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Abstract:- The author’s goal is to highlight the most recent developments in the research on the study of complex-
valued functions as seen through an understanding of geometric function theory. Contributions will be required
for any aspect of the Hadamard product associated to the generalized Hurwitz-Lerch Zeta function convoluted
with the theory of functions that are univalent. In the present investigation, the author focused into the inclusion
relations of a few subclasses of the k-starlike functions, k-uniformly convex functions, and k-quasi-convex
functions which together make up the generalized Hurwitz-Lerch Zeta function.
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1. Introduction

The class of all holomorphic functions f in A, of the method

f(z) = z+Zanz”,
n=2

defined on
U={z:z€C: |z| <1}.

Let g be given as

9D =7+ ) b,

n=p+1

their convolution is

F@ =2+ ) anbys™

If f € A satisfies
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R(TZ)—a) 2kIT(Z)-1] (zeU)

where T(Z)= ( ;('(?) for certain a(0 < a < 1) with k(0 < k < =), then we affirm that f is k-uniformly starlike

of order a. This category is denoted as k — ST (). If f € A gratifies
RA+MQZ)—a) = k|M(Z)| (zeU)

where orcertain a(0 < a < 1) wit < k < x), then we affirm that f 1S k-uniformly convex
here M(2)=(£72) f in (0 1) with k(0 < k < ), th ffirm that £ is k-uniforml

of order a. This class is denoted as k — UCV (). (see also Kharasani and Hijari ). While k = 0 inequalities [1.2]
and [1.3] diminish to the already established starlike(5*) and convex(C) respectively. While k = 1, [1.3] leads
to the class UCVY proposed by Goodman and studied further by Renning , Ma and Minda . While k = 1, [1.2]
leads to the class ST studied by Renning . Conical sections were putforth by Kanas, Kanas and Wisniowska —.
For 0 < k < oo define the domain (2, , as

Qpe ={u+ivi(u—a)? > k?(u—1)% + k?v?).

for0<k<1,
kz—a 2 2
' u+—1_k2 v
-Qk,ot= u+iv: ﬂ - ﬁ >1.,
k(l—kz) V1= k2
andfork > 1,
k2—a 2 2
' u+k2—1 v
‘Qk,a: u+iv: T(l + ﬁ <1;.
k(kz—l) k2 — 1

The conspicuous representation of the connecting extremal function U onto (2, ,, is given by

1+(1-2a)z

k=0
1-z
2(1 a) 1+Vz _
1+= 5" log? (1 f)’ k=1
Qea(2) =11 200 e (A(k)arctanh vz), 0<k <1

(1-a) . o Vz k?-a
i, Sin (—2 (t)f( t)) + P k>1

where A(k) = %arccosk, U(w, t) is Legendre’s elliptic integral

dx
o VI—x2V1—t2x?

TTK! (t)

(w,t) =

k() =4(1,0)

and t € (0,1) is selected that k = cosh——"=, maps U onto the conic domain. The image of U under Q.o (2) for

various values of « is given by the flgures 1 3 By feature of
p(2) =T(2) < Qia(2) and p(2) = 1+ M(2) < Qra(2)
By the characteristics of domains, we claim

k+a
k+1

R(p(2) > R (Qal) >
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Express UCC(k,a, B), let f € A that satisfies

n(z) < Qyq(z) forcertain g € k — ST ().
In the same way , we define UQC(k, a, B), let f € A that satisfies
n'(2) < Qrq(2), forcertain g € k — UCV ().

The category of close-to-convex and quasi-convex univalent functions of order a and type B are UCC(0, a, B)
and UQC(0, a, B) respectively.

o
WY
a=025 a=08 a=0rs

FIGURE 2. The image of U under Qy ,(z) for k = 1 with various values of a
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a«00 a=028 a=06 an075

FIGURE 3. The image of U under Q. ,(z) for k = 0.5 with various values of «

2 Preliminaries

Now we study about some subclasses of Generalized Hurwitz-Lerch Zeta Function considered by Mohammed
and Darus.

Denote by D*: A — A the operator labelled as

D*f(z) = xf(z) A>—1

Z
More precisely, D°f(z) = f(z) and D1f(z) = zf'(z) and,

z(zm_lf(z)) m
!

m

D™f(z) =

, mEN,=NUO.

we spot that

D™f(z) =z + Z C (m, k)a,z*
k=2
where C(m, k) = g::;g;ii:

D™ f is termed as the n-th order Ruscheweyh.
I,: A — A the operator is labelled as:

L@ fi71(2) = 7, where f,(2) = n €N,

Z
(1 — Z)n+1 ’

Then,
fit(2) = [ufw](_l)

nlk!

