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Abstract The Hamiltonian path is a famous algorithm for determining the existence or
nonexistence of a graph. However, for certain types of graphs, we can apply certain conditions to
determine its existence. In this paper, we discuss the results show that there can be at most (n-
1)/2 edges disjoint Hamiltonian paths in a complete graph. Also, discussed examples of its
applications in different fields. Furthermore, the application of Hamilton path in the DNA
sequence has been investigated.
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INTRODUCTION

Background information on Hamiltonian path:

The concept of Hamiltonian paths comes from the mathematical field of graph theory. A
Hamiltonian path, named after the Irish mathematician and physicist William Rowan Hamilton,[8] is
a path that visits each vertex in the graph only once[15]. Simply put, think of a graph as a collection
of nodes or vertices, and connect these vertices with edges. A Hamilton path is a route that starts at
one vertex, visits all other vertices exactly once, and ends at another vertex [1]. It essentially loops
through the entire chart without repeating. Hamiltonian paths are closely related to another concept
in graph theory, "Hamiltonian cycles." While a Hamiltonian path visits each vertex exactly once and
does not necessarily start and end at the same vertex, a Hamiltonian circle forms a closed loop that
visits each vertex only once and starts and ends at the same vertex [20] Understanding and studying
Hamiltonian paths is of great significance in various fields such as mathematics, computer science,
and network analysis. In this research, we have discussed Hamiltonian pathways applications in
DNA and protein sequencing. DNA sequencing determines the order of nucleotides in a DNA
molecule [17].

There are multiple justifications for the importance of exploring Hamiltonian paths and their
characteristics.

1. Validity of the optimization problem: Firstly, it is important to note that the Hamiltonian path
within a graph represents the ultimate path or sequence of vertices that offers the highest level of
optimization. This holds immense value in various practical applications such as logistics planning,
scheduling, addressing the traveling salesman problem, and determining the most expeditious or
efficient route between multiple locations.
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2. The analysis of networks with robustness: The examination of network structure, determination
of connectivity, and investigation of the stability, vulnerability, or reliability of network systems can
be achieved through the utilization of Hamiltonian paths. These paths play a significant role in
comprehending intricate systems, such as transportation networks, social networks, or electrical
circuits [19].

3. The intricacies of complexity theory: The exploration of Hamiltonian paths aids in the analysis of
computational complexity and facilitates the classification of problems based on their level of
difficulty. The Hamilton path problem itself serves as an exemplary instance of an NP-complete
problem, signifying its arduous nature and the potential requirement of substantial computational
resources for its resolution [7][11].

4. Graph theory exploration: Hamiltonian paths serve as a highly valuable subject of examination
within the realm of graph theory, a prominent field of mathematics. Through the analysis of
Hamiltonian paths and their respective characteristics, mathematicians are able to acquire valuable
insights pertaining to a variety of graph-related aspects, including connectivity, symmetry, and
overall structure.

5. Algorithmic formulation: The Hamiltonian path quandary, a timeless conundrum within the realm
of computer science, presents itself as a fundamental challenge. The exploration of resourceful
algorithms to determine the presence of a Hamiltonian path or cycle within a graph plays a pivotal
role in the advancement of computational tools and algorithms[9]specifically designed for the
efficient processing of extensive data quantities and intricate structures.

MATERIALS AND MRTHODS

Basic Principles of Hamiltonian Path:

A Hamiltonian path is a path in the graph that visits each node only once[8]. The path does not have
to bea circuit, meaning it can start and end at different node. The concept of a Hamiltonian path is
named after Sir William Rowan Hamilton[8], who was first to study this problem.
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Figure 1: Hamiltonian Path

To better understand this concept, let's take an example. Consider above a graph with vertices A, B,
C, D, and E.A Hamiltonian path in this graph can be A -> B -> D -> E -> C. In this path, each vertex
is visited only once. It’s not necessarily a loop since it starts and ends at different vertices.

Properties of Hamiltonian Path:

A Hamiltonian path exists in a given graph is a recognized problem in graphtheory. There is no
straightforward algorithm that can solve this problem efficiently. One condition for a graph to have a
Hamiltonian path is if it is a complete graph. A complete graph is a graph where each vertex is
directly connected to all other vertices. In such cases, it is guaranteed that aHamiltonian path exists.
Another condition for the existence of a Hamiltonian path is that the graph should be a Hamiltonian-
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connected graph. A Hamiltonian-connected graph is a graph where, for any two vertices, there exists
a Hamiltonian path connecting them. This condition is not as strong as a complete graph, but it
ensuresthe presence of a Hamiltonian path.

Comparison with Other Graph Paths:

There are several other types of paths in a graph, namely Eulerian path, trail, and cycle. It is
important torsyie the differences between these paths and a Hamiltonian path.

