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Abstract: We examine the characteristics of nonlinear localized excitations in a one-dimensional Heisenberg
helimagnetic spin system incorporating Next Nearest Neighbour (NNN) interactions. By using the Dyson-
Maleev transformation and coherent state ansatz, we deduce a discrete nonlinear equation which governs the
dynamics of the system. Also, we analyze the propagation dynamics and stability of the localized modes under
various exchange interaction parameters using linear stability analysis.
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1. Introduction

The study of localized modes in nonlinear discrete systems has received significant attention in the
recent past. Intrinsic localized modes or discrete breathers refers to the nonlinear excitations which are localized
in space and periodic in time [1,2]. The formation of the discrete breather require the combination of two crucial
elements such as discreteness and nonlinearity. They have been studied in a number of systems like
antiferromagnetic chains, Josephson’s junctions, micromechanical oscillators, optical wave guides, granular
crystals etc, due to the potential fascinating applications [3-8]. The structural stability for these spatially localized
excitations depends on the discreteness of space. Thus the interacting spins in the lattices makes them ideal for
observing discrete breathers [9]. Previous studies indicate that, the occurrence of localized modes is associated
with an instability of the corresponding nonlinear plane waves and the energy localization in discrete lattices may
be facilitated by the phenomena of Modulational Instability (MI) [10-11].

One of the fascinating aspect that may be seen in many nonlinear systems is the modulational instability
which was first reported by Benjamin and Feir in 1967 [12]. MI occurs when a weak perturbation of a amplitude
of the wave increases exponentially as the wave propagates. Initially, Kivshar et al. [13] reported that localized
states in nonlinear oscillator lattices may be produced through modulational instability. Later, in another report of
Kivshar [14] he revealed that bright type localized mode exist in the parameter regions where the system displays
MI. If MI does not occur, then a dark type localized mode might exist in the system. So far the characteristics of
localized modes and the associated Ml in different nonlinear systems have received a lot of attention [15-17]. Not
a long ago, Vasanthi et al. [18] investigate the impact of different kinds of inhomogeneities and modulational
instability in a one-dimensional antiferromagnetic spin system. A highly localized discrete breather mode and
modulational instability in a one-dimensional ferromagnetic spin lattice was reported by Kavitha et al. [19] and
they explores the conditions for the excitation of localized modes with the help of modulational instability
analysis.

Besides this well known magnetic systems, there is an incommensurate form of magnetic ordering known
as helimagnetism arises from competing ferromagnetic and antiferromagnetic exchange interactions. Usually
helimagnetism is only observed at liquid helium temperatures and in a helimagnet spins of adjacent magnetic
moments organize themselves in a spiral or pattern exhibiting a characteristic turn angle ranging from 0 to 180
degrees [20,21]. Above a certain temperature and at low temperatures, rare earth metals such as, Terbium (TB),
Dysprosium (Dy) and Holmium (Ho) persist in a helical phase. The thermodynamic and other magnetic features
of helimagnets have been studied extensively by putting forth various models [22,23]. Nevertheless, the spin
dynamics of helimagnetic lattices are still in the infant stage and only a few works has been reported regarding
the nonlinear spin excitations of the helimagnet. Daniel et al. [24,25] has recently contributed few works on the
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characteristics of nonlinear spin excitations in a one-dimensional Heisenberg helimagnet. By proposing a spin
rotator model of a helimagnet, Felcy et al. [26] studied the influence of various kinds of inhomogeneities on the
dynamics of solitons and found that the inhomogeneity produces a fluctuatation in the localized or tail region of
the soliton above the limiting values. Bostrem et al. [27] studied the occurrence of dark discrete breather modes
in a chiral helimagnet with easy-plane anisotropy and the stability of the breather modes were confirmed by means
of Floquet stability analysis. Prompted by this in our current work we examine the stability criteria for the
nonlinear localized modes in a quasi-discrete helimagnetic spin lattice.

