 𝑒 ∈ 𝐴, then 𝐹𝐴 is called A-universal soft set, denoted by 𝐹𝐴.   If 

A = E, then the A-universal soft set is called an universal soft set, denoted by 𝐹𝐸̃. 

 

Definition: 2.4 [13]  

 Let  𝐹𝐴  ∈ 𝑆(𝑈). Then, the soft complement of 𝐹𝐴, denoted by (𝐹𝐴)𝑐, is defined by the approximate 

function  𝑓𝐴
𝑐  (𝑒) =  (𝑓𝐴(𝑒))𝑐 where (𝑓𝐴(𝑒))𝑐 is the complement of the set 𝑓𝐴 (𝑒), that is, (𝑓𝐴 (𝑒))𝑐 = 𝑈 \ 𝑓𝐴 (𝑒), 

for all 𝑒 ∈ 𝐸. 

 

Definition: 2.5 [13] 

 Let 𝐹𝐴 ∈ 𝑆(𝑈). A Soft Generalized Topology (SGT) on 𝐹𝐴, denoted by 𝜇 (or) 

𝜇𝐹𝐴
 is a collection of soft subsets of 𝐹𝐴 having the following properties: 

i. 𝐹∅ ∈  𝜇 

ii. {𝐹𝐴𝑖
 ⊆  𝐹𝐴 / i ∈ J ⊆ N}⊆ 𝜇 ⟹  ⋃ 𝐹𝐴𝑖𝑖∈𝐽  ∈  𝜇 

The pair ( 𝐹𝐴, 𝜇) is called a Soft Generalized Topological Space (SGTS).  

Observe that  𝐹𝐴 ∈  𝜇 must not hold.  

 

Definition: 2.6 [13] 

 Let ( 𝐹𝐴, 𝜇 ) be a SGTS. Then every element of 𝜇 is called a soft 𝜇-open set. 

Definition: 2.7 [14]  

 

 Let ( 𝐹𝐴, 𝜇 ) be a SGTS and  𝐹𝐵  ⊆  𝐹𝐴. Then the soft μ-interior of  𝐹𝐵, denoted by 𝑖𝜇(𝐹𝐵) is defined as 

the soft union of all soft μ-open subsets of  𝐹𝐵. Note that 𝑖𝜇(𝐹𝐵) is the largest soft 𝜇-open set that is contained 

in  𝐹𝐵 . 

 

Definition: 2.8 [14]  

 Let ( 𝐹𝐴, 𝜇 ) be a SGTS and  𝐹𝐵  ⊆  𝐹𝐴. Then the soft μ-closure of  𝐹𝐵, denoted by 𝑐𝜇(𝐹𝐵) is defined as 

the soft intersection of all soft μ-closed super sets of  𝐹𝐵 . Note that 𝑐𝜇(𝐹𝐵) is the smallest soft 𝜇-closed 

superset of  𝐹𝐵 . 

 

Remark: 2.9 [25]  

 If  {(𝐺, 𝐴)𝛼 | 𝛼 ∈ 𝐼} is a collection of soft sets, then 

 

(i)  ∪̃  𝑠̃𝑖𝑛𝑡(𝐺, 𝐴)𝛼 ⊆̃  𝑠̃𝑖𝑛𝑡(∪̃ (𝐺, 𝐴)𝛼)   

(ii) ∪̃  𝑠̃𝑐𝑙(𝐺, 𝐴)𝛼   ⊆̃  𝑠̃𝑐𝑙(∪̃ (𝐺, 𝐴)𝛼)   

 

Theorem: 2.10 [9]  

 (i) For every soft open set (𝐺, 𝐴) in a soft topological space (𝑈, 𝜏, 𝐴) and every soft set (𝐾, 𝐴) we have 

𝑠̃𝑐𝑙(𝐾, 𝐴) ∩̃ (𝐺, 𝐴)  ⊆̃  𝑠̃𝑐𝑙((𝐾, 𝐴) ∩̃ (𝐺, 𝐴)) 

 

 (ii) For every soft closed set (𝐹, 𝐴) in a soft topological space (𝑈, 𝜏, 𝐴)  and every soft set  (𝐾, 𝐴) we 

have 𝑠̃𝑖𝑛𝑡((𝐾, 𝐴) ∪̃ (𝐺, 𝐴))  ⊆̃  𝑠̃𝑖𝑛𝑡(𝐾, 𝐴) ∪̃ (𝐺, 𝐴) 

 

Definition: 2.11 [19]  

 A soft mapping 𝑔: 𝐴 ⟶ 𝐵 is called soft pre-continuous (resp., soft semicontinuous) if the inverse image 

of each soft open set in B is soft pre-open (resp., soft semiopen) set in A. 

 

Definition: 2.12 [2]   

 A soft mapping 𝑔: 𝐴 ⟶ 𝐵 is called soft 𝛽-continuous (resp., soft 𝛼-continuous, soft precontinuous, and 

soft semicontinuous) if the inverse image of each soft open set in B is soft 
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𝛽-open (resp., soft 𝛼-open, soft preopen, and soft semiopen) set in A.  

 Throughout this paper, we symbolize soft generalized topological space and the set of all soft μ-pre-

open sets, soft μ-pre-closed sets, soft μ-semi-open sets, soft μ-semi-closed sets, soft μ-interior and soft μ-closure 

in a soft generalized topological space (𝐹𝐸̃ , 𝜇) by SGTS,  

𝒮𝜇-𝒫𝒪(𝐹𝐸̃), 𝒮𝜇-𝒫𝒞(𝐹𝐸̃), 𝒮𝜇-𝒮𝒪(𝐹𝐸̃), 𝒮𝜇-𝒮𝒞(𝐹𝐸̃), 𝒮𝜇-𝐼𝑛𝑡 (𝐹𝐸̃) and  𝒮𝜇-𝐶𝑙 (𝐹𝐸̃) respectively. 

 

 

3. SOFT μ-PRE-OPEN SETS: 

 

Definition: 3.1 [14]  

 

 Let (𝐹𝐸̃ , 𝜇) be a SGTS. Then a soft set 𝐹𝐺  ⊂  𝐹𝐸̃ is said to be a soft μ-pre-open set iff 𝐹𝐺  ⊂ 𝑖𝜇𝑐𝜇𝐹𝐺 (i.e., 

the case when 𝜋 =  𝑖𝜇𝑐𝜇). The class of all soft μ-pre-open sets is denoted by 𝜌(𝜇) or  𝜌𝜇. 

 

Definition: 3.2 

 Let (𝐹𝐸̃ , 𝜇) be a SGTS. Then a soft set 𝐹𝐺  ⊂̃  𝐹𝐸̃  is said to be a soft μ-pre-closed set iff its complement 

is soft μ-pre-open. 

 

Example: 3.3 

 Let  𝒦 = {𝜅1, 𝜅2, 𝜅3} , 𝐸 = {𝓍1′, 𝓍2′} then  𝜇 = {𝐹∅, 𝐹𝐴1
, 𝐹𝐴2

, 𝐹𝐴3
, 𝐹𝐴4

, 𝐹𝐴5
, 𝐹𝐴6

, 𝐹𝐸̃} is a SGTS where 

 𝐹𝜙  = {(𝓍1′, 𝜙), (𝓍2′, 𝜙)} 

𝐹𝐴1
= {(𝓍1

′ , {𝜅1, 𝜅2, 𝜅3}), (𝓍2′, {𝜅1, 𝜅2})} 

𝐹𝐴2
= {(𝓍1

′ , {𝜅1, 𝜅2}), (𝓍2′, {𝜅1, 𝜅2})} 

𝐹𝐴3
= {(𝓍1

′ , {𝜅1}), (𝓍2′, {𝜅1})} 

𝐹𝐴4
= {(𝓍1

′ , {𝜅1, 𝜅3}), (𝓍2′, {𝜅1, 𝜅2})} 

𝐹𝐴5
= {(𝓍1

′ , {𝜅2, 𝜅3}), (𝓍2′, {𝜅1, 𝜅2})} 

𝐹𝐴6
= {(𝓍1

′ , {𝜅2}), (𝓍2′, {𝜅2})} 

𝐹𝐸̃  = {(𝓍1
′ , {𝒦}), (𝓍2

′ , {𝒦})} 

     Then (𝐹𝐸̃ , 𝜇) is a SGTS. 