I,f(z) = z+k2227(k e 1)!akzk
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Also Iy (z) = f(z) and I,f(z) = zf'(2). I, is termed as Noor integral operator defined and studied by Noor
and Noor.
For f € A, Salageanfamiliarized the following operator

D"f(z) =f(z)*(z+2k”zk>, meN,=NUO.
k=2

Note that D°f(z) = f(z) and Df (z) = zf'(2).
Latterly, Shagsi and Darus putforththe linear operator

D (2) = (6(n,2)) "  f(2),

) z*
G(n,z) = Zk=1k_n and

N A+1
zk—*(G(nz))( YV = ZZ)/1+1 Z%zk“ A>-1

k=1 k=0
where
( (1) an(k'k/‘l_l)' 7k
Al(k—1)!
Hence

. o (k+a-11
D}Lf(Z)ZZ'l'kZ_anmakZ , n,AEN,.

Now, we consider

. (W z*
k' (k+ o))"’

¢u(z,5,0) = z€Clz|<1l,0€C{0,—-1,-2,...},u,5s €C,

the generalized Hurwitz-Lerch zeta function, putforth by Goyal and Laddha.

r'(u+k)
ruw

Apparently, the distinct cases of Hurwitz-Lerch zeta function were investigated by numerous authors like Lin
and Srivastava and Kanemitsu et al..
when o = 1, the generalized Hurwitz-Lerch zeta function diminishes to

Wy = =uu+1)..(u+k—-1) fork=123,... u€R (We=1

e k
z¢,(z,5,1) = (]((”)_kislzks
k=1

Now introduced a function [z, (z, s, 1)](_1) given by:

- = A+1)
[Zd)#(zﬂ S, 1)] * [Zd)y_(z, S, 1)]( 1) = (1 _ZZ)2.+1 = ;) k| k Zk+1,

and gained a linear operator:
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01 F(2) = [20,(z 5, D] "+ F(2)

From [2.2] we attained

(-1) — (/‘l + 1)k—1 ksZk

(W -1

’

k=1

Fors,A € Ny and 1 € N, we observe

Hlsf(z) = +Z u(+)1)k LkSa,zk,
k-1

putforth by Mohammed and Darus or

o (k+ 24— 1D —1)!

A,s _ s k
0,°f(z) =z+ ) Ak a—2)! kSa,z",
which is analogous to:
C(A k)
As k
6."f(2) = 5t k)
where
(I + D Wk
C(A, k) = T and 6([1, k) = ('u — 1)'

We observe that
1. Ruscheweyh introduced the derivative operator 91’1‘0 f(2),
2. Salagean introduced the derivative operator 611‘5 f(2)
3. Noor and Noor introduced the integral operator 8 fl f(2)
4.  Shagsi and Darus introduced 9{"5 f(2)

More precisely, 6°f(z) = f(z) and ) f (2) = zf'(2).
In view of [1.1] and [2.4] we obtain:

z (a,f's f(z))’ = A+ DO F(2) — 26)°F(2)
and
z2(6°F @) = w61 f(2) — (0 — DO f ().

The relation [2.9] play vital role in obtaining our results.

Lemma 1. Raghib Nadeem Let h be convex holomorphic function in U and q(0) =1, R(vq(z) + w) >0

zp!(z)

(v,u € €). If p isholomorphic in U and p(0) =1 Hence p(z)+vp(z)+#

q(z) (ze ).

<q(), (zeU) = p(2) <
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Lemma 2. S.S. Miller and P.T. Mocanu Let q be convex in U and E = 0. Suppose B is holomorphic in U and
R(B(2)) > 0. If g is holomorphic in U with g(0) = g(0). Hence Ez2g"(z) + B(z)g(z) < q(z) = g(2) <
q(2).

Eventually, we recollect the Bernardi-Libera-Livingston integral operator given by

L,(f() = yz—tlf ty 1 f(t)dt, y > —1.
0

3 Main Results

Theorem 1. Let f € A. If8,°f(2) € k — ST(a). Then 6, £ (2) € k — ST ().

Proof. Let
G/I,Sf(z) 1
s(z) = z(#/l's—) (zel)
0 f ()
where s is holomorphic in U and s(0) = 1. Utilizind [2.9], the following is obtained
0/1+1,s
s(@)+1= (/1+1)““7f(2)
0, f(2)

Differentiating both sode logarithmically w.r.to z and multiplying with z, we attain

zs'(z) 7 (%Hl'sf(z)) '

s(z) + SO HP’}“'Sf(z)

From this argument, we affirm

zs'(z)
s(z) + S T4 < Qra(2).
Using Lemma 1 and [1.3a], Q4 (2) is injevtive holomorphic function on an open subset of the complex plane and
convex in U, also R (Qk,a(z)) > ’;J'Ti‘ m

Theorem 2. Suppose f € A. If Hj'sf(z) € k — UCV(a), then G:H’Sf(z) €k —Ucv(a).
Proof. From equations [1.2] and [1.3] and the Theorem 1 we attain
61 f(2) ek —UCV(a) & z(6°F(2)) € k- 5T (a)
e 6)°zf'(2) € k — ST ()

= 0,7zf'(2) € k — ST ()
e 07 f(2) € k—UCY(a)
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Theorem 3. Suppose f € A. If 6,°f € UCC(k, a, B), then 87 f € UCC(k, a, B).
Proof. Given
A,
6,°f(2) € ucc(k,a,B)

2(6°F ()"

PERER Qo (2), for certain k(z) € k —ST(B).