Further more, the previous research on the properties of Ml and localized excitations so far concentrated
only with nearest neighbour interactions. But, NNN interactions play a vital role in explaining some significant
physical phenomena in nonlinear systems and therefore leads to wide range of applications in quantum
information storage and magnetic multilayer systems [28]. With these in mind, we also investigate the influence
of NNN interaction on the localized modes and their stability in a one-dimensional Heisenberg helimagnetic spin
system in the semiclassical limit.

The paper is organized as follows. In section 2, we present a suitable model Hamiltonian and deduce the
dynamical equation by employing Dyson-Maleev transformation and Glauber’s coherent state representation. In
section 3, we analyze the existence conditions of the discrete localized modes via linear stability analysis.
Additionally, we explores the impact of NNN interactions on the localized modes under various physical
conditions. Finally, in section 4, we provide the conclusions.

2. Hamiltonion Model and Dynamical equation
In this paper, we focus on a one-dimensional Heisenberg helimagnetic spin system by including NNN
interactions. The Hamiltonian for this kind of spin model can be expressed as

H==3; [J(Si Siy1) + Tk - (S X Six)] — q1? + AU S - Six2)] — AGSH?, 1)

where §; = (Si",Siy,SiZ) represents the spin at the lattice site i. J indicate the bilinear exchange
interaction and T' stands for the twisted arrangement of spins in the helimagnet where q is the pitch wave vector
of the helimagnet. A denotes the contribution of NNN interaction and A is the crystal field anisotropy interaction.
Now we may write the Hamiltonian in Eq. (1) into its dimensionless form by introducing the dimensionless spin
S; = S;/h and defining i = $¥ £ iSY. The Hamiltonian now transforms into,

] _ _ r e _ _
H= —Z [E (5 Si1 + 878k + 28785, + 1(25i+5it15i Siv1 — S Si415i Sz
;
_ _ Tq , e _ J _
=S S5 Sk +Tq? — Tq(si S = ST Si) + AL (SIS, +
+57 81522875550} — A(SP)?). )

To comprehend the spin dynamics of the present system, we need to bosonize the Hamiltonian in the
semiclassical treatment by employing Dyson-Maleev bosonic reprsentation of spin operators [29,30] given by

St =251 — %aj a)a;,

S =\/ﬁazr,
S¢=S-ala, 3)

where a;, a;r stands for the boson annihilation and creation operators respectively and these bosonic

operators satisfy the following commutation relations, [a,,, a,] = 0mn and [a,,, a,] = [ajn,ajl] = 0. Inserting

Eq. (3) leads to a bosonized Hamiltonian

H=-Y[JS?+Tq? + }JS? — AS? + JS(a;al,, + ala;4y — ), a; 1y

t t t t toN_ Lty o ot
—a;a;) + AS5(a;a;,, + a7 Aiyp — Q5004 — a;4;) — (0, 0;0;0;4,4
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Since we are interested in nonlinear excitations of spins that results from nonlinearity in the magnetic
system in which a subset of spins may move considerably in relation to the other spins. Coherent states may serve
as a description for the quantum state of collective modes with such large amplitudes. Therefore, to express the
elements of the system states, we introduce Glauber’s coherent state representation [31] for the bosonic operators,
a:rl|u) = uylu), a,lu) = u,lu), |u) =00, u,) with (u|u) = 1. By utilizing Ehrenfest theorem, we obtain the
following equation of motion for u,, as

,du ]

L dtn = Woly _]S(un+1 + un—l) - A]S(un+2 + un—z) + E(lun—llzun—l
Al
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(lun—zlzun + |un+2|2un) - ZFSZ(lun—llzun + |un+1|2un +

UL Up — Upyqtiy) + @ (Un+1 — Up—1) + rTq (Jun-1ltn_y +

urzlu:1+1 - |un+1|2un+1 - urzzu:t—l) + 2A|un|2unt (5)

where wy = 2JS(1+ 1) — 2SA. It can be seen that, the nonlinearity in the magnetic system is completely
considered in Eq. (5), and it describes the nonlinear spin dynamics of the one-dimensional quasi-discrete
helimagnet.