An Eulerian path is a path that visits each edge once, while an Eulerian cycle is an Eulerian path that
is also a cycle[1][7]. In association, a Hamiltonian path visits each vertex once, without considering
the edges[7]. AHamiltonian path does not have to cover all edges of a graph like an Eulerian path
does. A graph can have multiple Hamiltonian paths, depending on the complexity of the graph.
However, if agraph has an Eulerian cycle, it always has a Hamiltonian cycle.

Complexity Analysis:

Determining the existence of a Hamiltonian path in a graph is a difficult problem, known as the
Hamiltonian Path Problem. It has been proven to be NP-complete, which means no known algorithm
can solve it in polynomial time[6]. This suggests that finding Hamiltonian paths becomes
progressively more difficult asthe number of vertices and edges in the graph increases.

The NP-completeness implies that there is no known efficient algorithm to determine the existence of
aHamiltonian path in general graphs[6]. Researchers have developed heuristics and approximation
algorithms to solve the problem in specific cases or provide solutions that are close to optimal. These
approaches involve exploring different paths, backtracking, and optimization techniques to reduce the
complexity of the problem.

Theorem 1: In a complete graph with n vertices there are"”ﬂi edge disjoint Hamiltonian paths if n

isan even number greater than 4.[1]

Proof: we need to demonstrate two key concepts: (1) Hamiltonian paths exist in complete graphs,
and (2) there can be at most ”2;1} edge disjoint Hamiltonian paths in such a graph.

Hamiltonian Paths in complete graphs:

A Hamiltonian path is a path that visits every vertex of a graph exactly once [7][8]. In a complete
graph, every vertex is connected to every other vertex by an edge [1]. Therefore, it is possible to
construct a Hamiltonianpath that covers all n vertices by visiting each vertex exactly once.

Number of edge disjoints Hamiltonian paths:

In an even complete graph with n vertices, every vertex has n-1 degree since it is connected to every
other vertex. We aim to find edge disjoint Hamiltonian paths, meaning these paths should not share
anyedges.

Suppose, we have an even number of vertices n = 2k where k is a positive integer. Let's divide the
vertices into two sets: A (with k vertices) and B (with another k vertices), such that A contains
vertices 1to k and B contains vertices k+1 to 2k.

To construct edge disjoint Hamiltonian paths, we can select the first vertex from set A. Without loss
of generality, let's assume we choose vertex 1. Now, we can construct k-1 edge disjoint Hamiltonian
paths where the i th path for 1 < i =< k starts from vertex i in set A and ends at vertex i in set B.
These paths can beobtained by pairing vertex i in set A with vertex k& + i in set B.

Since we have k-1 paths, the total number of edge disjoint Hamiltonian paths is k-1, which
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equals“T_i}. Hence, in a complete graph with n vertices, where n is an even number greater than 4,

(mn

there are T_ﬂ edge disjoint Hamiltonian paths.

To prove the Hamiltonian path properties of a graph, we need to demonstrate that a Hamiltonian path
exists in the graph or prove its non-existence. A Hamiltonian path is a path in a graph that visits each
vertex exactly once.

Existence of a Hamiltonian path:

Dirac's Theorem: One way to prove the existence of a Hamiltonian path is by using Dirac's theorem.
According to Dirac's theorem, if a graph G has n vertices, where n > 2, and every vertex has degree
(number of edges connected to it) greater than or equal to n/2, then G contains a Hamiltonian path. To
demonstrate this, we need to verify that each vertex's degree meets this condition [20].

Ore's Theorem: Another way to prove the existence of a Hamiltonian path is by using Ore's theorem.
According to Ore's theorem, if a graph G has n vertices, where n > 2, and for every pair of non-
adjacent vertices, the sum of their degrees is greater than or equal to n, then G contains a
Hamiltonian path. To prove this, we need to check the sum of degrees for every pair of non-adjacent
vertices[5][18]

RESULT

The notion of the Hamiltonian path, which is a path that visits each vertex of a graph only once, has
proven to be very useful and applicable in various fields. Its applications range from computer
science and network routing to biology and new domains. The Hamiltonian path offers practical
solutions to problems requiring optimization, efficiency, and connectivity. Below, we discuss
examples of its applications in different fields.

1. Computer science:

In computer science, the Hamiltonian path finds applications in the domain of optimization and graph
theory. It is used in algorithms aimed at optimizing the path traversed by a traveling salesperson
[4][10], whowasto visit multiple cities and return to their starting point while covering the shortest
distance.

2. Network routing:

Network routing involves finding efficient paths for transmitting data packets across a network. The
Hamiltonian path can play a vital role in solving complex routing problems by determining the
shortestpath that connects every node in the network. It ensures that each node is visited only once,
reducingthe overhead and congestion in network communication.

3. Biology:

In the field of biology, Hamiltonian pathways have applications in DNA sequencing and protein
folding. DNA sequencing determines the order of nucleotides in a DNA molecule. Hamiltonian
pathways help solve sequencing challenges by providing an appropriate sequence that accesses each
nucleotide once, reducing errors and optimizing the sequencing process. Similarly, in protein
folding, Hamiltonian paths help predict the three-dimensional structure of a protein [14] molecule by
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finding the most efficient way to fold an amino acid sequence.