For g(2), 6,°g(2) = k(z) we attain

z2(60°F ()’
— o < Qra(@).
6,°9(2)
Letting
Z(Q;+1,Sf(z))/ Z(9£+1,Sg(z))/
h(z) = ——s and H(z) = s
6, °g(2) 6, 9g(2)
Hence h, H are holomorphic in U with h(0) = H(0) = 1.
Using Theorem 1,
k+p
A+1,s _ .
0, g(2) € k = ST(B) with R(H(2)) > T

Also

z(607°f (@) = (1" 9(2)) h(z)

Differentiating [neweq] on both sides w.r.to z, we attain

2 (Z (9;1+1,sf(z)) ,) ' B 7 (Q;H'Sg(Z)) ’

= h(z) + zh'(2) = H(2).h(2) + zh'(2).

6:+1'Sg(2) 9:+1'Sg(Z)

Using [2.9], we attain

2(6°)  _ 6" (2f (@)
6,°9(2) 0,°9(2)
~ 7 (9]11+1,Szf/(z)) ’ + /19;+1,S(Zfl(z))l
z (H;J'l'sg(z)) "+ AG;H'Sg(z)
2 (gl:l+1,szfr(z)) ’ s 9;*1'S(zf(z))'
0}:—{+1,S‘g(z) 9[;1+1,5g(z)
92+1,S ’
(G 0)
6, "9(2)
B H(2)h(z) + zh'(z) + Ah(2)
- HZz)+ A
zh'(2)
HZ)+ A

=h(z) +

Using [3.4], [3.5] and above equation, we conclude
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zh'(2)

h(z) + D+ 2 < Qre(2)
When E = 0 with B(z) = H(21)+/1' we attain
_RHE) + D)
ER(B(Z)) = m >0

the above mentioned inequality well pleased the constraints prescribed in Lemma 1. Therefore

h(z) < Qi q(2)

Using analogous argument in Theorem 3, we can verify the succeding theorems.
Theorem 4. Suppose f € A, if 6, f € UQC(k, a, B), then 6, (2) € UQC(k, a, B).
Theorem 5. Suppose y > —’:'T’I, if0,°f € k —UCV(a) s0 is 6;°L, (f(2)).
Theorem 6. Suppose y > —%, if 0, " f € k —ucc(a,p) s0is °L, (f (2)).
Proof. By the definition, we have

K(2) =6,°g(2) € k —ST(B)

Hence

7 (9}11+1,S (f(z))) ’
9:+1,S(g(z))

< Qk,a(z)(z S [U)

Now from [2.8] we have

207 _ 2(O0 @)+ (of )
0 (0@) 2 (611, (9))' + 2651, (9(2)
2(047 (21 @) y81 (21 @)
0, "L, (9()  6,7°L,(9(2))
z(6:7 1, (9(2))’
0, Ly (9(2))

+vy

Since 6, *"* g € k — ST (), by Theorem 4, we have L, (6,*"*g) € k — ST (). Taking

z (HjH'SLy(g(Z))) '

=H(z2)
6£+1,5Ly(g)

k+B
We observe R(H(2)) > -~ Also

2 (9:+1'5Ly(f(l))) '

h(z) =
@ ==L, (4

we obtain
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z(607°L, () = h(@)6: L, (9(2)).

Differentiating [eq3.18] both sides w.r.to z, we attain

z (9;“1’5 (zLy(f)) ’) !
93+1,5Ly(g)

7 (9;+1,5Ly(g)) ’
93.+1,5Ly(g)
=zh'(z) + H2)h(2).

=zh'(z) + h(2)

Using [eg3.17] and [eq3.19], we attain

z (9;:1+1'Sf(z))’ 3 zh'(z) + H(2)h(2) + yh(2)
0. g B H(z) +vy

Also using [eg3.16], we attain

zh'(z)

h(z) + HD +7

< Q(k, a)(2).

1
H(z)+y
Also the suitable conditions of Lemma 2 are satisfied, the proof is concluded. i

We proceed B(z) =

in [eq3.21] and observing that R(B(z)) > 0 with y > —’;T'I. Now for A = 0 and B

An analogous argument leads to the following theorem

k+a

Theorem 7. Lety > —-=< If 0,7 f(2) € UQC(k, a, B) so is 6;°L, (£ (2)).
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