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1. Introduction

In 1965, when Zadeh [19] presented the concept of fuzzy set, it marked a new era in the development
of fuzzy mathematics. Many applications of fuzzy set theory can be found in neural network theory, applied
science, stability theory, mathematical programming, modelling theory, engineering sciences etc. There are
many view points of the notion of the metric space in fuzzy topology, see, e.g., Erceg [3], Deng [2],
Kaleva and Seikkala[9], Kramosil and Michalek [10], George and Veermani [4]. In this paper, we are
considering the Fuzzy metric space in the sense of Kramosil and Michalek [10].

Definition 1.1 A binary operation * on [0, 1] is a #-norm if it satisfies the following conditions:
(i) = is associative and commutative,

(ii) a * 1 = afor everya € [0,1],

(iif)y a * b < ¢ x dwhenevera < cand b <d.

Basics examples of #-norm are:A; (a, b) = max(a + b — 1,0),

- normAp ,Ap(a,b) = ab and - norm Ay ,Ay(a, b) = min{a, b}.

Definition 1.2[10] The 3-tuple (O, M ,*) is called a KM- fuzzy metric space if O is an arbitrary set, xis a
continuous #- norm and M is a fuzzy set on ©? x [0,:0) satisfying the following conditions for all
x,y,z€ O and s,t > 0;

(KMF-1) M(x,vy,0) =0, M (x,y,%) > 0;

(KMF-2) M (x,y,#) =1,forall£ > 0ifandonly ifx = y;

(KMF-3) M (x,y,%£) = M (y,x,%);

(KMF-4) M (x,z, t + 8) = (M (x,y,%) * M(y,2,8));

(KMF-5) M (x,y,.): [0,0) = [0,1] is left continuous.
Note that M'(x,y,%) can be thought of as the degree of nearness between x and ywith respect to %£.

Definition 1.3[10]A sequence {x,} in (O, M,x)is said to be:

(i) Convergent with limit x if lim,_. M (x,,x,%t) = 1for allt > 0.

(if) Cauchy sequence inDif givene > 0 and A> 0, there exists a positive
integerN, ,such that M (x,, x,,,€) > 1 -Aforall n,m = N,,.

(iif) Complete if every Cauchy sequencein O is convergent in O.
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In 1996, Jungck[8] introduced the notion of weakly compatible as follows:

Definition 1.4Two maps A and S are said to be weakly compatible if they commute at their
coincidence points.

In 1994, Mishra [12] generalised the notion of weakly commuting to compatible mappings in
fuzzy metric space as follows:

Definition 1.5[12]A pair of self-mappings{cA, B} of a fuzzy metric space(O, M ,*) is said to be compatible if
lim, o M (ABx,, BAx,,+) =1, whenever {x,} is a sequence in O such that lim,_ ., Ax,=
lim,, L Bx,=u, for some u € Dand for allt > 0.

In 1999, Vasuki [18] initiated the concept of non-compatible mapping in fuzzy metric space
Definition 1.6[18] A pair of self-mappings {A, B} of a fuzzy metric space (O, M,*) is said to be non -
compatible if lim,_, M (ABx,, BAx,,£) # 1 or nonexistent, whenever {x,} is a sequence in O such
that lim,,_. Ax,= lim,_ Bx,=u, for some u € O and forall £ > 0.

In 1999, Pant [13] introduced a new continuity condition, known as reciprocal continuity as follows:
Definition 1.7[13]Two self-maps A and B of a fuzzy metric space (O, M ,*) are called reciprocally continuous
if lim,_ ABx, = Azandlim, _, BAx, = Bz, whenever {x,} is a sequence in O such that
lim, Lo Ax,=lim,_, Bx,=u, for some u € O and for all £ > 0.

If A and Bare both continuous, then they are obviously reciprocally continuous, but the converse is need not be
true.

