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Abstract

In this paper, author have used fractional order Laplace-Carson transform to obtain solution of fractional order
differential equation. The existence of a-order fractional integral transform is proved and its properties are given
with proof. The fractional transform of Riemann-Liouville fractional derivative and Caputo fractional derivative
is obtained using a-order fractional integral transform. Author has found specific restriction on o to solve
fractional differential equation of order « using a-Laplace Carson transform.
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1 Introduction

Integral transform method is useful method in science and engineering, In engineering, to solve a differential
equations like % = ad(f), where &(f) is Dirac delta function, Integral transform method is introduced. Laplace
transform and Fourier transform are the well known integral transforms used worldwide. Laplace transform [3] is
defined as,

Liw(t)] = /e_“tw(t)dt =W(v), Re(v)>a

(1
do)] _  dw(v) 7l ad’wt) | _  od*W(@) | 4 dW(v)
ko {t—rﬂ ] =-—v—=-W (l)andL [t -3 ] = v +dv== + 2W (v).
Let’s apply Laplace transform to solve Euler-Cauchy’s differential equation (more details see [6]),
yd*w(t dw(t ;
t* ,E)_t ()+2w(t):t2
dt? dt 2
one will get,
2 r r
AW () L dW(v) . 2
v ——— + 5V W) = —=
dv? o dv * (v) v3 (3)

Here it is observed that equation (2) and equation (3) both are similar and the solution is not possible by Laplace
transform. If one used Mahgoub transform [6],[8] or Laplace Carson transform [12] obtained by modifying kernel
of Laplace transform, then gets the solution of equation (2) as,

oo

Mw(t)] =v /e"’"tw(t)dt =Wn(v), Re(v)>a
0 4)
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M [t (iw(t)] oy @Wm(v) M [t2 d2w(t)i| _ d {)2 rfﬂ"'m(?,')j|
also dt T and dt? av | dv ] Then equation (2) becomes,
d | ,dW,, d 2
il vzﬂ +—[W(v)] = =
dv dv dv v? )

Integrating with respect to ®° gets first order linear differential equation and using inverse Mahgoub transform the
solution is w(¢) = £+ ct. Looking the above examples, it is observed that small modification in the Kernel of Laplace
transform gives solution of the problems which are not solve by Laplace transform. In last two decades lots of such
modifications done by the researchers and obtained the results. Sumudu transform [2],[6],[13],[16], Kamal
transform[5],[8], Aboodh transform[1],[14], Sadik transform[10], Sandip transform[11] etc. are the transforms
developed by various authors by modifying Kernels of Laplace transform and solve differential equations appear in
engineering applications. Sonawane and Kiwne [12] used Mahgoub transform (Laplace-Carson Transform) in
cryptography with Sandips Method. In Sadik transform if § = —a, then one get

oo

K*w(t),v] = v /e_"'”tw(t)dt
0 (6)

This is new representation of Integral transform of order a. It is also the modification in Mahgoub transform. Using
equation (5) one will able to find fractional order integral transform like fractional order derivative. In this article,
this new representation is used as new integral transform and given the name a-Laplace-Carson transform. It is used

-(1/2)
to solve fractional order Differential equations [4]. The main aim of this modification is to obtained K that is

(1/2) 1
fractional order Integral transform like D1 is derivative of order 2. Lets start with the definition of a-Laplace-
Carson transform (or Sadik transform with § = —a).

2 o-Laplace-Carson Transform:  Definition and Properties

Definition 2.1. Let w(t), be piecewise continuous or continuous function of t > 0, n be any integer such thatn — 1 <
o < n then the a-Laplace-Carson Transform is,

K w(t),v] =v® / e lw(t)dt = W), Re(v") >a
0 Q)

here v € C,a is exponential order of function w(f).

Here one can observed that, In particular,
Let o = 1 then,

K,|w(t),v] =wv .[00‘3 e tw(t)dt = LO[w(t),v] = vL[w(t),v] ®

Here L{w(?),v], LC[w(?),v] are Laplace and Laplace-Carson transform respectively
[12].
From equation (7) we write,

T

K3 lw(t), v] = v* L{w(t), v thatis, wa [v] = v*W[0?]
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The Inverse a-Laplace-Carson Transform is,

e gy
w(t) = / W)
y—ioo 7 )

21 Properties of a-Laplace-Carson Transform

Theorem 2.2 (Sufficient Condition for a-Laplace-Carson Transform). Let w(t) be a exponentially order piecewise
continuous or continuous function such that |w(t)] < Me“, t > 0 and n — 1 < a < n then o-Laplace-Carson Transform
of w(¥) exists and converges absolutely if V¥ > a.

Proof: Let, v = x + iy be complex number then v*= 7%’ > y*and [v%| = .