3. Linear Stability Analysis

A crucial feature of a nonlinear localized mode is its linear stability which is determined by the nature
of the mode dynamics under the action of minor perturbations of its stationary state. Generally, there are two
possibilities for the dynamics of the perturbation induced modes. In the first case, a nonlinear mode receive only
small distortions to its steady state profile and the parameters of a nonlinear mode oscillate in the neighbourhood
of its stationary state. Thus, we refer this type of nonlinear mode as linearly stable. On the other hand, we describe
the nonlinear mode as linearly unstable when initial deviations of the nonlinear mode parameters from their
stationary values grow exponentially under the effect of small perturbations.

In this section we investigate the generation of localized modes in a one-dimensional helical spin system and
the M1 of the plane waves analytically. The purpose of stability analysis is to introduce a small perturbation into
the system and analyse whether this perturbation grows or decays with propagation. To carry out linear stability
analysis, we consider a plane wave solution with constant amplitude of the form

u, () = uge'h-ot, (6)
where u, denote the amplitude of perturbation. k and w refers to the wave number and frequency of the
plane waves respectively. Inserting Eq. (6) into the dynamical equation results in a dispersion relation of the

magnetic system which reads

w = wqy — 2JScos(k) — 2AJScos(2k) — 2Ju?[1 — cos(k)] — 24Ju3[1 — cos(2k)]
+4TS?u2(1 — cos(2k) + 4STqsin(k) — 4Tquésin(k) + 2Au. )

Next, the plane wave solution in Eq. (6) is perturbed by a small amount given by

Un() = up(1 + Ny ()0, 8)
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Inserting Eq. (6) in to Eq. (7) we get a linear differential equation

o Jub Aug 2. 2
in, + TBl + TBZ + I'S“u§B; — AB, + cos(k)Bs + cos(2k)Bg
+isin(k)B; + isin(2k)Bg = 0, 9)
where By, B,,...... Bg are given in Appendix A. Moreover, we assume a general solution as
un(t) — ﬁei(nQ—Qt) + ﬁ*e—i(nQ—Qt)' (10)

where, Q@ and Q correspond to the wave number and frequency of perturbation respectively.
Substituting Eq. (10) into Eq. (9) we get a linearized evolution equation

Q2BB* + Q(BM + B*N) + MN = 0, (11)

with
M = —B*[4Judcos(Q) + 4JuiBB* + 2JuiBB*cos(2Q) + 44 uscos(2Q)
+2Ju BB cos(4Q) + 4JuiBB* + 8TS*uscos(Q) + 4TS*uipp*
cos(2Q) + 8TS?ugBB* + 4Aus + 6AuiBB* + cos(k)C; + sin(k)C,
+cos(2k)C; + sin(2k)C,], (12)

N = B[4Judcos(Q) + 4JudBB* + 2JudBf*cos(2Q) + 4Mudcos(2Q)

+2Ju BB cos(4Q) + 4JuiBB* + 8TS*uscos(Q) + 4TS*uipp*

cos(2Q) + 8TS?u3pB* + 4Au3 + 6AuiBB* + cos(k)Cs + sin(k)Cq

+cos(2k)C; + sin(2k)Cg]. (13)

where C;,Cs,...... Cg are given in Appendix B. Solving Eq. (11) gives

—(BM+B*N)+\/(BM+B*N)2-4BB*MN
Q- J o _ (14)

The stability of the nonlinear helimagnetic spin system is determined by the imaginary component of the
perturbation frequency Q. If the perturbation frequency is real, then the perturbation at any wave number k does
not grow with time. But, for an imaginary frequency i.e,((BM + B*N)? < 48B*MN) the perturbation grows
exponentially with the intensity being defined by the growth rate or gain given by, G () = Im(Q) where, Im
stands for the imaginary part.