In 2004, Rohan et al. [15] introduced the concept of compatible mappings of type (R), In 2007, Singh
and Singh et al. [17] introduced the concept of compatible mappings of type (E) and In 2014, Jha et al. [6]
introduced the concept of compatible mappings of type (K) in a metric space. Now we use the same type of
compatible mappings in the setting of a Fuzzy metric space as follows:

Definition 1.8Let A and Bbe self- mapping on fuzzy metric space(O, M ,x)Then A and B are said to
be:(i)Compatible of type (R) iflim,_, M (ABx,,BAx,,t) = 1and
lim, oz M (AAx,, BBx,,t) = 1,whenever{x,} is a sequence in O such that lim, ., Ax, =lim, ,Bx, =
w, for some « € O and for allt > 0.
(if) Compatible of type (K) if lim,_ M (AAx,,Bx,t) = 1and
lim, o, M (BBx,,Ax,t) = 1,whenever{x,} is a sequence in O such that lim,_,Ax, =lim, ,Bx, =
w, for some « € O and for allt > 0.
(iif) Compatible of type (E)if lim,_, AAx, = lim,_, ABx, = Btand lim,_, BBx, = lim,_, BAx, =
At, whenever fx72}is a sequence in .Osuch that limzz—cocAx7=limz—coBxn=xfor some xin .O.
Now we give some properties related to compatible mappings of type (R) and type (E).
Proposition 1.1 Let A and B be compatible mappings of type (R) of a fuzzy metric space(D, M ,*) into itself.
If Ax = Bx for some x € D, then ABx = AAx = BBx = BAx.
Proposition 1.2 Let A and B be compatible mappings of type (R) of a fuzzy metric space (D, M ,*) into itself.
Suppose that lim,, _,, Ax, = lim,_,, Bx, = x for some x in O. Then
(@) lim,,_,o, BAx, = Ax if A is continuous at x.
(b) lim,,_,o, ABx,, = Bx if B is continuous at x.
(¢) ABx = BAx and Ax = Bx if A and B are continuous at x.
Proposition 1.3Let A and B be compatible mappings of type (E) of afuzzy metric space (O, M ,x)into itself
with one of A and B be continuous. Suppose that lim,, _,, Ax, = lim,_,, Bx, = x for some € O. Then
(i) Ax = Bxandlim,,_,,, AAx, = lim,_,, BBx, = lim,_, ABx, = lim, _, BAx,.
(ii) If there exists « € O such that A« = Bu = x, we have ABu = BAw.
Lemma 1.1[12] Let {x,} be a sequence in a fuzzy metric space (O,M,*)with continuous £-norm * and
x (t,t) = £. If there exists a constant £ € (0,1)such that

M(xn:xn+1'&t) 2 M(xn—lr xnrt)
forall £ > 0andn = 1,2,3 ..., then the sequence {x,} is a Cauchy's sequence.
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Lemma 1.2[12] Let (O,M,x) be a fuzzy metric space. If there exists a constant # € (0,1)such
thatM (x,y, %) = M (x,y,%),forall £ > 0and x,y € O. Thenx = y.

2. Main Results
Let @be class of all the mappings ¢:[0,1] — [0,1] satisfying the following properties:
(1) ¢is continuous and non decreasing on [0,1],
(@P2)p(m) > mfor all m in [0,1].
We note that if ¢ € ®, then ¢(1) = 1 and ¢p(m) = m for all m in [0,1].

Recently, Kumar et.al[11] proved common fixed point theorems using variants of compatible mappings
of types (R), (E)and (K). We generalize the same with a control function in fuzzy metric space.
Theorem 2.1Let A,B,S and T are self mappings of a complete fuzzy metric space (O, M ,*) satisfying the
following conditions:
(C1) §(O) cB(D),T(D) c A(D),

M (Ax, By, t), M (Ax, Sx, 1)
(C2) M(Sx, Ty £t) = ¢ | min{ M (By, Ty, t), M(Sx, By, At) ¢ |,
M (Ax, Ty, (2 — 1)1)

forall x,y € Owhere 1 € (0,2), £ > 0,

(C3) one of the mappings A, B, S and T is continuous.
Assume that the pairs (A,8) and (B,7) are compatible of type (R).Then A, B,Sand T have a unique
common fixed point in O.
Proof Let x, € O be an arbitrary point. From (C1) we can find a point x; such that S(xy) = B(x1) = yp.
For this point x; one can find a point x, € O such that T(x1) = A(x;) = y,.Continuing in
this way, one can construct a sequence {x,, } such that

