Tuijin Jishu/Journal of Propulsion Technology
ISSN: 1001-4055
Vol. 44 No. 4 (2023)

Mathematical Model on Minimality of
Vaccination Costs of
Covid-19 Using Fractional Order

Vijayalakshmi G.M., Roselyn Besi P.
Vel Tech Rangarajan Dr Sagunthala R&D Institute of science and technology, Chennai, India.

Abstract:-

An extremely efficient method of halting the horrible spread of pandemics is vaccination. This research
investigates the cost-effectiveness of vaccine doses using a fractional-order commensurate model. The ABC
type fract-integrals of COVID-19 multi-compartmental model is used to investigate the efficacy of vaccination
dosages, vaccine shortages, and dose distribution. In order to assess the costs of vaccination and its use to
combat COVID-19 in India, we created a fractional order model with 4 compartments of vaccinated and people
waiting for booster shots have beed framed. Vaccination cost control model for this study is designed and
analysed through the existence, stability and threshold measures. Through numerical convergence and
simulations, the increase in disease severity brought on by microbial pathogens is investigated. Using fixed
point theorems, the existence and singularity of the solution space for the framed model are assessed. Inventory
control entropy on fractional derivative is used to assess the minimisation of vaccine costs.

Keywords:Covid-19 pandemic, vaccing, fixed point theorem booster shots, and ABC derivatives.

1.Introduction

The bizarre disease Covid-19, which first surfaced in China in November 2019, was widely regarded as being
excessively horrible.[1,2]. The viral infection spreads quickly, causing a variety of minor symptoms, such as
fever and cough to unexpected pneumonia, and myalgia in particular. [3]. To lessen the unprecedented spread,
the government has put in place enormous control measures. In order to guarantee global health, vaccinations
serve as a crucial weapon in the fight against antimicrobial resistance.[4]. Within a year after the terrifying
SARS-COV-2 virus's appearance, vaccinations were carefully developed, with 64 vaccines currently in
development as of January 2021. [5]. Currently, 12 vaccinations (COVOVAX, Corbevax, ZyCoV-D,
GEMCOVAC-19, Spikevax, Incovacc, Sputnik Light, Sputnik V, Jcovden, Vaxzevria, Covishield, and
Covaxin) are authorised for use, with six more undergoing clinical trials in India.[6]

Around 70 million Covishield and 10 million Covaxin were produced in India, the world's largest producer of
vaccine medications, but this was insufficient for the country's enormous population. In order to immunise 300
million members of prioritised groups, 60% of vaccines are produced in India. [7] Unique difficulties were
encountered when administering Covid-19 vaccine shots in the midst of the urgency to achieve herd immunity
among an atypical sceptic group when distributing innovative vaccinations to stop the spread. Financial costs
are estimated to be US $2.018 billion per dose after accounting for worldwide waste. Transporting the
medications at a high temperature (BNT162b-70 deg C) is part of the vaccine distribution process[8,9]. By July
1, 2023, almost 13.47 billion doses of vaccination had been administered to 70.3% of the world's population.
17.7% (1.39 billion) of the world's population, or staggeringly large, lives in India.

The current pandemics' capacity to spread and be confined inside particular demographic compartments is
examined through mathematical epidemiology. You may find many models in [13,14,19] that analyse the
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transmission flow using fractional and classical derivatives. Models demonstrating the efficiency of the vaccines
against Hepatitis B[20] and monkey pox[21] were also found. Similar to this, several fractional order equations
were developed to describe a range of aspects related to the COVID-19 infectious spread, including
symptomatic versus asymptomatic, the implementation of protective measures, social distance, country-specific
case studies visualising the dangerous spread, treatment, isolation, and viral environment [22—-25]. Vaccination
strategies and optimal controllability were examined in [26-33]. Models using fractional integrals are more
precise and accurate when compared to the supplied data.[19-33]. There are several different operating kernels
for fractional operators.In [15,16,17], a large number of fractional operators of the Riemann Liouville, Caputo,
and Caputo-Fabrizio kinds were discovered. Most researchers across a variety of disciplines employ the
Atangana Baleanu type operator with the Mittag Leffler replicating kernel, which was initially introduced in
[18].[34,35,36]. Atangana et al. [37] created the fractal fractional operator, a well-known fractional with fractal
dimension tool that is used for a variety of phenomena. [32,38]. This prompted us to use the fractal fractional
derivative of the ABC form to examine the immunological responses of people who received two doses of the
Covid-19 pandemic vaccine. To choose the optimum vaccine, four compartments were employed in this
investigation.

This article is divided into wholly different parts. The compartmentalised split up of the COVID-19 disease with
persons who are fully immunised and those who are waiting for vaccine boosters is described in Section.2, as
mathematical model, provides an overview of the fundamental definitions and theorems relating to fractal
fractional integrals. By using contraction maps, Section.3 secures the distinct solution. In the section 4, the Cost
Control Model formulation and EOQ Model analysis are discussed. In Section.5, we can observe simulated
graphs showing the effectiveness of vaccines.In the section under "Conclusion," there is a last recommendation.