Consider
a0 @, dll <] [ e ool
0 - ]
(11) < r”/ e gy
?’_l:-x
(12) = . " >a
,;rw(l’ —
d —
Theorem 2.3. Let §(f) be Dirac delta function such that dt [H(t—a)]=0(t —a) and
(
1 ift>a H(t— a) =
0 ift<a
then
kl/mva(g—kumv”
Ko™ —k),v] =
mk (13)
and
Uae—v"kl/m
Ko™ —k),v] = ——————
(mk)k!/m (14)

Proof: Using substitution " —k = r and using property of delta function [3] we get equality.

Theorem 2.4 (Shifting Properties). Let KRlw(t), v] = Wi (V) then

,UOL‘

R’(r ,ut’ t i — I’,I/ry a 1/(1
nlewt). o] v —a " (v*~a) ] (15)
and
Klw(t — a)H(t — a),v] = e™ " Wiv, (16)

here, H(t — a) is Heavisides Unit step function.

Proof:
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v

K[ (t), o] = o° / 0D ()t = — WO — a)/]
—
0

and
o0

KSw(t —a)H(t —a),v] =v* / e w(t — a)dt

Using substitution ¢ — a = x and simply, one get the result.

Theorem 2.5 (Convolution Theorem). Let wi(?) and (1) be  functions with

K3 wi(t),v] = Wi (v),  KZlwa(t), v] = Wag(v) ren

i 1
K [(wr * wo)(t)] = U—awﬁf(%‘)wﬁ(?}) an

here

(w1 * wa)(t) = /w(t — u)w(u)du

Proof: Consider,
t

K [(wy *wa)(t)] = V“/ /emﬂw(t — w)w(u)dudt
00

(18) Changing the order of integration and using
substitution  — u = x, one get

K& (wy * wo)(t)] /] (@t Jw(u)drdu = —I/Vl () Wai (v
) (19)

2.2 Examples on a-Laplace-Carson Transform

1. let w(t) =1, n—1 <oz<nthen*'R [1 U] =1, In particular if o = 1/2 then
-1 2
K« [tmfl “U] _ I'(m) Re(v‘") >
2. letw@®=1t"", n—-1<a<n then n ’ (va)ym=1> 0,

1/2[_{: 'U] ﬁ

Kw[f v =45, |v]>0,4<a<

(1]

In particular if a = 1/2 then

if a = 9/2 then
K[ 0] =2, v>0 4

5 and

8]
3 1Cta)(t_eat}’l_l<a<nthen n I(U)‘>a

1/2[6{” ?‘] = q (13 I\/_| > a

, In particular if o = 1/2 then
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4. let E,5(f) be the Mittag-Leffler Function defined as,
& k
t
E.u(t) = —_—
as(?) ; [(ak + b)

then for n — 1 < a < n one will get,
o —ba+a

K@ tbfl_Eﬂ +2) ] = R v > ¢
SIP T Ea(et) 0] = S ] > o0
Proof: Consider
K[t Eqp(ct®),v] = i —‘UQCR fe”uttaﬂbldt
" ’ — D(ac + k) /
,Uanroc
KT B, (et 0] = (") > ¢

,Ub(x(,vau _ C) ?

In particular if a = 3/2 then

K08, (a0 = 2 o) > a
5 |t 2 2(at™”),v o—a )
and
Kzlg[f’I/BEz 2 (at¥?), 0] = —UZ/S [v| > a
v 5.3\ ’ VA9 — g’ -
5. let £/($,a) be the Mellin-Ross Function defined as,
o (at)*

E((9,a) = "By gy (at) ="y ————
L T(k+0+1)

then for n — 1 < a < n one get,

a(1-19)
KR [E(Y,a),v] = K} [tﬁEl,ﬂ+1(at)1U} = T\ v > ¢

(v* = ¢) @1

6. let w(?) = erf(f), n—1<a<nthen

J2a « 21C¥
KXlerf(t),v] =eTerf, (%) =FEi/91 (—%)
7. let w(f) = erfo(f), n—1<a<nthen
o v
K, [e?"fc(t),’u] =1- E1/2,1 (—?)
Theorem 2.6. Let o (1) be piecewise continuous function having n" derivative with Ky [w(t): U} =Wy (U) then
m—1
Kna[wm(f),v] = vmoWna(v) — X va(k+1)wm—k—1(0) (22)

k=0 Proof: Consider,
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e o]

K::[w'(t),v} — vafeuﬂtwl(t)dt

0

=" | (ew(t)), +/-v‘-‘e”(”w(t)
0
= v W (v) — v*w(0)

Similarlly one prove for m =2 and by induction get the result.