Yan = S(x2n) = B(x2n41),
Yan+1 = T(Xzn11) = A(x2,4,), foreachn > 0.
Now we prove that {y, } is Cauchy sequence in D.
Putting x = x5, Y= Xyn41,4 = 1 — & with & € (0,1)in inequality (C2), we have
M (Ax2n) B Xon41, 1), M (AX2n, SX2n, )
M (Sx20, T Xopi1, #t) 2 ¢ | min{ M (B Xz041, T Xon41, 1), M (SX20, B Xop 41, AE)
M (Axyn, T Xoni1, (1 + 1)

M Y2n-1, Yo, £, M Van—1, Yan, £),
M(yZn' Yon+1r ’&t) = ¢ min M(yZn' YZn+1"t):M(y2nt Yon, (1 - .B)t);
M Yan-1,Yon+1, (1 +$)%)
M Yan-1, Y20, ), M (Y2n-1, Yan, 1),
M Y2n, Yon+1,#£2£) 2 ¢ [ min M Yon, Yon+1, €)1,
M Yon-1,Yon+1, (1 +$)T)
M (Y2n-1,Y2n, %),
2 ¢ min M(yZnty2n+1't); 1;
M (Yon-1,Yon+1, (1 + 1)
M Yan-1,Yan ), M YVans Yon+1, 1), })
M Y2n-1,Yan, (), M Yan, Yan+1, (§1))
M(yZn—liyZn:t)’M(yZn:y2n+1't)v}>
M(}Qn; Yon+1r (Stt)

= ¢ (min{
N0 (min{

As = is continuous, letting & — 1 we get
M()’Zn—h)’2n:t),M(}’2n,}’2n+1't)'})

G ,Pt) = (min{
Yo Yan+1 ¢ M Y2n) Yon+1,1)