Fig. 1 and Fig. 2 depicts the modulational instability zones in the (k, Q) plane for various values of NNN
interaction A, in the absence of helicity. In figure, the lighter regions are unstable regions and have high values of
modulational instability. The darker regions are stable regions which have low values of MI. Fig. 1 describes the
effect of NNN interaction A in the absence of helicity. As one can see, the increase in the value of A increases
the instability regions and favours the stability of the localized excitations.
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Figure 1: Modulational Instability regions in (k, Q) plane for various values of 4, (a) 4 =0.2, (b) 24
(c) =106, (d) A=08withJj=12and T =0.

0.4,

The effect of NNN interaction with helicity on MI zones is shown in Fig. 2. The presence of helicity
shifts the stability/instability zones to the left of the Brillouin zone and it does not affect the M1 zones significantly.
In the following, we discuss the impact of NNN interaction and helicity on the growth rate curves in the long and
short wavelength limits.
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Figure 2: Modulational Instability regions in (k, Q) plane for various values of 4, (a) 4 =0.2, (b) 1 = 0.4,
(c) A=06, (d) 1 =08 withJ =12 and T = 3.

3.1 Long Wavelength Limit

First we consider the long wavelength limit, where the wave number k = 0, and from Eq. (14) the gain
G (Q) Can be calculated. The growth rate curves under various interaction parameters for this case is depicted in
Fig. 3 and Fig. 4. From Fig. 3, it can be notable that the amplitude and width of the growth rate curve increases
with increase in the values of NNN interaction parameter with helicity, which predicts the stability of localized
modes in the presence system. In Fig. 4, the dotted lines shows the contribution of helicity and as seen the helicity
does not affect the growth rate curve significantly.
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Figure 4: Growth rate curves for (i) A =0, =0, (ii) A =0,I'=3, (iii) 1=08T =0, (iv) 1 =

0.8, = 3 with J = 12.
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3.2 Short Wavelength Limit

In this case the wave number and the expression for gain G (£) is obtained from Eq. (14). The growth
rate curves for various NNN interaction parameter and helicity is plotted in Fig. 5 and Fig. 6. The presence of
NNN interaction without helicity affect the width of the growth rate curve as shown in Fig. 5 which supports for
the formation of localized modes. Fig. 6 represents the effect of helicity on the growth rate curves and a similar
behaviour as in the case of long wavelength limit is observed.
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Figure 5: Growth rate curves for various values of A with J =12 and I' = 0.
6
i (i)
L o — -~ .
s ~
g N\ (iii) /7 \
g 4r ! \ \
s 50 ] \ 1 \
o - /] 1 ] 1
(G r 1 | ] \
- ] | I 1
2+ 1 1 ] 1
i ] 1 ] i
C 1 1 1 1
: ! 1 ! i
17 I 1 i 1
i I 1 I i
- i 1 1 L
0 L1 I 1 | | } I | 1
-6 -4 -2 (1} 2 4 6
Q

Figure 6: Growth rate curves for (i) A =0, =0, (ii) A =0, =3, (iii) 1 =08, =0, (iv) 1 =

0.8,' =3 with J =12
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4. Conclusion

We have analyzed the stability aspects of the nonlinear localized modes in a one-dimensional
helimagnetic spin system incorporating NNN interaction in the semiclassical limit. By employing Dyson-Maleev
transformation and coherent state representation, we deduce the dynamical equation for the present system. We
studied the modulational instability properties of the localized modes via linear stability analysis under various
physical conditions. From our results it is found that, the introduction of NNN interaction affect the Ml of the
helical spin system significantly. When the NNN interaction is increased the amplitude and width of the growth
rate curve increases which confirms the stability of the localized modes. Moreover, the presence of helicity shifts
the MI regions to the left of the Brillouin zone, and it does not affect the growth rate curves notably. Thus from
our outcomes, the stability of the localized modes in a helimagnetic spin system can be modulated using NNN
interaction and it may found possible applications in energy localization processes in various fields.