 𝒮𝜇-𝒫𝒪(𝐹𝐸̃) =      { 𝐹𝜙 ,  𝐹𝐸̃ , {(𝓍1
′ , {𝜅1}), (𝓍2′, {𝜅2})}, {(𝓍1

′ , {𝜅2}), (𝓍2′, {𝜅1})}, {(𝓍1
′ , {𝜅2}), (𝓍2′, {𝜅2}),     

     {(𝓍1
′ , {𝜅1, 𝜅2}), (𝓍2′, {𝜅1})}, {(𝓍1

′ , {𝜅1, 𝜅2}), (𝓍2′, {𝜅2})}, {(𝓍1
′ , {𝜅2, 𝜅3}), (𝓍2′, {𝜅1})},  

     {(𝓍1
′ , {𝜙}), (𝓍2′, {𝜅2})}, {(𝓍1

′ , {𝜅3}), (𝓍2′, {𝜅1, 𝜅2})}, {(𝓍1
′ , {𝜅1}), (𝓍2′, {𝜅2, 𝜅3})},  

     {(𝓍1
′ , {𝜅2, 𝜅3}), (𝓍2′, {𝜅1, 𝜅2})}} 

 

Definition: 3.4 

 Let (𝐹𝐸̃ , 𝜇) be a SGTS. Then a soft set 𝐹𝐺  ⊂̃  𝐹𝐸̃  is said to be soft μ-dense if 

  𝒮𝜇-𝐶𝑙 (𝐹𝐺) =  𝐹𝐸̃. The set of all soft μ-dense sets in a SGTS (𝐹𝐸̃ , 𝜇) by  𝒮𝒟𝜇(𝐹𝐸̃, 𝜇). 

 

Definition: 3.5 

 (𝐹𝐸̃ , 𝜇) is called soft μ-submaximal if every soft μ-dense subset is soft μ-open. 

 

Definition: 3.6 

 Let (𝐹𝐸̃ , 𝜇) be a SGTS and 𝐹𝑍  ⊆̃  𝐹𝐸̃.  

    

 (i)  The soft 𝜇-pre-interior of  𝐹𝑍 is defined by 

   𝒮𝒫𝑖𝜇
(𝐹𝑍) =  ∪̃  {𝐹𝑊 ∶  𝐹𝑊  ⊆̃  𝐹𝑍 𝑎𝑛𝑑 𝐹𝑊  ∈̃  𝒮𝜇-𝒫𝒪(𝐹𝐸̃)} 

 (ii)  The soft 𝜇-pre-closure of  𝐹𝑍 is defined by 

   𝒮𝒫𝑐𝜇
(𝐹𝑍) =  ∩̃  {𝐹𝑊 ∶  𝐹𝑍  ⊆̃  𝐹𝑊 𝑎𝑛𝑑 𝐹𝑊  ∈̃  𝒮𝜇-𝒫𝒞(𝐹𝐸̃)} 
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(i.e.)    𝒮𝒫𝑖𝜇
(𝐹𝑍) is the largest soft 𝜇-pre-open set contained in  𝐹𝑍 and  𝒮𝒫𝑐𝜇

(𝐹𝑍) is the smallest soft 𝜇-pre-

closed set containing  𝐹𝑍. 

 

Remark: 3.7  

 𝐹𝜙 and  𝐹𝐸̃ are both soft 𝜇-pre-open and soft 𝜇-pre-closed. 

Remark: 3.8 

 Every soft 𝜇-open set (soft 𝜇-closed) is soft 𝜇-pre-open (soft 𝜇-pre-closed). But the converse need not be 

true. 

 

Example: 3.9 

 In the above example 3.3, {(𝓍1
′ , {𝜅1}), (𝓍2′, {𝜅2})}, {(𝓍1

′ , {𝜅3}), (𝓍2′, {𝜅1, 𝜅2})} are soft 𝜇-pre-open sets 

but not soft 𝜇-open. 

 

Theorem: 3.10 

 Arbitrary soft union of soft 𝜇-pre-open sets is a soft 𝜇-pre-open set.  

Proof:  

 Let  {𝐹𝐴𝑖
 /  𝑖 ∈̃ 𝐼} be a collection of soft 𝜇-pre-open sets in a SGTS (𝐹𝐸̃ , 𝜇).  

Then by the definition of soft 𝜇-pre-open set, 𝐹𝐴𝑖
⊆̃ 𝒮𝜇-𝐼𝑛𝑡 (𝒮𝜇-𝐶𝑙(𝐹𝐴𝑖

)), ∀ 𝑖.  

Now,  ∪̃  𝐹𝐴𝑖
⊆̃ ∪̃ 𝒮𝜇-𝐼𝑛𝑡 (𝒮𝜇-𝐶𝑙(𝐹𝐴𝑖

)), ∀ 𝑖. 

By remark 2.9 (i),   ∪̃ 𝐹𝐴𝑖
⊆̃ 𝒮𝜇-𝐼𝑛𝑡 ( ∪̃ 𝒮𝜇-𝐶𝑙(𝐹𝐴𝑖

)), ∀ 𝑖. 

By remark 2.9 (ii),  ∪̃ 𝐹𝐴𝑖
⊆̃ 𝒮𝜇-𝐼𝑛𝑡 (𝒮𝜇-𝐶𝑙( ∪̃ 𝐹𝐴𝑖

)), ∀ 𝑖. 

Hence  ∪̃  𝐹𝐴𝑖
⊆̃ 𝒮𝜇-𝐼𝑛𝑡 (𝒮𝜇-𝐶𝑙( ∪̃ 𝐹𝐴𝑖

)), ∀ 𝑖. 

 

Remark: 3.11 

 Finite soft intersection of soft 𝜇-pre-open sets need not be a soft 𝜇-pre-open set. 

 

Example: 3.12 

 In the above example 3.3, 𝐹𝒞 = {(𝓍1
′ , {𝜅1, 𝜅2}), (𝓍2′, {𝜅1})} and 𝐹𝒟 = {(𝓍1

′ , {𝜅1}), 

(𝓍2′, {𝜅2, 𝜅3})} are soft 𝜇-pre-open sets but 𝐹𝒞  ∩̃  𝐹𝒟 =  {(𝓍1
′ , {𝜅1}), (𝓍2′, ∅)} is not soft  

𝜇-pre-open. 

 

Theorem: 3.13 

 Arbitrary soft intersection of soft 𝜇-pre-closed sets is a soft 𝜇-pre-closed set.  

Proof:  

 The proof is similar to that of theorem 3.10 by taking complements. 

 

Remark: 3.14 

 Finite soft union of soft 𝜇-pre-closed sets need not be a soft 𝜇-pre-closed set. 

 

Example: 3.15 

 In the above example 3.3, 𝐹𝒮 = {(𝓍1
′ , {𝜅1, 𝜅3}), (𝓍2, {𝜅2′, 𝜅3})} and 𝐹𝒯 = {(𝓍1

′ , {𝜅3}), 

(𝓍2′, {𝜅1, 𝜅3})} are soft 𝜇-pre-closed sets but 𝐹𝒮  ∪ ̃ 𝐹𝒯 =  {(𝓍1
′ , {𝜅1, 𝜅3}), (𝓍2′, {𝒦})} is not soft 𝜇-pre-closed. 

 

Theorem: 3.16 

 If  𝐹𝒱 is a soft 𝜇-pre-open set such that  𝐹𝒫 ⊆̃  𝐹𝒱 ⊆̃  𝒮𝜇-𝐶𝑙(𝐹𝒫), then  𝐹𝒫 is a soft 

 𝜇-pre-open set. 

Proof:  

 Let 𝐹𝒱 be a soft 𝜇-pre-open set which implies 𝐹𝒱 ⊆̃  𝒮𝜇-𝐼𝑛𝑡(𝒮𝜇-𝐶𝑙(𝐹𝒱)).  

By hypothesis, 𝐹𝒫 ⊆̃  𝐹𝒱 ⊆̃  𝒮𝜇-𝐶𝑙(𝐹𝒱) ⊆̃ 𝒮𝜇-𝐶𝑙(𝐹𝒫).  
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Since 𝒮𝜇-𝐶𝑙(𝐹𝒱) ⊆̃ 𝒮𝜇-𝐶𝑙(𝐹𝒫), 𝒮𝜇-𝐼𝑛𝑡 (𝒮𝜇-𝐶𝑙(𝐹𝒱))  ⊆̃  𝒮𝜇-𝐼𝑛𝑡 (𝒮𝜇-𝐶𝑙(𝐹𝒫)). 

Then   𝐹𝒫 ⊆̃  𝐹𝒱 ⊆̃  𝒮𝜇-𝐼𝑛𝑡 (𝒮𝜇-𝐶𝑙(𝐹𝒱))  ⊆̃  𝒮𝜇-𝐼𝑛𝑡 (𝒮𝜇-𝐶𝑙(𝐹𝒫)) which implies  

𝐹𝒫 ⊆̃  𝒮𝜇-𝐼𝑛𝑡(𝒮𝜇-𝐶𝑙(𝐹𝒫)). Hence  𝐹𝒫 is a soft 𝜇-pre-open set. 