= ¢(mln{ M(yZn—lf Yon» t); M(yZn' YVon+1» ’t)})
Hence M (yzn, Yan+1, 1) = ¢(min{ M (Y21, Y2, £), M Van, Y2n 11, £)D-
SimilarlyM (Y211, Yon 42, #1) = p(min{ M (V2n, Yan+1, £)s M V2n+1, Yan+2, t)-
Therefore, for all n even or odd we have
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M(yn' Vn+1r kt) = ¢(min{ M( Yn-1, yn't)'M(Ynt Vn+1 t)})
Consequently,
M Y, Yn41, ) Z in{ M (Yn-1, Yn, £/ #), M Vn, Ynr1, £/ #)}).
By repeated application of above inequality and m — oo, we have
M Yy, V41, ) = (M (Y1, Y, £)), then by property of ¢, we have
M (Yo Yn+1,228) 2 M V-1, Y, 1)
Therefore, by Lemma 1.1, {y,} is a Cauchy sequence in Dand hence it converges to some point
m € 0. Consequently, the subsequence {Sx,,,}, {Bxoni1} {Tx2n41} and {Ax,,} of {y,} also converges to
m. Now suppose that A is continuous. Since A and S are compatible of type (R), by Proposition 1.2,
AAzy,and SAz,, converges to Amasn — oo.
We claim that m = Am. Putting x = Ax,, and y = x5,41,4 = 1 in (C2), we have
M (AAxX,, Bxonsr, ), M (AAxX,, SAxXsy, £)
M (SAxn, Txopi1, #1) 2 ¢ | min{ M (Bxzns1, TXon11, 1), M (SAX2y, BX2p 41, 1)
M (AAxn, TXon 41, %)
Taking limit asn — o we have
M(Am,m,t), M (Am, Am,t),
M (Am,m, £t) = ¢ | min M(m, m,t), M (Am,m,t),
M (Am,m, 1)
M (Am, m, £t) = ¢(M (Am,m,t)), then by property of ¢, we have
M (Am, m, #£t) = M (Am,m,t),using Lemma 1.2, we have m = Am.
Next we claim that 72 = Sm. Putting x = m and y = x5,41,4 = 1 in (C2), we have
M (Am, Bxypi1,£), M(Am,Sm, t)
M (S, Txpp i1, 2) = ¢ | min{ M (Bxopi1, TXons1, £), M(Sm, Bxyyiq, %)
M (Am, Txyp11, %)
Taking limit as n — oo we have
M(m,m,t), M (m,Sm, 1),
M(Sm, m, £t) = ¢ | min{ M (m, m,t), M(Sm,m, 1),
M(m,m,t)
M (Sm, m, £t) = ¢ (M (Sm,m,t)), then by property of ¢, we have
M(Sm, m, £t) = M (Sm,m,+), using Lemma 1.2, we have m = Sm.
Since (D) c B(D) so there exists a point 7 in O such that m = Sm = Bn.
We claim that m = T'n. Putting x = m and y = n,4 = 1 in (C2), we have
M(Am,Bn,t), M (Am,Sm,t)
M(m,Tn, £t) = M(Sm,Tn, £t) = ¢ | miny M(Bn,Tn, 1), M(Sm,Bn,t)
M(Am, Tn,t)
M(m,m,t), M(m,m,1),
Mm,Tn, #t) = ¢ | mins M(m,Tn,t), M(m,m,t),; |,
M(m,Tn,t)
M (m,Tn, £t) = ¢p(M (m,Tn,t)), then by property of ¢, we have
M(m,Tn, £t) = M(m,Tn,t), using Lemma 1.2, we have m = Tzn.
Since B and T are compatible of type (R) and Bn = Tn = m, by Proposition 1.1, BTn = 7Bn and hence
Bm = BI'n = TBn = Tm. Also, we have
Next we claim that m = Bm. Putting x = m and y = m, 1 = 1 in (C2), we have
M(Am,Bm,t), M(Am,Sm,t)
Mm,Tm, #t) = M(Sm,Tm, £t) = ¢ | ming M (Bm,Tm,£), M (Sm,Bm, t)
M(Am, Tm,t)
M(m,Bm, t), M(m,m,1),
M(m,Bm, #t) = ¢ | min{ M (Bm,Bm, t), M(m,Bm,%),; |,
M(m,Bm,t)
M (m,Bm, £t) = ¢(M(m,Bm, t)), then by property of ¢, we have
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M (m,Bm, £t) = M (m,Bm, %), using Lemma 1.2, we have m = Bm.
Hence m = Bm = Tm = Sm = Am. Therefore, m is a common fixed point of A, B, S and T .Similarly, we
can complete the proof when B is continuous.
Next, suppose that § is continuous. Since A and § are compatible of type (R), by Proposition 1.2,
ASx,,andS Sx,,, converges to Smas n — .
We claim that m = Sm.Putting x = Sx,, and y = x,,,1,4 = 1 in (C2), we have
M (ASx2, Bxpni1, £), M (ASXy,, SSx o0, £)
M (8Sx20, Txopi1, #£) 2 | min{ M (Bxzp 41, T Xop11, ), M (§S8X325, BX gy 11, %)

M (ASX2n, TXgp11,1)

Taking limit as n — oo we have
M(Sm,m,t), M(Sm,Sm,t),
M(Sm, m, £t) = ¢| ming M(m,m,t), M(Sm,m,1),

M(SEm,m,t)
M(Sm, m, £t) = ¢ (M (Sm, m,t)), then by property of ¢, we have
M(SEm, m, ££) = M (Sm,m,t), using Lemma 1.2, we have m = Sm.
Since (D) c B(DO) then there exists a point p € O such that m = Sm = Bp.
We claim that m = T p. Putting x = Sx,, and y = p,1 = 1 in (C2), we have