Appendix A

By = 20j_ 1 + 41_g 4+ 200050 + A0ty 4 205180010 + 2000h 01 + AMnTna,
By, = 2075 + 4y + 20055 + ATy + 205280042 + 200000 + ATy s,
By = 2nfi_y + 4Mp_q + 20,051 + 40pllnog + 20500 + Ay + 2000500 + A0l
B, = 6udn; + 4ugn, + 2ufn;,
] 2
Bs = JSns1 + oy = 2] = =2 [303 1 + 40y + M3y + 20002 + 4y + a1 + 20nsalln + Mgy +
28T T
30341 + o1l + 20n-1mn] = = [nsr = Mnoa] = S UG (3031 + 200y + 15y + Nsa i + 2ty —
Mn-1h = 2Mp-1Mn = 30541 = 2Mns1 — Mg
] 2
Bg = JS[Mns1 = Mneal + 52 (30321 + 20001 + D3t + Mnsa?ln + 20nealln = 3041 = 2ngs = s —
28T T
M1l = 2MnaTn] = = s + g = 20n] + =L U [3030 + 1520 + 207 + ngalis + 2l +
ANy + Nnoai + 20 17y + Apiq + Mogs + 30744,
AJu?
B; = AJS[Mnsz + Mz — 20l — =52 [305-2 + 4z + Moz + 2002 + 4z + Mol + 2nsalln + sz +
30742 + Mzl + 20520y ] + TS?UG 2051 + 40— + 20,0h_ 1 + 40 Nnq + 205,41 + 410gs + 20,0540 +
4rlnrln+1a
AJu?
Bg = AS[Mnsz = M-z = 52 [305-2 + 21z + M3z + T2l + 2lnsalin = Nn-2Tli = 2Mn—2lln — sz —
20n42 — 3Masz + TSPUG (2074 + 40y + 200y + A0nNno1 — 20541 — $nss — 2000h 41 — HMnTnss.

Appendix B

C, = —2JS + 2JScos(Q) — 6JuiBf*cos(Q) — 4Juidcos(Q) + 4T'Sqsin(Q) — 4Tquisin(Q) —

4Tu2pBB*sin(Q),

C, = —2JSsin(Q) + 2Judsin(Q) + 2JuiBB*sin(Q) — 4TSq + 4STqcos(Q) — 8Tquécos(Q) —
12Tqu3BB*cos(Q),

C; = 2AJScos(2Q) — 24JS — 6JudfB*cos(2Q) — 4 uicos(2Q) — 8T'S?udcos(Q) — 4TS*uipB*cos(2Q) —
8TS2u2Bp",

C, = —2AJSsin(2Q) + 2Ju3BB*sin(2Q) + 24 u3sin(2Q) + 8TS*u3sin(Q) + 4TS*uipB*sin(2Q),
Cs = —2JS + 2JScos(Q) — 6JudfB*cos(Q) — 4Juicos(Q) — 4TSqsin(Q) + 4Tquisin(Q) +

ATu§Bp sin(Q),

Ce = —2JSsin(Q) — 2Judsin(Q) — 2JudpB*sin(Q) — 4T'Sq + 4STqcos(Q) — 8Tquicos(Q) —
12Fqu3BB*cos(Q),

C, = 2AJScos(2Q) — 24JS — 6AJuifB*cos(2Q) — 4 uicos(2Q) — 8TS?u2cos(Q) — 4TS?u3BB*cos(2Q) —
8rS2uBp",

Cg = 24JSsin(2Q) — 2 u3BL*sin(2Q) — 2Judsin(2Q) — 8TS?usin(Q) — 4TS?u2pp*sin(2Q).
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