 

Theorem: 3.17 

 Let (𝐹𝐸̃ , 𝜇) be a SGTS and   𝐹𝒜 ,  𝐹ℬ be two soft sets over  𝐹𝐸̃. Then  

 

 (i)   𝐹𝒜 ⊆̃ 𝐹ℬ   ⟹  𝒮𝒫𝑖𝜇
(𝐹𝒜)  ⊆̃  𝒮𝒫𝑖𝜇

(𝐹ℬ)   

            (ii)  𝐹𝒜 ⊆̃ 𝐹ℬ   ⟹  𝒮𝒫𝑐𝜇
(𝐹𝒜)  ⊆̃  𝒮𝒫𝑐𝜇

(𝐹ℬ)   

 (iii) 𝒮𝒫𝑐𝜇
(𝐹𝒜 ∪̃ 𝐹ℬ) = 𝒮𝒫𝑐𝜇

(𝐹𝒜)  ∪̃  𝒮𝒫𝑐𝜇
(𝐹ℬ)   

 (iv)  𝒮𝒫𝑖𝜇
(𝐹𝒜 ∩̃ 𝐹ℬ) = 𝒮𝒫𝑖𝜇

(𝐹𝒜)  ∩̃  𝒮𝒫𝑖𝜇
(𝐹ℬ)   

 (v)  𝒮𝒫𝑐𝜇
(𝐹𝒜 ∩̃ 𝐹ℬ)  ⊆̃ 𝒮𝒫𝑐𝜇

(𝐹𝒜)  ∩̃  𝒮𝒫𝑐𝜇
(𝐹ℬ)  

 (vi)  𝒮𝒫𝑖𝜇
(𝐹𝒜 ∪̃ 𝐹ℬ) ⊇̃ 𝒮𝒫𝑖𝜇

(𝐹𝒜)  ∪̃  𝒮𝒫𝑖𝜇
(𝐹ℬ)   

 

Proof: 

 (i) Since  𝐹𝒜  is a soft μ-open set, 𝒮𝒫𝑖𝜇
(𝐹𝒜)  ⊆̃ 𝐹𝒜 ⊆̃ 𝐹ℬ   which implies 𝒮𝒫𝑖𝜇

(𝐹𝒜)  ⊆̃  𝐹ℬ   and 

𝒮𝒫𝑖𝜇
(𝐹ℬ)  is the largest soft μ-pre-open set contained in FB. Hence   𝒮𝒫𝑖𝜇

(𝐹𝒜)  ⊆̃  𝒮𝒫𝑖𝜇
(𝐹ℬ). 

 

 (ii)   Since 𝐹𝒜 ⊆̃  𝒮𝒫𝑐𝜇
(𝐹𝒜)  and   𝐹ℬ ⊆̃  𝒮𝒫𝑐𝜇

(𝐹ℬ) , 𝐹𝒜 ⊆̃ 𝐹ℬ  ⊆̃   𝒮𝒫𝑐𝜇
(𝐹ℬ).  Hence  

𝐹𝒜 ⊆̃  𝒮𝒫𝑐𝜇
(𝐹ℬ). Also, 𝒮𝒫𝑐𝜇

(𝐹𝒜) is the smallest soft μ-pre-closed containing  𝐹𝒜 . 

Therefore, 𝒮𝒫𝑐𝜇
(𝐹𝒜)  ⊆̃  𝒮𝒫𝑐𝜇

(𝐹ℬ). 

 

 (iii)  We have 𝐹𝒜 ⊆̃  𝐹𝒜 ∪̃ 𝐹ℬ   and  𝐹ℬ  ⊆̃ 𝐹𝒜 ∪̃ 𝐹ℬ .  

From (ii), 𝒮𝒫𝑐𝜇
(𝐹𝒜)  ⊆̃  𝒮𝒫𝑐𝜇

(𝐹𝒜 ∪̃ 𝐹ℬ)  and  𝒮𝒫𝑐𝜇
(𝐹ℬ)  ⊆̃  𝒮𝒫𝑐𝜇

(𝐹𝒜 ∪̃ 𝐹ℬ)  which 

implies  𝒮𝒫𝑐𝜇
(𝐹𝒜)  ∪̃  𝒮𝒫𝑐𝜇

(𝐹ℬ) ⊆̃  𝒮𝒫𝑐𝜇
(𝐹𝒜 ∪̃ 𝐹ℬ)  .  

Since 𝐹𝒜 ⊆̃  𝒮𝒫𝑐𝜇
(𝐹𝒜)  and   𝐹ℬ ⊆̃  𝒮𝒫𝑐𝜇

(𝐹ℬ) , 𝐹𝒜 ∪̃ 𝐹ℬ  ⊆̃  𝒮𝒫𝑐𝜇
(𝐹𝒜)  ∪̃  𝒮𝒫𝑐𝜇

(𝐹ℬ).  

As  𝒮𝒫𝑐𝜇
(𝐹𝒜)  ∪̃  𝒮𝒫𝑐𝜇

(𝐹ℬ) is a soft μ-pre-closed set containing  𝐹𝒜 ∪̃ 𝐹ℬ, 

𝒮𝒫𝑐𝜇
(𝐹𝒜 ∪̃ 𝐹ℬ) is the smallest soft μ-pre-closed set containing 𝐹𝒜 ∪̃ 𝐹ℬ. 

Therefore, 𝒮𝒫𝑐𝜇
(𝐹𝒜 ∪̃ 𝐹ℬ) ⊆̃  𝒮𝒫𝑐𝜇

(𝐹𝒜)  ∪̃  𝒮𝒫𝑐𝜇
(𝐹ℬ).    

Hence  𝒮𝒫𝑐𝜇
(𝐹𝒜 ∪̃ 𝐹ℬ) =  𝒮𝒫𝑐𝜇

(𝐹𝒜)  ∪̃  𝒮𝒫𝑐𝜇
(𝐹ℬ).   

  

 (iv)  We have 𝐹𝒜 ∩̃ 𝐹ℬ  ⊆̃  𝐹𝒜  and  𝐹𝒜 ∩̃ 𝐹ℬ  ⊆̃  𝐹ℬ.  

From (i), 𝒮𝒫𝑖𝜇
(𝐹𝒜 ∩̃ 𝐹ℬ)  ⊆̃ 𝒮𝒫𝑖𝜇

(𝐹𝒜) and 𝒮𝒫𝑖𝜇
(𝐹𝒜 ∩̃ 𝐹ℬ)  ⊆̃ 𝒮𝒫𝑖𝜇

(𝐹ℬ) which 

implies 𝒮𝒫𝑖𝜇
(𝐹𝒜 ∩̃ 𝐹ℬ) ⊆̃ 𝒮𝒫𝑖𝜇

(𝐹𝒜) ∩̃  𝒮𝒫𝑖𝜇
(𝐹ℬ) .  

Since 𝒮𝒫𝑖𝜇
(𝐹𝒜)  ⊆̃ 𝐹𝒜 and 𝒮𝒫𝑖𝜇

(𝐹ℬ)  ⊆̃ 𝐹ℬ,  𝒮𝒫𝑖𝜇
(𝐹𝒜) ∩̃  𝒮𝒫𝑖𝜇

(𝐹ℬ)  ⊆̃  𝐹𝒜 ∩̃ 𝐹ℬ.  

As 𝒮𝒫𝑖𝜇
(𝐹𝒜) ∩̃  𝒮𝒫𝑖𝜇

(𝐹ℬ) is a soft μ-pre-open set contained in  𝐹𝒜 ∩̃ 𝐹ℬ,  

𝒮𝒫𝑖𝜇
(𝐹𝒜 ∩̃ 𝐹ℬ)  is the largest soft μ-pre-open set contained in  𝐹𝒜 ∩̃ 𝐹ℬ.  

Therefore, 𝒮𝒫𝑖𝜇
(𝐹𝒜) ∩̃  𝒮𝒫𝑖𝜇

(𝐹ℬ)  ⊆̃  𝒮𝒫𝑖𝜇
(𝐹𝒜 ∩̃ 𝐹ℬ). 

Hence  𝒮𝒫𝑖𝜇
(𝐹𝒜) ∩̃  𝒮𝒫𝑖𝜇

(𝐹ℬ) =  𝒮𝒫𝑖𝜇
(𝐹𝒜 ∩̃ 𝐹ℬ).    

 

 (v) We have 𝐹𝒜 ∩̃ 𝐹ℬ  ⊆̃  𝐹𝒜  and  𝐹𝒜 ∩̃ 𝐹ℬ  ⊆̃  𝐹ℬ which implies 

𝒮𝒫𝑐𝜇
(𝐹𝒜 ∩̃ 𝐹ℬ)  ⊆̃ 𝒮𝒫𝑐𝜇

(𝐹𝒜) and  𝒮𝒫𝑐𝜇
(𝐹𝒜 ∩̃ 𝐹ℬ)  ⊆̃ 𝒮𝒫𝑐𝜇

(𝐹ℬ).  