M(ASx, Bp,£), M (ASX2n, SSXop, )
Mm,Tp, #t) = M(SSxy, Tp, £t) = ¢ | min MBp,Tp,t), M(8§Sx,,, Bp,t)
M(ASxy, Tp, t)
M(m,m,t), M (m,m,t),
M, Tp, #t) = ¢ | min{M(m,Tp,£), M(m,m,t),; |,
M(m,Tp,t)
M(m,Tp, £t) = ¢ (M (m,Tp,t)), then by property of ¢, we have
M(m,Tp, #t) = M(m,Tp,t), using Lemma 1.2, we have m = Tp.
Since B and T are compatible of type (R) and Bp = Tp = m, by Proposition 1.1, BT p = TBp and hence
Bm =BT p=TBp =Tm.
Next we claim that m = Tm. Putting x = x,, and y = m, 1 = 1 in (C2), we have
M (Axyy, Bm, 1), M (Axy,, Sxop, )
M(Sxyn, Tm, ££) = ¢ | min{ M (Bm,Tm,t), M (Sxy,, Bm, 1)
M (Axyy, Tm, £)

Mm, Tm, t), M (m, m,t)
M(m, Tm, £t) = ¢ | mins M(Tm,Tm, ), M (m,Tm, %) ¢ |,
M(m,Tm, t)
M (m,Tm, #t) > ¢(M (m,Tm, t)), then by property of ¢, we have
Mm,Tm, #t) = M(m,Tm,t), using Lemma 1.2, we have m = Tm.
Since 7(D) < A (D) then there exists a point x € O such that m = Tm = Auw.
Next we claim that m = S«. Putting x = «w and y = m, A = 1 in (C2), we have
M(Aw,Bm,t), M (Au,Su, t)
M(Su,m, £t) = M(Su,Tm, £t) = ¢ | min{ M(Bm,Tm,t), M (Su,Bm,t); |,
M (Au, Tm,t)
M(m,m,t), M (m,Su, t)
M Su,m, £t) = M(Su, Tm, £t) = ¢ | min{ M (m,m,£), M (Su,m,£) ¢ |,
M(m,m,t)
M (Su, m, £t) = ¢p(M (Su, m,t)), then by property of ¢, we have
M(Su,m, £t) = M(Su,m,+), using Lemma 1.2, we have m = Su.
Since A and § are compatible of type (R) and S« = Aw = m, by Proposition 1.1, AS« = SAw and hence
Am = ASu = SAu = Sm.Hence m = Bm = Tm = Sm = Am. Therefore, m is a common fixed point
of A,B,Sand T.
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Similarly, we can complete the proof when T is continuous.
Uniqueness If possible let 2¢; and 1, be two fixed point of the mappings A, B,S and 7.
Finally, we claim that «; = v. Putting x = «; and y = 4,4 = 1in (C2), we have
M (Auq, Bvy, £), M (A, Suq, 1)
M (uq, vy, £E) = M(Suq, Tvy, £) = | min{ M (Bvy, Tvq, £), M (Suq, By, )
M (Auq, Ty, %)
M (wqy, v, %), M (uq, 14, )
= ¢ | min M (vy,v4,%), M (uy,v1,%) ¢ |,
M (uy, v, %)
M (uy, vy, ££) = $(M (wy, v, 1)), then by property of ¢, we have
M (wuy, vy, £t) = M (uq, 1, %), Using Lemma 1.2, we have «; = 1.
Hence A, B, S and T have a unique common fixed point.
Next we prove the following theorem for compatible mappings of type (K).