2. Methods
Vaccination model for Covid-19

We formulate a novel Covid-19 model with two class vaccinated people, one with two doses, the other
compartment includes the fully vaccinated susceptibles expecting their booster doses. Innoculation with an
attenuated vaccine results in Herd immunity of susceptibles. As Herd immunity increases, new infections start to
decline. Immunity waning, breakthrough infections, reinfections post recovery are major consequences of a
contagion. [39]. Booster shots support in lessening reverse virus susceptibility.[40]. Taking into account, the
entire population splited into 4 subgroups of susceptibles S(t) composed of partially vaccinated, unvaccinated
healthy persons, V(t) of vaccinated with duo doses, I(t) of infected people from unvaccinated susceptibles and
vaccine breakthrough infectives and V;(t), Booster compartment comprising of recovered, fully vaccinated,
hybridly immuned persons. Thus we have the sum as N(t) = S(t)+V/(t)+I(t)+V; (t). Hence the study of vaccine
immunity fighting the viral ailment will best explain the covidvirus dynamics. With these above deliberation,
the dynamical model with fractal dimensions are obtaines as below,

9 ey — pRg o
ABC Dy} B(t) = (1 —vp)a— == — ul \I
ABC Dy V(1) = vja— =0 — E V-5V + p,J — uV } .
ABC D27 g(t) = B2 4 «¥d @
0+ J(t) - T +T _p2(7_¢J_p1(7VB _H(jl
ABC DYV (©) = p,JVs + &V + &V — uVy )

Where 0<7 < 1, 9< 1,D;"is the ABC Fractal fractional derivative of order; and fractal dimenion 9, with

appropriate initial conditions @(0) >0, V(0) >0, J(0) >0,V (0) = 0.

The population considered in this modelling be ‘a’. while natural death rate is assumed to be
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The parameters involved in model (1) are as follows:
(t)- susceptible population
V (t)- vaccinated population
J (t)- infected population
Vg (t)- vaccinated population with booster doses
vg- proportion of fully vaccinated individuals , 0<v,<1.
a-recruited population
- infection rate of susceptibles
ainfection rate of vaccinated individuals
p- natural death rate irrelated to disease
¢- disease mortality rate
p1- recovery rate from post vaccinated infection
p,-recovery rate from infection
&, - rate of people with booster vaccinations but uninfected by virus.
&,- rate of booster vaccinations with hybridly immuned persons.
2.1.Preliminaries
Basic definitions on fractal fractional operators[37] are recalled to apply in our model (1).
Let F=C [0,T], be space of continuous functions . Define T: [0,T] — R with norm,
(@, V,3,Ve)ll = maxeeqo,r{lB(E) + V(&) + J(&) + V() I} where (B, V,J , V) €C [0,T].
Definition 2.1.[37]

The fractal fractional derivative of f(t) in Mittag-Leffler style is given by,

9, M t d _
ABC D, f(0) = 52 [ -558(y) K,y (£ (£ = y)7)dy 2
Where M (7) is the normalisation function with M(0) =M(1) =1.

Here K, is the Mittag Leffler function generalisation of exponential function given by

_yo  _f*
K, ()= Zk:om (3)
The corresponding integral is given by,

AB Ity =, (0) + 10 [ (£ = 1) H(Y) dy. (4)

Definition 2.2: Let F:[0,1]X R*— R" be a continuous function. The solution of ABC fractional integral (4)
with boundary condition f, = 0, 9= 1is given by,

F) = 3 f®) + 57 Jo (¢ = 1)) dy. (5)
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2.3.Leray-Schauder’s fixed point theorem[50]

Let N be a non-empty closed and convex subset of a Banach space S. Further assume a continuous map
T:N—N such that T(N) is a relatively compact subset of S, then there exists a unique fixed point in N, (i.e) T
(x)=x for xe N.

3.Existence and unigueness of the solution

This portion exhibits the unique solution existence to the formulated model (1). The fixed point contractions
help us to achieve the unique solution existence. Fixed point contraction can be derived from the following
commensurate system.

{ABC Dy, A() = H(t,A(D)), (6)

a(0)=49,0<t < U< 0.

The state variables for (6) is given by a(t) = ((A(t), V(t),J(t),Vs(t)), with initial values ay(t) =
((B(0),V(0),J(0) ,V5(0)).

The vector function H, correcsponding to (1) is given by,

0 / (1—Vf)a——u \
1

VJ
Hy | | va-22 —gv-&V+pd—uv |

—\H pag |, avg
2 o
T kT = =P d =0 —pdVs —MJ)
pl(ij + flv + fzv - HVB

B

The above function H satisfies the Lipschitzian,
I (t a1 (&) — H(t a2 (DNI<Bllay (6) — 4z (Ol B3>0 ()
This is derived in the following theorem.

Theorem 3.1

_ A1
If (ﬁ + M7(77l7])n7) B< 1, then the non-singular fractional system exhibits a contraction map to the model (1).

Proof:

The ABC integral function of (4) is as follows,

A) =ag + 4, SH A0) + 55 [y (¢ = ) H(y, a)dy. ®)
Let F= C [0, U], P:C [F,R*]— C [F,R*] be space of continuous functions .