Hence  𝒮𝒫𝑐𝜇
(𝐹𝒜 ∩̃ 𝐹ℬ) ⊆̃ 𝒮𝒫𝑐𝜇

(𝐹𝒜) ∩̃  𝒮𝒫𝑐𝜇
(𝐹ℬ) .  
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  (vi) We have  𝐹𝒜 ⊆̃  𝐹𝒜 ∪̃ 𝐹ℬ  and  𝐹ℬ  ⊆̃ 𝐹𝒜 ∪̃ 𝐹ℬ, which implies 

𝒮𝒫𝑖𝜇
(𝐹𝒜)  ⊆̃  𝒮𝒫𝑖𝜇

(𝐹𝒜 ∪̃ 𝐹ℬ) and  𝒮𝒫𝑖𝜇
(𝐹ℬ) ⊆̃  𝒮𝒫𝑖𝜇

(𝐹𝒜 ∪̃ 𝐹ℬ).   

Hence  𝒮𝒫𝑖𝜇
(𝐹𝒜)  ∪̃  𝒮𝒫𝑖𝜇

(𝐹ℬ) ⊆̃  𝒮𝒫𝑖𝜇
(𝐹𝒜 ∪̃ 𝐹ℬ) .  

(i.e.)   𝒮𝒫𝑖𝜇
(𝐹𝒜 ∪̃ 𝐹ℬ) ⊇̃  𝒮𝒫𝑖𝜇

(𝐹𝒜)  ∪̃  𝒮𝒫𝑖𝜇
(𝐹ℬ). 

 

Theorem: 3.18 

 If  𝐹𝒱  ∈̃  𝒮𝒟𝜇(𝐹𝐸̃ , 𝜇)  with   𝒮𝜇-𝐼𝑛𝑡(𝐹𝒱) ≠ 𝐹𝜙, then   𝒮𝒫𝑐𝜇
(𝐹𝒱) =  𝐹𝐸̃. 

 

Theorem: 3.19 

 If  𝐹𝒱  is soft 𝜇-open and 𝐹𝒲 is soft 𝜇-pre-open, then 𝐹𝒲 ∩̃ 𝐹𝒱 is a soft 𝜇-pre-open set. 

 

Proof: 

 Since 𝐹𝒲 is soft 𝜇-pre-open, 𝐹𝒲 ⊆̃  𝒮𝜇-𝐼𝑛𝑡(𝒮𝜇-𝐶𝑙(𝐹𝒲)). 

Now, 𝐹𝒲 ∩̃ 𝐹𝒱  ⊆̃  (𝒮𝜇-𝐼𝑛𝑡(𝒮𝜇-𝐶𝑙(𝐹𝒲)))  ∩̃  𝐹𝒱   

    ⊆̃  𝒮𝜇-𝐼𝑛𝑡(𝒮𝜇-𝐶𝑙(𝐹𝒲)  ∩̃  𝐹𝒱)   

    ⊆̃  𝒮𝜇-𝐼𝑛𝑡(𝒮𝜇-𝐶𝑙(𝐹𝒲  ∩̃  𝐹𝒱))  (By theorem 2.10 (i)) 

Hence 𝐹𝒲 ∩̃ 𝐹𝒱 is a soft 𝜇-pre-open set. 

 

Theorem: 3.20 

 Every soft 𝜇-dense set is soft 𝜇-pre-open. 

Proof: 

 The proof is obvious. 

 

Theorem: 3.21 

 Let (𝐹𝐸̃ , 𝜇) be a SGTS and 𝐹𝒬  ⊆̃  𝐹𝐸̃. If  𝐹𝒬 ∩̃ 𝐹ℛ  ≠  𝐹∅ , ∀  𝐹ℛ  ∈̃  𝜇, then 𝐹𝒬 is soft 𝜇-dense in (𝐹𝐸̃ , 𝜇). 

 

Proof: 

Since 𝐹𝒬 ∩̃ 𝐹ℛ  ≠  𝐹∅, 𝐹𝒬 ⊈̃ (𝐹ℛ)𝑐 which implies  𝒮𝜇-𝐶𝑙(𝐹𝒬) =  𝐹𝐸̃. Hence 𝐹𝒬 is soft 𝜇-dense in (𝐹𝐸̃ , 𝜇). 

 

Theorem: 3.22 

 Let (𝐹𝐸̃ , 𝜇) be a SGTS and 𝐹ℋ ∈̃ 𝒮𝜇-𝒫𝒪(𝐹𝐸̃) ⟺  𝐹ℋ is the soft intersection of a soft 𝜇-open set and a 

soft 𝜇-dense set. 

 

Proof: 

 Suppose 𝐹ℋ = 𝐹ℳ ∩̃ 𝐹𝒩, where 𝐹ℳ is a soft 𝜇-open set and 𝐹𝒩 is a soft 𝜇-dense set. Then 𝒮𝜇-𝐶𝑙(𝐹ℋ) =

𝒮𝜇-𝐶𝑙(𝐹ℳ). Now, 𝐹ℋ  ⊆̃  𝐹ℳ = 𝒮𝜇-𝐶𝑙(𝐹ℳ) =  𝒮𝜇-𝐶𝑙(𝐹ℋ) and 𝐹ℳ is soft 𝜇-open which implies  𝐹ℋ ⊆̃ 𝒮𝜇-

𝐼𝑛𝑡(𝐹ℳ) ⊆̃ 𝒮𝜇-𝐼𝑛𝑡(𝒮𝜇-𝐶𝑙(𝐹ℳ) = 𝒮𝜇-𝐼𝑛𝑡(𝒮𝜇-𝐶𝑙(𝐹ℋ)). 

Hence 𝐹ℋ ⊆̃  𝒮𝜇-𝐼𝑛𝑡(𝒮𝜇-𝐶𝑙(𝐹ℋ)). 

 

Theorem: 3.23  

 Every soft μ-pre-open set is soft μ-open if and only if (𝐹𝐸̃ , 𝜇) is soft μ-submaximal. 

Proof:  

 By theorem 3.20, every soft μ-dense set is soft μ-pre-open. Also by theorem 3.22, any soft μ-pre-

open set is the soft intersection of a soft μ-open set and a soft μ-dense set and by theorem 3.19, the soft 

intersection of soft μ-open and soft μ-pre-open is soft μ-pre-open. Hence the result follows.  
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Definition: 3.24 

  Let (𝐹𝐸̃ , 𝜇) and  (𝐹𝒦̃ , 𝜂) be any two SGTS’s. A soft function Ψ𝜒 ∶ (𝐹𝐸̃ , 𝜇) ⟶ (𝐹𝒦̃ , 𝜂) is said to be soft 

𝜌(𝜇,𝜂)-continuous (briefly soft (𝜇, 𝜂)-pre-continuous), if the inverse image of each soft 𝜂-open subset in  𝐹𝒦̃  

is soft μ-pre-open in  𝐹𝐸̃ . 

 

Theorem: 3.25  

 Let  Ψ𝜒 ∶ (𝐹𝐸̃ , 𝜇) ⟶ (𝐹𝒦̃ , 𝜂) be a soft (𝜇, 𝜂)-continuous mapping. Then the following are equivalent: 

 

 (i)  Ψ𝜒 is a soft 𝜌(𝜇,𝜂)-continuous mapping. 

 (ii)  Ψ𝜒
−1(𝐹ℳ) ∈̃ 𝒮𝜇-𝒫𝒞(𝐹𝐸̃), ∀ 𝐹ℳ ∈̃ 𝒮𝜇-𝒫𝒞(𝐹𝒦̃). 

Proof: 

 (i) ⇒ (ii): 

  Let (𝐹ℳ)𝑐  be a soft 𝜂 -open set in  𝐹𝒦̃. Since Ψ𝜒 is soft 𝜌(𝜇,𝜂)-continuous, Ψ𝜒
−1((𝐹ℳ)𝑐)  ∈̃  𝒮𝜇-

𝒫𝒪(𝐹𝐸̃) ⟹  (Ψ𝜒
−1(𝐹ℳ))𝑐  ∈̃  𝒮𝜇-𝒫𝒪(𝐹𝐸̃),  for each  

Ψ𝜒
−1(𝐹ℳ)  ∈̃  𝒮𝜇-𝒫𝒞(𝐹𝒦̃). 

 

 (ii) ⇒ (i): 

The result is obvious.  

 

Theorem: 3.26  

 Each soft (𝜇, 𝜂)-continuous is soft 𝜌(𝜇,𝜂)-continuous. 