Theorem 2.2Let A,B,S and T are self mappings of a complete fuzzy metric space (O, M ,*) satisfying the
conditions(C1), (C2). Suppose that the pairs (A,S) and (B, T)are reciprocally continuous and compatible of
type (K).ThenA, B, S and Thave a unique common fixed point in O.
Proof Now from the proof of Theorem 2.1, we can easily prove that {y, } is Cauchy sequence in © and hence it
converges to some point «« € O. Consequently, the subsequence {Sx,,}, {Bxz,41} {Tx2n41} and {Ax;, Jof
{y,.} also converges to «.Since the pairs (A, ) and (B, T)are compatible of type (K), we have
AAxyy = SU, 88X9, > AuandBBx,, = Tu, TTxy,41 = Buas n - .
We claim that Bu = Aw. Putting x = Sx,, and y = Tx3,41,4 = 1 in(C2), we have
M (ASx2,, BT Xpp41, %), M(ASEX2,, SSx0,, 1)
M(88x20, TT X3y 11, 28) = | min{ M (BT X241, T T X041, %), M (88X 2, BT Xop 41, )
M (ASxyp, TTX3n 41, )
Letting n — <o and using reciprocal continuity of the pairs (A, 8) and (B, T), we have
M(Aw, Bu,t), M (Au, Au, t)
M (Au, Bu, £t) = ¢ | min{ M (Bu, Bu,t), M (Auw,Bu,t)
M(Auw,Bu,t)
M (Aw, Bu, #t) = ¢(M (Awu, Bu, 1)), then by property of ¢, we have
M (Au, Bu, #t) = M (Au,Bu,t), using Lemma 1.2, we have Bu = Au.
Next we claim that B« = Su. Putting x = «w and y = Tx3,,4,4 = 1 in (C2), we have
M (Au, BT X9y, 41, 1), M (Au, Su, t)
M (S, TTx5p41, 2) = | min{ M (BT x941, TTXpp 11, ), M (S, BT X231 41, %)
M (A, TTx3541,%)
Letting n—o and wusing reciprocal continuity of the pairs (A,8)and (B,7), we have
M(Bu,Bu,t), M(Bu,Su, t)
M Su,Bu, £1t) = ¢| min{ M (Bu, Bu, ), M (Su,Bu,t)
M (Bu,Bu, t)
M (Su, Bu, #t) > ¢(M (Su,Bu, £)), then by property of ¢, we have
M(Su,Bu, £t) = M (Su, Bu,t), using Lemma 1.2, we have Bu = Su.
We claim that S« = Tu. Putting x = «wand y = «, 4 = 1 in (C2), we have
M(Auw, Bu,t), M (Auw,Su,t)
M Su,Tu, £t) = ¢ | min{ M(Bu,Tu,£), M (Su, Bu,*)
M(Aw,Tu,t)
M(Bu, Bu,t), M (Au, Au, t)
M Su,Tu, £t) = ¢ | min{d M(Su, Tu,£), M (Su, Su,t)
M Su,Tu, t)
M(Su, Tu, £t) = ¢p(Su, Tu,t), then by property of ¢, we have
M Su,Tu, £t) = M(Su,Tu,t), using Lemma 1.2, we have Su = Tu.
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We claim that «« = Tu. Putting x = x,, and y = «, A = 1 in (C2), we have
M (Axyy,, Bu, ), M (Axsy, SXop, )
M(Sxy,,Tu, £t) = ¢ | min{ M (Bu,Tu,t), M(Sxy,, Bu,t) ,
M (Axyy,, Tu,t)
Taking Limit asn — oo we have
M(uw, Tu, ), M (u,u, t)
M(uw,Tu, ) = ¢| min s M (w, Tu, ), M (u, Tu,t)
M(u, Tu,t)
M(u, Tu, £4£) = ¢p(u, Tu, 1), then by property of ¢, we have
M(u,Tu, ££) = M (u,Tu, %), using Lemma 1.2, we have « = T .
Hence «w = Bu = Tu = Au = Su.Therefore, « is a common fixed point of A, B, S and T
Uniqueness If possible let 2¢; and 1+, be two fixed point of the mappings A, B,S and T.
Finally, we claim that «; = v. Putting x = «; and y = 14,4 = 1in (C2), we have
M (Auy, Bry, ), M (Auq, Suq, t)
M (uq, vy, £E) = M (Suq, T, £5) = ¢ | min{ M (Bvy, Tvq, £), M(Suq, Bvy, £)
M(Auy, Ty, t)
M (g, 1, £), M (g, 1, £)
= ¢ | min M (v, v, %), M (uy, v1,%) ¢ |,
M (uq, 14, %)
M (wy, vy, ) = $(M (wy, v4, 1)), then by property of ¢, we have
M (wuq, vy, £t) = M (uq,11,%), Using Lemma 1.2, we have «; = 1.
Hence A, B, S and Thave a unique common fixed point.
Now we prove the following theorem for compatible mappings of type (E).