Explanation of DNA sequence problems in human genetics

DNA sequence intricacies are a common challenge for scientists in human genetics, presented with
vast complexities due to the 3 billion base pairs composing the human genome [12]. Investigating
genetic variations and evolutions requires a significant understanding of base pair structure and
arrangement.

DNA sequencing involves a tricky issue regarding the best way to visit each DNA fragment in a
particular set. When using high-throughput sequencing methods like Next-Generation Sequencing
(NGS) to assemble a genome from short DNA sequences [16], arranging the complete sequence
means putting together each individual fragment in the most efficient manner. In short, determining
the optimal path or visit order of DNA fragments is a general challenge in this field.

To investigate the application of Hamiltonian path in DNA sequence problems, researchers employ a
diverse range of methodologies and data collection techniques. Firstly, large-scale DNA sequencing
experiments are conducted to produce a vast number of short DNA sequences, often referred to as
reads. These reads are obtained from diverse samples, such as blood, tissues, or cell lines, depending
onthe research goals.

After obtaining the reads, researchers preprocess and align them to a reference genome [2][3] or
assemble them de novo, depending on the approach used. The goal is to obtain a contiguous set of
sequences called contigs or scaffolds, representing a partial or complete genome. However, as the
assembly process involves various challenges, such as repeats and errors in sequencing data,
sequencing errors, and complex biological phenomena, it remains a computationally intensive
problem.

To determine the optimal path or ordering of the DNA fragments, researchers apply graph theory
concepts, particularly the Hamiltonian path. A Hamiltonian path in a graph refers to a path that visits
each vertex exactly once,[5][8] without returning to the initial vertex. In the context of DNA
sequencing, each vertex represents a DNA fragment and the Hamiltonian path denotes the desired
order of thesefragments.

Analysis and findings of applying Hamiltonian path in DNA sequence problems

The analysis and findings of applying Hamiltonian path in DNA sequence problems have shown
promising results. Researchers have demonstrated that incorporating the Hamiltonian path concept in
DNA sequence assembly can improve the accuracy and efficiency of reconstructing the genome.

By identifying the correct order of DNA fragments, researchers can overcome challenges such as
repeat regions and repetitive sequences. Additionally, the application of Hamiltonian path aids in
reducing errors during the assembly process and provides insights into the structural organization of
DNA.

The complexity [13] and variety of DNA sequence issues must be noted, though. Although the use
of the Hamiltonian path has yielded useful insights, more work is still required to improve
algorithms [10], deal with the constraints of computation and sequencing technology, and take into
account unique biological processes.

A path that visits each vertex in a graph exactly once is known as a Hamiltonian path [7]. A
Hamiltonian path can be used to reassemble the original DNA sequence in the context of DNA
sequencing. In a complete graph, we can form a Hamiltonian path by starting at any vertex and
following the outgoing edges until we reach a vertex with no outgoing edges [7][8]. After that, we
go back to the first vertex and take a different outgoing edge. To determine the exact Hamiltonian
path for a particular DNA sequence, we can use additional information, such as the known start and
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end of the DNA sequence.
Here is an example of how the Hamiltonian path in a star graph can be used to reconstruct a DNA
sequence:

Figure 2: Diagrammatic representation of DNA Sequence usingHamiltoniangraph [2].

Suppose we have the following reads:

CCA -ATC -CAG -TCC- AGT

We can construct the following Hamiltonian path:

CCA -> ATC ->CAG ->TCC -> AGT

This path corresponds to the following DNA sequence:

CCATTCAGTCCAG

In this DNA sequence, it is the only sequence that is consistent with all of the reads. Hamiltonian
paths in complete graphs are a powerful tool for DNA sequencing. By using Hamiltonian paths, we
can reconstruct DNA sequences from short reads. This is vital for many applications, such as
genome sequencing and disease diagnosis.

CONCLUSION

The investigation into the application of Hamiltonian path in DNA sequence problems in humans
propose potential solutions to the challenges faced in genome assembly and knowing the
complexities of the human genome. By leveraging graph theory concepts, researchers have taken
important steps towards precisely form the human genome, which has widely-understand
implications for advancing our comprehension of human genetics, disease mechanisms, and
personalized medicine. Also, interpretation the fundamental principles of Hamiltonian path,
conclude its definition and properties, can contribute insights into graph theory and the complexity
combined with determining the existence of Hamiltonian paths in diversified example of graphs. Its
applications expand to computer science, network routing, biology, urban planning, chemistry, and
different other domains. The versatileness and practicalness of the Hamiltonian path make it a
precious tool for explain complex problems in other fields, in the end suggestion to improved
efficiency and optimized outcomes.
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