Proof: 

 Let  Ψ𝜒 ∶ (𝐹𝐸̃ , 𝜇) ⟶ (𝐹𝒦̃ , 𝜂) be a soft (𝜇, 𝜂)-continuous mapping. Let 𝐹ℛ be any soft 𝜂-open set in  𝐹𝒦̃ .  

Since  Ψ𝜒  is soft (𝜇, 𝜂)-continuous, its inverse image   Ψ𝜒
−1(𝐹ℛ)  is a soft μ-open set in 𝐹𝐸̃   and every soft μ-

open set is soft μ-pre-open,  Ψ𝜒
−1(𝐹ℛ)  is soft μ-pre-open in  𝐹𝐸̃. Hence  Ψ𝜒 is soft 𝜌(𝜇,𝜂)-continuous. 

 

Remark: 3.27 

  The Converse of the above theorem need not be true and is shown by the following illustration. 

 

Example: 3.28 

 Let  𝒱 = {𝓋1, 𝓋2, 𝓋3}, 𝐸 = {𝑒1′, 𝑒2′} then  𝜇 = {𝐹∅, 𝐹𝐴1
, 𝐹𝐴2

, 𝐹𝐴3
, 𝐹𝐴4

, 𝐹𝐴5
, 𝐹𝐴6

, 𝐹𝐸̃} is a SGTS where 

 

  𝐹𝐴1
= {(𝑒1

′ , {𝓋1, 𝓋2, 𝓋3}), (𝑒2′, {𝓋1, 𝓋2})} 

  𝐹𝐴2
= {(𝑒1

′ , {𝓋1, 𝓋2}), (𝑒2′, {𝓋1, 𝓋2})} 

             𝐹𝐴3
= {(𝑒1

′ , {𝓋1}), (𝑒2′, {𝓋1})} 

  𝐹𝐴4
= {(𝑒1

′ , {𝓋1, 𝓋3}), (𝑒2′, {𝓋1, 𝓋2})} 

  𝐹𝐴5
= {(𝑒1

′ , {𝓋2, 𝓋3}), (𝑒2′, {𝓋1, 𝓋2})} 

             𝐹𝐴6
= {(𝑒1

′ , {𝓋2}), (𝑒2′, {𝓋2})}    and  

 

 Let  𝒲 = {𝓌1, 𝓌2, 𝓌3}, 𝒦 = {𝓀1′, 𝓀2′} then  𝜂 = {𝐹∅, 𝐹ℬ1
, 𝐹ℬ2

, 𝐹ℬ3
, 𝐹𝒦̃} is a SGTS where 

 

            𝐹ℬ1
= {(𝓀1

′ , {𝓌1, 𝓌2}), (𝓀2′, {𝓌1, 𝓌3})} 

           𝐹ℬ2
= {(𝓀1

′ , {𝓌2, 𝓌3}), (𝓀2′, {𝓌1, 𝓌2})} 

          𝐹ℬ3
= {(𝓀1

′ , {𝓌1}), (𝓀2′, {𝓌3})} 

 

A mapping Ψ ∶  𝒱 ⟶ 𝒲 is defined by  Ψ(𝓋1) =  𝓌2 , Ψ(𝓋2) =  𝓌3 , Ψ(𝓋3) =  𝓌1 and 

χ ∶ 𝐸 ⟶ 𝒦 is defined by  χ(𝑒1) =  𝓀2 , χ(𝑒2) =  𝓀1. Then  Ψ𝜒 ∶ (𝐹𝐸̃ , 𝜇) ⟶ (𝐹𝒦̃ , 𝜂) is soft 𝜌(𝜇,𝜂)-continuous. 

But it is not soft (𝜇, 𝜂)-continuous. 
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Remark: 3.29 

The composition of two soft 𝜌(𝜇,𝜂)-continuous function need not be soft 𝜌(𝜇,𝜂)-continuous. 

 

Theorem: 3.30 

Let Φ𝜁 ∶ (𝐹𝐸̃ , 𝜇) ⟶ (𝐹𝒦̃ , 𝜂) be a soft 𝜌(𝜇,𝜂)-continuous function and  Ψ𝜒 ∶ (𝐹𝒦̃ , 𝜂)  ⟶ (𝐹𝒫̃, 𝜉) be a soft (𝜂, 𝜉)-

continuous map. Then  Ψ𝜒 𝜊 Φ𝜁 ∶  (𝐹𝐸̃ , 𝜇) ⟶  (𝐹𝒫̃ , 𝜉) is a soft  

𝜌(𝜇,𝜉)-continuous map. 

 

Proof: 

 Let  𝐹ℭ𝑖
 be any soft 𝜉-open subset of  𝐹𝒫̃. Since  Ψ𝜒 is soft (𝜂, 𝜉)-continuous, Ψ𝜒

−1(𝐹ℭ𝑖
) is a soft 𝜂-open 

subset of  𝐹𝒦̃ . Also, we have Φ𝜁  is soft 𝜌(𝜇,𝜂)-continuous, Φ𝜁
−1(Ψ𝜒

−1(𝐹ℭ𝑖
)) is a soft μ-pre-open set in 𝐹𝐸̃. Hence 

 Ψ𝜒 𝜊 Φ𝜁  is a soft 𝜌(𝜇,𝜉)-continuous map. 

 

 

4. SOFT μ-SEMI-OPEN SETS: 

 

Definition: 4.1 [14]  

 Let (𝐹𝐸̃ , 𝜇) be a SGTS. Then a soft set 𝐹𝐺  ⊂  𝐹𝐸̃ is said to be a soft μ-semi-open set iff 𝐹𝐺  ⊂  𝑐𝜇𝑖𝜇𝐹𝐺 

(i.e., the case when 𝜋 =  𝑐𝜇𝑖𝜇). The class of all soft μ-semi-open sets is denoted by 𝛿(𝜇) or  𝛿𝜇. 

 

Definition: 4.2 

 Let (𝐹𝐸̃ , 𝜇) be a SGTS. Then a soft set 𝐹𝐺  ⊂̃  𝐹𝐸̃  is said to be a soft μ-semi-closed set iff its 

complement is a soft μ-semi-open set. 

 

Example: 4.3 

 𝒮𝜇-𝒮𝒪(𝐹𝐸̃) =    𝐹𝜙, 𝐹𝐸̃  , {(𝓍1
′ , {𝜅1}), (𝓍2′, {𝜅1}), {(𝓍1

′ , {𝜅2}), (𝓍2′, {𝜅2}),     

{(𝓍1
′ , {𝜅1, 𝜅3}), (𝓍2′, {𝜅1})}, {(𝓍1

′ , {𝜅1, 𝜅3}), (𝓍2′, {𝜅1, 𝜅2})}, {(𝓍1
′ , {𝜅2, 𝜅3}), (𝓍2′, {𝜅2})},  

{(𝓍1
′ , {𝜅1, 𝜅3}), (𝓍2′, {𝜅1, 𝜅3})}, {(𝓍1

′ , {𝜅2}), (𝓍2′, {𝜅2, 𝜅3})}, {(𝓍1
′ , {𝜅1}), (𝓍2′, {𝜅1, 𝜅3})},  

{(𝓍1
′ , {𝜅2, 𝜅3}), (𝓍2′, {𝜅1, 𝜅2})}, {(𝓍1

′ , {𝜅1, 𝜅2}), (𝓍2′, {𝜅1, 𝜅2})}, {(𝓍1
′ , {𝜅2, 𝜅3}), (𝓍2′, {𝜅2, 𝜅3})}, 

{(𝓍1
′ , {𝒦}), (𝓍2′, {𝜅1, 𝜅2})}, {(𝓍1

′ , {𝜅2, 𝜅3}), (𝓍2′, {𝒦})}, {(𝓍1
′ , {𝜅1, 𝜅2}), (𝓍2′, {𝒦})}, 

{(𝓍1
′ , {𝜅2, 𝜅3}), (𝓍2′, {𝒦})}} 

 

Remark: 4.4 

 𝐹𝜙 and  𝐹𝐸̃ are always soft 𝜇-semi-open and soft 𝜇-semi-closed. 

  

Remark: 4.5 

 Every soft 𝜇-open set (soft 𝜇-closed) is soft 𝜇-semi-open (soft 𝜇-semi-closed).  

But the converse need not be true. 

 

Example: 4.6 

 In the above example 4.3, {(𝓍1
′ , {𝜅1, 𝜅3}), (𝓍2′, {𝜅1})}, {(𝓍1

′ , {𝜅2}), (𝓍2′, {𝜅2, 𝜅3})} are soft 𝜇-semi-open 

sets but not soft 𝜇-open. 

 

Theorem: 4.7 

 Arbitrary soft union of soft 𝜇-semi-open sets is a soft 𝜇-semi-open set.  