Theorem 2.3Let A,B,S and T are self mappings of a complete fuzzy metric space (O, M ,*) satisfying the
conditions (C1), (C2). Suppose that one of A and Sis continuous and one of B and T is continuous. Assume
that the pairs (A,S) and (B, T)are compatible of type (E), Then A,B,S and Thave a unique common fixed
point in O.
Proof Now from the proof of Theorem 2.1, we can easily prove that {y,} is Cauchy sequence in © and hence it
converges to some point « € O. Consequently, the subsequence {Sx;,}, {Bx2n+1} {Tx2n41} and {Ax,,} of
{y,.} also converges to «.Since the pairs (A, §) and (B, T)are compatible of type (K), we have
Now, suppose that one of the mappings A and § is continuous. Since A and Sare compatible of type (E), by
Proposition 1.3, A« = Su. Since § (D) c B(D), then there exists a point v+ € O such that S« = Bv.
We claim that S« = T, Putting x =« and y = v,4 = 1in (C2), we have
M(Auw, Bv,t), M (Au, Su,t)
MSu,Tv, ££) = | mind M(Bv,Tv,t), M(Su, Bv,t)
M(Auw, Tv, 1)
M(Awu, Su,t), M (Su, Su,t)
=¢| min{ M Su,Tv,t), M(Su,Su,t)
M(Su,Tv, *)
M Su,Tv, £t) = ¢(Su, Tv, t), then by property of ¢, we have
M Su,Tv, £t) = M (Su,Tv, 1), using Lemma 1.2, we have Su = Tv.
Thus we have Au = Su = Tv = Bv.
We claim that S« = . Putting x = w and y = x,,,41,4 = 1in (C2), we have
M (Au,Bxgpi1, 1), M(Au, Su,t)
M (Su, Txon41,%t) = ¢ | min{ M (Bxzpi1, TXon41, 1), M (S, BXon 41, 1)
M(Au, T x3p41, %)
M(Su, u,t), M (u,u,t)
= ¢ | min{ M (u,u, ), M (Su,u, t)
M Su,u,t)
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M(Su,u, £t) = ¢p(Su,u, %), then by property of ¢, we have

M(Su,u, ££) = M (Su,u,t), using Lemma 1.2, we have Su = wu.

Hence u = Bu = Tu = Au = Su.Therefore, « is a common fixed point of A, B, S and T

Again, suppose B and T are compatible of type (E) and one of the mappings B and T is continuous. Then
alsowe have « = Bu = Tu = Au = Su.Therefore, « is a common fixed point of A, B, s and T

3. Application

In 2002 Branciari [1] obtained a fixed point theorem for a single mapping satisfying an analogue of a
Banach contraction principle for integral type inequality. Now we prove the following theorem as an application
of Theorem 2.1.
Theorem 3.1Let A, B, S and T are self mappings of a complete fuzzy metric space (O, M ,*) satisfying the
conditions (C1), (C2) and the following:

(C4)f0]"f(é‘x,7"y ) (p(t) dt < foa(x,y) (p(t) dt

M (Ax, By, t), M (Ax,Sx, 1)
o(x,y) = ¢ | min{ M(By, Ty, t), M(Sx, By, At)
M (Ax, Ty, (2 — 1))

for all x,y € O, wherep € @ and ¢ : R" —» R" is a “Lebesgue-integrable over R*function” which is
summable on each compact subset of R*, non-negative, and such that for each €> 0, foe @(t)dt > 0.Moreover,
assume that the pairs (A, S) and (B, 7)are compatible of type (R).Then A, B, s and Thave a unique common
fixed point in .
Proof. The proof of the theorem follows on the same lines of the proof of the Theorem 2.1. on setting ¢ (t) = 1.
Remark 3.1. Every contractive condition of integral type automatically includes a corresponding contractive
condition not involving integrals, by setting @ (t) = 1.

Conclusion

In this paper, we prove some common fixed point theorems for variants of compatible mappings of
type(R), type (K) and type (E) using control function in Fuzzy metric space. At the last we provide an
application in support of our theorems.
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