Theorem 2.7. Let b be a real non negative number and w(t) be piecewise continuous
Sfunction on (0,00) with KRfw(t),v] = Wi (v) then

1
e —b _ ey )
K oD w(t), v] = el (v), a<hb. )

Here, oD;*w(t) is Riemann-Liouville Fractional Integral defined as,

t
oD; Pw(t) = ﬁ /(t —w)" w(u)du, b>0
0 : (24)

Proof: Using convolution theorem with the definition of a-Laplace-Carson transform, one get

_ |
KDy w(t), v] = KRt K w(t)] = ar W' (V)

veI'(b) _
1 2
In particular, for a=3 3 0<a <1 one will get,
-1/2 —-1/2,92 o 2/3 —7/2,2 o 42
Rl [ODE t !’U} T IU5/4’ Kl [ODL t !/U} o 151}5

Theorem 2.8. Let b be a real non negative number and w(t) be piecewise continuous function on (0,00) with

KR w(t). v] = Wi (V) shen
m—1
b=k=1 Knoa[RODt=baw(t),v] = vabWna(v) — X vak+a 0Dt (0). (25)
k=0
Here, RD D tb w (t) is Riemann-Liouville Fractional Derivative defined as,
RyDjw(t) = D™ [UDz_(m_b)w(f)] (26)
Proof: Using Theorem (2.6), one will get,

m—1

Kna[RODt=bw(t),v] = vmoKna[RODt—(m—b)w(f),v]—X vak+a DOm—k—1Dtb—k—1w(0) (27)
k=0

simplifying, one will get,
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m—1

Kna[RODt=bw(t),v] = vabWna(v) — X vok+o 0Dtb—k—1w(0).

k=0
Case 1. If a = b then we get n = m and
n—1
Kno[RODt—aw(f),v] = va Wna(v) — Xvak+a 0Dt w(0). (28)
k=0
Case 2. If a 6= b but n = m then
n—1
a -b ab Xyak+a oD w(0).
K, [RoD: oo(f),v] = v W, (v) — (29)
2 o—k—1
=0

Theorem 2.9. Let b be a real non negative number and w(f) be piecewise continuous

function on (0,00) with K3 [w(t), v] = Wi (V) then

m—1

1 b—k—1
g —b abyyra ak+a oD w
K2 [CoD; w(t),v] = v* W2 (v) — D Zv ool ©)

k=0 . (30)

Here, CoD (1) is Caputo Fractional Derivative defined as,
—(m—b ™
CoDyw(t) = [oDy ™ D™wl(ty a1

Proof: Using Theorem (30) one get,
—\m— dm
K [CoD; w(t),v] = K& [UDt (m—8) w(t)}

dt*m.
1 al ym
:WMKD(H
m—1
— ’UbaFT?( e erk+a m—k— 1(0)
v 0

In particular,

Kll/Q[RuDl/z(l),'u] = '/ Kf/g[RoDw(l):‘U} = !/

and

KIPCD(1),0] =0 KCD (), 0] = -

Jp3/2
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3 Applications to Fractional Differential Equation

__ 2 o _ 5
Example 3.1. Consider D*w(f) = 3w(t)+55(t—4), . Hereb = 550 we take & = ;and apply a-Laplace-Carson
transform we get,
K3*[RyD*Puw(t), v] = 3K3*[w(t)] + 5K5°[6(t — 4), v]

o 4n5/2
5’(,’5/26’. qu

(v = BKG [w(t), 0] = = —— — v

51}5/26741;5/2 cv®/?
4v—-3) wv-3
5o

.. w(t) = it_d/5E2/552/5(3(t _ 4)2/5)H(t —_ 4) - Cf_:5/5E2/5=2/5(3t2/5)

— K3 w(t),v] =

Here we take D™*w(0) = c.

b =

[V

2 _
Example 3.2. Consider D**w(t) = aw (%), a is constant. Here 3 50 we take ¥ =

transform we get,
KPRy D*Pu(t),v] = a3 w(t), ]

(v— Q)Ks/z[w(t), v] = cv’/?
3/2

and apply o-Laplace-Carson

3 cv
— KJ[w(t),v] =

, U >a
v—a

Lw(t) = (’tfl/SEQ/:s,Q/;a(ﬂtQ/:j)
Here we take D™w(0) = c.

In the same example if take o = 2/3 then we get the same final answer but the transform value is different, that is we
get,

2/3
~2/3 v
le [W(t), ?)} - U4/9 —a
_ 5
Also if we start to solve the example like, D*’w(f) = 55( — 4) with™ = 2 then

K35/2[ROD2/50(1),v] = 5K35/25(t — 4)

Wna(v) = 5v3/2e—4v3/2 + cv3/2

Its inverse a-Laplace-Carson transform is not exist. So it is always better to take a < b for good result. One can say
that this is restriction on a.

Conclusion

o-Laplace-Carson transform gives solution of fractional order differential equation. One can find fractional order
integral transform of functions also. This transform can be used in fractional differential equations.
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