Proof:  

 Let  {𝐹𝐴𝑖
 /  𝑖 ∈̃ 𝐼} be a collection of soft 𝜇-semi-open sets in a SGTS (𝐹𝐸̃ , 𝜇).  

Then by the   definition of soft 𝜇-semi-open set, 𝐹𝐴𝑖
⊆̃ 𝒮𝜇-𝐶𝑙 (𝒮𝜇-𝐼𝑛𝑡(𝐹𝐴𝑖

)), ∀ 𝑖.  
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Now,  ∪̃  𝐹𝐴𝑖
⊆̃ ∪̃ 𝒮𝜇-𝐶𝑙 (𝒮𝜇-𝐼𝑛𝑡(𝐹𝐴𝑖

)), ∀ 𝑖. 

By remark 2.9 (i),   ∪̃ 𝐹𝐴𝑖
⊆̃ 𝒮𝜇-𝐶𝑙 ( ∪̃  𝒮𝜇-𝐼𝑛𝑡(𝐹𝐴𝑖

)) , ∀ 𝑖. 

By remark 2.9 (ii),  ∪̃ 𝐹𝐴𝑖
⊆̃ 𝒮𝜇-𝐶𝑙 (𝒮𝜇-𝐼𝑛𝑡( ∪̃  𝐹𝐴𝑖

)), ∀ 𝑖. 

Hence  ∪̃  𝐹𝐴𝑖
⊆̃ 𝒮𝜇-𝐶𝑙 (𝒮𝜇-𝐼𝑛𝑡( ∪̃  𝐹𝐴𝑖

)), ∀ 𝑖. 

 

Remark: 4.8 

 Finite soft intersection of soft 𝜇-semi-open sets need not be a soft 𝜇-semi-open set. 

 

Example: 4.9 

 In the above example 4.3, 𝐹𝒞 = {(𝓍1
′ , {𝜅2, 𝜅3}), (𝓍2′, {𝜅1, 𝜅2})} and  

𝐹𝒟 = {(𝓍1
′ , {𝜅1, 𝜅3}), (𝓍2′, {𝜅1, 𝜅3})} are soft 𝜇-semi-open sets but  

𝐹𝒞  ∩̃  𝐹𝒟 =  {(𝓍1
′ , {𝜅3}), (𝓍2′, {𝜅1})} is not soft 𝜇-semi-open. 

 

Theorem: 4.10 

 Arbitrary soft intersection of soft 𝜇-semi-closed sets is a soft 𝜇-semi-closed set.  

 

Proof:  

 The proof is similar to that of theorem 4.7 by taking complements. 

 

Remark: 4.11 

 Finite soft union of soft 𝜇-semi-closed sets need not be a soft 𝜇-semi-closed set. 

 

Example: 4.12 

 In the above example 4.3, 𝐹𝒮 = {(𝓍1
′ , {𝜅3}), (𝓍2′, {𝜅3})} and 𝐹𝒯 = {(𝓍1

′ , {𝜅1}), 

(𝓍2′, {𝜅3})} are soft 𝜇-semi-closed sets but 𝐹𝒮  ∪ ̃ 𝐹𝒯 =  {(𝓍1
′ , {𝜅1, 𝜅3}), (𝓍2′, {𝜅3})} is not soft  

𝜇-semi-closed. 

 

Theorem: 4.13 

 Let (𝐹𝐸̃ , 𝜇) be a SGTS. Then a soft set 𝐹𝒫 is said to be a soft 𝜇-semi-open set iff there exists a soft 𝜇-

open set 𝐹𝒬 such that  𝐹𝒬  ⊆̃ 𝐹𝒫  ⊆̃  𝒮𝜇-𝐶𝑙 (𝐹𝒬). 

Proof: 

 Since 𝐹𝒫 is a soft 𝜇-semi-open set, 𝐹𝒫 ⊆̃ 𝒮𝜇-𝐶𝑙 (𝒮𝜇-𝐼𝑛𝑡(𝐹𝒫)).  

Let  𝐹𝒬 = 𝒮𝜇-𝐼𝑛𝑡(𝐹𝒫). Then  𝐹𝒬  ⊆̃ 𝐹𝒫  ⊆̃  𝒮𝜇-𝐶𝑙 (𝐹𝒬).  

Conversely, Suppose 𝐹𝒬  ⊆̃ 𝐹𝒫  ⊆̃  𝒮𝜇-𝐶𝑙 (𝐹𝒬), for some soft 𝜇-open set 𝐹𝒬. 

Now, 𝐹𝒬  ⊆̃  𝒮𝜇-𝐼𝑛𝑡(𝐹𝒫) ⟹ 𝒮𝜇-𝐶𝑙 (𝐹𝒬) ⊆̃  𝒮𝜇-𝐶𝑙 (𝒮𝜇-𝐼𝑛𝑡(𝐹𝒫)).  

𝐹𝒫  ⊆̃  𝒮𝜇-𝐶𝑙 (𝐹𝒬) ⊆̃  𝒮𝜇-𝐶𝑙 (𝒮𝜇-𝐼𝑛𝑡(𝐹𝒫)) which implies 𝐹𝒫 is a soft 𝜇-semi-open set. 

 

Theorem: 4.14 

 Let (𝐹𝐸̃ , 𝜇) be a SGTS. Then a soft set 𝐹𝒜  is said to be a soft 𝜇-semi-closed set iff there 

exists a soft 𝜇-closed set 𝐹ℬ such that  𝒮𝜇-𝐼𝑛𝑡 (𝐹ℬ)  ⊆̃ 𝐹𝒜  ⊆̃  𝐹ℬ . 

 

Proof: 

 𝐹𝒜  is soft 𝜇-semi-closed if and only if (𝐹𝒜)𝑐 is soft 𝜇-semi-open. Since (𝐹𝒜)𝑐 is soft  

𝜇-semi-open, then by theorem 4.13, there exists a soft 𝜇-open set 𝐹𝒞 such that  𝐹𝒞  ⊆̃ (𝐹𝒜)𝑐  ⊆̃  𝒮𝜇-𝐶𝑙 (𝐹𝒞)  ⟺

(𝒮𝜇-𝐶𝑙(𝐹𝒞))𝑐 . ⊆̃ 𝐹𝒜  ⊆̃  (𝐹𝒞)𝑐. 

              ⟺  𝒮𝜇-𝐼𝑛𝑡(𝐹𝒞)𝑐. ⊆̃ 𝐹𝒜  ⊆̃  (𝐹𝒞)𝑐. 

              ⟺  𝒮𝜇-𝐼𝑛𝑡 (𝐹ℬ)  ⊆̃ 𝐹𝒜  ⊆̃  𝐹ℬ, where 𝐹ℬ = (𝐹𝒞)𝑐 is a soft  

𝜇-closed set. 
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Theorem: 4.15 

 Let (𝐹𝐸̃ , 𝜇) be a SGTS. Then a soft set 𝐹𝒢 is said to be soft 𝜇-semi-closed iff 

𝒮𝜇-𝐼𝑛𝑡(𝒮𝜇-𝐶𝑙(𝐹𝒢))  ⊆̃  𝐹𝒢 . 

 

Proof: 

 𝐹𝒢 is soft 𝜇-semi-closed ⟺ (𝐹𝒢)𝑐 is soft 𝜇-semi-open. 

       ⟺ (𝐹𝒢)𝑐 ⊆̃ 𝒮𝜇-𝐶𝑙 (𝒮𝜇-𝐼𝑛𝑡(𝐹𝒢)𝑐).  

       ⟺ (𝐹𝒢)𝑐 ⊆̃ 𝒮𝜇-𝐶𝑙 (𝒮𝜇-𝐶𝑙(𝐹𝒢))𝑐 . 

        ⟺ (𝐹𝒢)𝑐 ⊆̃ (𝒮𝜇-𝐼𝑛𝑡 (𝒮𝜇-𝐶𝑙(𝐹𝒢)))𝑐 . 

       ⟺ 𝒮𝜇-𝐼𝑛𝑡(𝒮𝜇-𝐶𝑙(𝐹𝒢))  ⊆̃  𝐹𝒢 . 

 

Definition: 4.16 

 Let (𝐹𝐸̃ , 𝜇) be a SGTS and 𝐹𝑍  ⊆̃  𝐹𝐸̃.  

    

 (i)  The soft 𝜇-semi-interior of  𝐹𝑍 is defined by 

   𝒮𝒮𝑖𝜇
(𝐹𝑍) =  ∪̃  {𝐹𝑊 ∶  𝐹𝑊  ⊆̃  𝐹𝑍 𝑎𝑛𝑑 𝐹𝑊  ∈̃  𝒮𝜇-𝒮𝒪(𝐹𝐸̃)} 

 (ii)  The soft 𝜇-semi-closure of  𝐹𝑍 is defined by 

   𝒮𝒮𝑐𝜇
(𝐹𝑍) =  ∩̃  {𝐹𝑊 ∶  𝐹𝑍  ⊆̃  𝐹𝑊 𝑎𝑛𝑑 𝐹𝑊  ∈̃  𝒮𝜇-𝒮𝒞(𝐹𝐸̃)} 

(i.e.)    𝒮𝒮𝑖𝜇
(𝐹𝑍) is the largest soft 𝜇-semi-open set contained in  𝐹𝑍 and  𝒮𝒮𝑐𝜇

(𝐹𝑍) is the smallest soft 𝜇-semi-

closed set containing  𝐹𝑍. 

 

 

Theorem: 4.17 

 Let (𝐹𝐸̃ , 𝜇) be a SGTS and   𝐹𝒜 ,  𝐹ℬ be two soft sets over  𝐹𝐸̃. Then  

 

 (i)   𝐹𝒜 ⊆̃ 𝐹ℬ   ⟹  𝒮𝒮𝑖𝜇
(𝐹𝒜)  ⊆̃  𝒮𝒮𝑖𝜇

(𝐹ℬ)   

            (ii)  𝐹𝒜 ⊆̃ 𝐹ℬ   ⟹  𝒮𝒮𝑐𝜇
(𝐹𝒜)  ⊆̃  𝒮𝒮(𝐹ℬ)   

 (iii) 𝒮𝒮𝑐𝜇
(𝐹𝒜 ∪̃ 𝐹ℬ) =  𝒮𝒮𝑐𝜇

(𝐹𝒜)  ∪̃  𝒮𝒮𝑐𝜇
(𝐹ℬ)   

 (iv)  𝒮𝒮𝑖𝜇
(𝐹𝒜 ∩̃ 𝐹ℬ) =  𝒮𝒮𝑖𝜇

(𝐹𝒜)  ∩̃  𝒮𝒮𝑖𝜇
(𝐹ℬ)   

 (v)  𝒮𝒮𝑐𝜇
(𝐹𝒜 ∩̃ 𝐹ℬ)  ⊆̃ 𝒮𝒮𝑐𝜇

(𝐹𝒜)  ∩̃  𝒮𝒮𝑐𝜇
(𝐹ℬ)  

 (vi)  𝒮𝒮𝑖𝜇
(𝐹𝒜 ∪̃ 𝐹ℬ)  ⊇̃ 𝒮𝒮𝑖𝜇

(𝐹𝒜)  ∪̃  𝒮𝒮𝑖𝜇
(𝐹ℬ)   

Proof: 

 (i) Since  𝐹𝒜  is a soft μ-open set, 𝒮𝒮𝑖𝜇
(𝐹𝒜)  ⊆̃ 𝐹𝒜 ⊆̃ 𝐹ℬ  which implies 𝒮𝒮𝑖𝜇

(𝐹𝒜)  ⊆̃  𝐹ℬ   and 𝒮𝒮𝑖𝜇
(𝐹ℬ)  is 

the largest soft μ-semi-open set contained in   𝐹ℬ. Hence   𝒮𝒮𝑖𝜇
(𝐹𝒜)  ⊆̃  𝒮𝒮𝑖𝜇

(𝐹ℬ). 

 

 (ii)   Since 𝐹𝒜 ⊆̃  𝒮𝒮𝑐𝜇
(𝐹𝒜)  and   𝐹ℬ ⊆̃  𝒮𝒮𝑐𝜇

(𝐹ℬ) , 𝐹𝒜 ⊆̃ 𝐹ℬ  ⊆̃   𝒮𝒮𝑐𝜇
(𝐹ℬ).  Hence  

𝐹𝒜 ⊆̃  𝒮𝒮𝑐𝜇
(𝐹ℬ). Also, 𝒮𝒮𝑐𝜇

(𝐹𝒜) is the smallest soft μ-semi-closed containing  𝐹𝒜. 

Therefore, 𝒮𝒮𝑐𝜇
(𝐹𝒜)  ⊆̃  𝒮𝒮𝑐𝜇

(𝐹ℬ). 

 

 (iii)  We have 𝐹𝒜 ⊆̃  𝐹𝒜 ∪̃ 𝐹ℬ   and  𝐹ℬ  ⊆̃ 𝐹𝒜 ∪̃ 𝐹ℬ .  

From (ii), 𝒮𝒮𝑐𝜇
(𝐹𝒜)  ⊆̃  𝒮𝒮𝑐𝜇

(𝐹𝒜 ∪̃ 𝐹ℬ)  and  𝒮𝒮𝑐𝜇
(𝐹ℬ)  ⊆̃  𝒮𝒮𝑐𝜇

(𝐹𝒜 ∪̃ 𝐹ℬ)  which 

implies  𝒮𝒮𝑐𝜇
(𝐹𝒜)  ∪̃  𝒮𝒮𝑐𝜇

(𝐹ℬ) ⊆̃  𝒮𝒮𝑐𝜇
(𝐹𝒜 ∪̃ 𝐹ℬ)  .  

Since 𝐹𝒜 ⊆̃  𝒮𝒮𝑐𝜇
(𝐹𝒜)  and   𝐹ℬ ⊆̃  𝒮𝒮𝑐𝜇

(𝐹ℬ) , 𝐹𝒜 ∪̃ 𝐹ℬ  ⊆̃  𝒮𝒮𝑐𝜇
(𝐹𝒜)  ∪̃  𝒮𝒮𝑐𝜇

(𝐹ℬ).  

As  𝒮𝒮𝑐𝜇
(𝐹𝒜)  ∪̃  𝒮𝒮𝑐𝜇

(𝐹ℬ) is a soft μ-semi-closed set containing  𝐹𝒜 ∪̃ 𝐹ℬ, 

𝒮𝒮𝑐𝜇
(𝐹𝒜 ∪̃ 𝐹ℬ) is the smallest soft μ-semi-closed set containing 𝐹𝒜 ∪̃ 𝐹ℬ. 

Therefore, 𝒮𝒮𝑐𝜇
(𝐹𝒜 ∪̃ 𝐹ℬ) ⊆̃  𝒮𝒮𝑐𝜇

(𝐹𝒜)  ∪̃  𝒮𝒮𝑐𝜇
(𝐹ℬ).    
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Hence  𝒮𝒮𝑐𝜇
(𝐹𝒜 ∪̃ 𝐹ℬ) =  𝒮𝒮𝑐𝜇

(𝐹𝒜)  ∪̃  𝒮𝒮𝑐𝜇
(𝐹ℬ).   

 

 (iv)  We have 𝐹𝒜 ∩̃ 𝐹ℬ  ⊆̃  𝐹𝒜  and  𝐹𝒜 ∩̃ 𝐹ℬ  ⊆̃  𝐹ℬ.  

From (i), 𝒮𝒮𝑖𝜇
(𝐹𝒜 ∩̃ 𝐹ℬ)  ⊆̃ 𝒮𝒮𝑖𝜇

(𝐹𝒜) and 𝒮𝒮(𝐹𝒜 ∩̃ 𝐹ℬ)  ⊆̃ 𝒮𝒮𝑖𝜇
(𝐹ℬ) which 

implies 𝒮𝒮𝑖𝜇
(𝐹𝒜 ∩̃ 𝐹ℬ) ⊆̃ 𝒮𝒮𝑖𝜇

(𝐹𝒜) ∩̃  𝒮𝒮𝑖𝜇
(𝐹ℬ) .  

Since 𝒮𝒮𝑖𝜇
(𝐹𝒜)  ⊆̃ 𝐹𝒜  and 𝒮𝒮𝑖𝜇

(𝐹ℬ)  ⊆̃ 𝐹ℬ,  𝒮𝒮𝑖𝜇
(𝐹𝒜) ∩̃  𝒮𝒮𝑖𝜇

(𝐹ℬ)  ⊆̃  𝐹𝒜 ∩̃ 𝐹ℬ.  

As 𝒮𝒮(𝐹𝒜) ∩̃  𝒮𝒮𝑖𝜇
(𝐹ℬ) is a soft μ-semi-open set contained in  𝐹𝒜 ∩̃ 𝐹ℬ,  

𝒮𝒮𝑖𝜇
(𝐹𝒜 ∩̃ 𝐹ℬ)  is the largest soft μ-semi-open set contained in  𝐹𝒜 ∩̃ 𝐹ℬ.  

Therefore, 𝒮𝒮𝑖𝜇
(𝐹𝒜) ∩̃  𝒮𝒫𝑖𝜇

(𝐹ℬ)  ⊆̃  𝒮𝒮𝑖𝜇
(𝐹𝒜 ∩̃ 𝐹ℬ). 

Hence  𝒮𝒮𝑖𝜇
(𝐹𝒜) ∩̃  𝒮𝒮𝑖𝜇

(𝐹ℬ) =  𝒮𝒮𝑖𝜇
(𝐹𝒜 ∩̃ 𝐹ℬ).    

 

 (v) We have 𝐹𝒜 ∩̃ 𝐹ℬ  ⊆̃  𝐹𝒜  and  𝐹𝒜 ∩̃ 𝐹ℬ  ⊆̃  𝐹ℬ which implies 

𝒮𝒮𝑐𝜇
(𝐹𝒜 ∩̃ 𝐹ℬ)  ⊆̃ 𝒮𝒮𝑐𝜇

(𝐹𝒜) and  𝒮𝒮𝑐𝜇
(𝐹𝒜 ∩̃ 𝐹ℬ)  ⊆̃ 𝒮𝒮𝑐𝜇

(𝐹ℬ).  

Hence  𝒮𝒮𝑐𝜇
(𝐹𝒜 ∩̃ 𝐹ℬ) ⊆̃ 𝒮𝒮𝑐𝜇

(𝐹𝒜) ∩̃  𝒮𝒮𝑐𝜇
(𝐹ℬ) .  

 

  (vi) We have  𝐹𝒜 ⊆̃  𝐹𝒜 ∪̃ 𝐹ℬ  and  𝐹ℬ  ⊆̃ 𝐹𝒜 ∪̃ 𝐹ℬ, which implies 

𝒮𝒮𝑖𝜇
(𝐹𝒜)  ⊆̃  𝒮𝒮𝑖𝜇

(𝐹𝒜 ∪̃ 𝐹ℬ) and  𝒮𝒮𝑖𝜇
(𝐹ℬ) ⊆̃  𝒮𝒮𝑖𝜇

(𝐹𝒜 ∪̃ 𝐹ℬ).   

Hence  𝒮𝒮𝑖𝜇
(𝐹𝒜)  ∪̃  𝒮𝒮𝑖𝜇

(𝐹ℬ) ⊆̃  𝒮𝒮𝑖𝜇
(𝐹𝒜 ∪̃ 𝐹ℬ) .  

(i.e.)   𝒮𝒮𝑖𝜇
(𝐹𝒜 ∪̃ 𝐹ℬ) ⊇̃  𝒮𝒮𝑖𝜇

(𝐹𝒜)  ∪̃  𝒮𝒮𝑖𝜇
(𝐹ℬ). 

 

Definition: 4.18 

  Let (𝐹𝐸̃ , 𝜇) and  (𝐹𝒦̃ , 𝜂) be any two SGTS’s. A soft function Ψ𝜒 ∶ (𝐹𝐸̃ , 𝜇) ⟶ (𝐹𝒦̃ , 𝜂) is said to be soft 

𝛿(𝜇,𝜂)-continuous (briefly soft (𝜇, 𝜂)-semi-continuous), if the inverse image of each soft 𝜂-open subset in  𝐹𝒦̃  

is soft μ-semi-open in  𝐹𝐸̃ . 

 

Theorem: 4.19  

 

 Each soft (𝜇, 𝜂)-continuous is soft 𝛿(𝜇,𝜂)-continuous. 

Proof: 

 Let  Ψ𝜒 ∶ (𝐹𝐸̃ , 𝜇) ⟶ (𝐹𝒦̃ , 𝜂) is said to be soft (𝜇, 𝜂)-continuous mapping. Let 𝐹ℒ be any soft 𝜂-open set 

in  𝐹𝒦̃.  Since  Ψ𝜒  is soft (𝜇, 𝜂)-continuous, its inverse image   Ψ𝜒
−1(𝐹ℒ)  is a soft μ-open set in 𝐹𝐸̃   and every 

soft μ-open set is soft μ-semi-open,  Ψ𝜒
−1(𝐹ℒ)  is soft μ-semi-open in  𝐹𝐸̃. Hence  Ψ𝜒 is soft 𝛿(𝜇,𝜂)-continuous. 

   

Remark: 4.20 

  The Converse of the above theorem need not be true and is shown by the following illustration. 

 

Example: 4.21 

 

 Let  𝒱 = {𝓋1, 𝓋2, 𝓋3}, 𝐸 = {𝑒1′, 𝑒2′} then  𝜇 = {𝐹∅, 𝐹𝐴1
, 𝐹𝐴2

, 𝐹𝐴3
, 𝐹𝐴4

, 𝐹𝐴5
, 𝐹𝐴6

, 𝐹𝐸̃} is a SGTS where 

 

  𝐹𝐴1
= {(𝑒1

′ , {𝓋1, 𝓋2, 𝓋3}), (𝑒2′, {𝓋1, 𝓋2})} 

  𝐹𝐴2
= {(𝑒1

′ , {𝓋1, 𝓋2}), (𝑒2′, {𝓋1, 𝓋2})} 

             𝐹𝐴3
= {(𝑒1

′ , {𝓋1}), (𝑒2′, {𝓋1})} 

  𝐹𝐴4
= {(𝑒1

′ , {𝓋1, 𝓋3}), (𝑒2′, {𝓋1, 𝓋2})} 

  𝐹𝐴5
= {(𝑒1

′ , {𝓋2, 𝓋3}), (𝑒2′, {𝓋1, 𝓋2})} 

             𝐹𝐴6
= {(𝑒1

′ , {𝓋2}), (𝑒2′, {𝓋2})}    and  
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 Let  𝒲 = {𝓌1, 𝓌2, 𝓌3}, 𝒦 = {𝓀1′, 𝓀2′} then  𝜂 = {𝐹∅, 𝐹ℬ1
, 𝐹ℬ2

, 𝐹ℬ3
, 𝐹ℬ4

, 𝐹ℬ5
, 𝐹𝒦̃} is a SGTS where 

 

 𝐹ℬ1
= {(𝓀1

′ , {𝒲}), (𝓀2′, {𝓌1, 𝓌3})} 

 𝐹ℬ2
= {(𝓀1

′ , {𝓌2, 𝓌3}), (𝓀2′, {𝓌1, 𝓌3})} 

            𝐹ℬ3
= {(𝓀1

′ , {𝓌3}), (𝓀2′, {𝓌3})} 

            𝐹ℬ4
= {(𝓀1

′ , {𝓌2, 𝓌3}), (𝓀2′, {𝓌1, 𝓌2})} 

           𝐹ℬ5
= {(𝓀1

′ , {𝓌2, 𝓌3}), (𝓀2′, {𝒲})} 

 

A mapping  Ψ ∶  𝒱 ⟶ 𝒲 is defined by  Ψ(𝓋1) =  𝓌2 , Ψ(𝓋2) =  𝓌3 , Ψ(𝓋3) =  𝓌1  and 

χ ∶ 𝐸 ⟶ 𝒦 is defined by  χ(𝑒1) =  𝓀2 , χ(𝑒2) =  𝓀1. Then  Ψ𝜒 ∶ (𝐹𝐸̃ , 𝜇) ⟶ (𝐹𝒦̃ , 𝜂) is soft 𝛿(𝜇,𝜂)-continuous. 

But it is not soft (𝜇, 𝜂)-continuous. 

 

Remark: 4.22 

The composition of two soft 𝛿(𝜇,𝜂)-continuous function need not be soft 𝛿(𝜇,𝜂)-continuous. 

 

Theorem: 4.23 

Let Φ𝜁 ∶ (𝐹𝐸̃ , 𝜇) ⟶ (𝐹𝒦̃ , 𝜂) be a soft 𝛿(𝜇,𝜂)-continuous function and  Ψ𝜒 ∶ (𝐹𝒦̃ , 𝜂)  ⟶ (𝐹𝒫̃ , 𝜉) be a soft 

(𝜂, 𝜉)-continuous map. Then  Ψ𝜒 𝜊 Φ𝜁 ∶  (𝐹𝐸̃ , 𝜇) ⟶  (𝐹𝒫̃ , 𝜉) is a soft  

𝛿(𝜇,𝜉)-continuous map. 

 

Proof: 

Let  𝐹ℭ𝑖
 be any soft 𝜉-open subset of  𝐹𝒫̃. Since  Ψ𝜒 is soft (𝜂, 𝜉)-continuous, Ψ𝜒

−1(𝐹ℭ𝑖
) is a soft 𝜂-open 

subset of  𝐹𝒦̃ . Also, we have Φ𝜁  is soft 𝛿(𝜇,𝜂)-continuous, Φ𝜁
−1(Ψ𝜒

−1(𝐹ℭ𝑖
)) is a soft μ-semi-open set in 𝐹𝐸̃. 

Hence  Ψ𝜒 𝜊 Φ𝜁  is a soft 𝛿(𝜇,𝜉)-continuous map. 
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