Define F: [0, U] — R* with norm , ||a(t)|1= Sup;lla(®)|l, a(t)e C (9)
with the kernel norm,  [IK(t, )l = Sup,.IIK (¢, Yl (10)

The integral function(8) reformulated for a(t) = P(a(t)) is as follows,

P(A(D) =t + 5 2H(, AD) + 575 [ (¢ = 97 H(y, Ay, GEN

Egs.(9), (10) jointly reveals that C [F,R"] is a Banach space with the supremum norm, ||A(t)|l.
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The kernel function in (10) satisfies the inequality,

15y K& »a@ay||< OIKEMIAADIF  A®C [FRY, K6, y) C FR]. (12)
Also for

aq(t)<a,(t), we have from (11),

IPL O] = PLa, @], < [ (1 (641 (0) = H6 20D + 57 fy ¢ =0 (1 () -
Hy, a2y) dyF (13)

By using (7) and (12) in (13), we have ,

”P[Al(t)] - P[Az(t)]”FS (1—17 n

M) M( ml

)/3||A1 (©) — az (Ol (14)

This leads to a contraction of P with the condition that <M(ﬂ) M(W )
(2).

To prove N is compact and continuous:

< 1. So the system admits a solution to

Writing the system (1) in the form of AB integral as expressed in (8) we have,

a0 = B, + ﬂ L P(tB()) + Lt = P(y,B3)dy )

M( )1"17
VO =V + e )@(t V©) + i fy €= ), ))dy
IO = Jo+ yor R(LI®) + 555 [y (& = "™ R(y, I))dy (15)
Va(®) = Viy + 3t S Vs(0) + 5 [ (¢ =) 80, Ve (v) dy
)

(®,7,d,Vp)
Let us consider a closed subset Kof Zas K= { {(B,V,J, V) € Z/II(@,V,J,Vp)lI< A, A=0}

For (@,7V,J,Vg)€ K, we have

IP@,V,3, VIl = max,eor [Bo + 32 P(6 BEO) + 5t [y (¢ =9 P, SO)) d. |

M( oo LCellBIT + DpllVII+EplITII++£p V51l + K]

QB V, 3, V)l = maxecior [Vo + 72 Q(EV(O) + 7[5 (6= )" @O,V () dy. |

M( 7) M(rz)Fn

—[Collall] + DollVIHEQIIT I+£ 4 V5 I1+Kq]

M( Wl

||7a(,v,a,vg)||:maxte[o,n|ao L R(LIO) + 5 [y (E=NTIRGIG)) dy. |

M M (rz)Fn

< 2L [CRllBI + DRlIVIE T + 1V I+Ke)

IS(@,7,3,V5)ll = maxecior [Jo + 2 R(6I®) + 5= [ (£ = 1) ROLIG)) . |

M(n)l"n
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m
M(mIn

[CsliEll] + DelVII+ESITN + Fl1VsllI+Ke]

=[N@,V,J, Vp)I| < I"[Cp + Cq + Cg + Cg + Dp + Do + Dg + D + Ep + Eq + Ex + +Eg+{}, +fQ +1,+
FOH+AP +AQ+AR+AS] ------m-m- (16)

[IN(®,V,J, V)| = b, a constant.

=N is a bounded operator.

To prove N is equicontinuous for t; < t, € [0,T].

Consider ,

IN(®,V,3,Vp)(t2) — N(@,V,J,Vp)(t1)] =

T |52 = D TING, BV, 3, Ve)dy — [ (¢ = )N, Y, 3, Vi)dy

(CN+DN+EN +fN)A+KN
M(mIn

As t; —-t,, RHS of (17), tends to zero.

=IIN@,V,J, V)(t2)- N(B,V,J, V) ()l — 0, as t; —t, (18)

=N is equi-continuous function.

By Arzela Ascoli’s theorem, completely continuous operator which is uniformly bounded is relatively compact.

Hence by Leray Schauder fixed point theorem, the model (1) has an unique solution.

4.Cost control
4.1.ECONOMIC ORDER QUANTITY(EOQ) [44]

Any economic unit can be managed by Economic Order Quantity.(EOQ), minimizing the total cost
functions. Optimization in economic syatems can be achieved through the optimal cycle length, confirming
customer satisfaction.[44,45,46] Regarding optimal vaccine supply with efficient immune responses at an
appropriate cycle, we use EOQ in this section.

The model EOQ is given by Q=,/240/€ (19)
#-annual demand quantity

@-fixed cost per item

€-annual holding cost.

4.2.Fractional Derivative of EOQ [47]

The fractional system of EOQ is termed as follows,

To minimize
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D, Q(v)=Z(v,0Q(v), vQ(av), vQ(bv), vQ(cv)) (20)
Where a,b,c are rate of changes in #, Band € respectively.

Let (B, ||.]|) be a Banach space over the reals R. Let us define a homogeneous map Z:R3— B of order 0<e<I,
veR ., satisfying

Z(U,UQ(U), UQ(aU), UQ(bU)' UQ(CU)): v° Z(QO (U), Ql (U)' QZ (U)t Q3 (U)) (21)
4.3 Lipschitzian of fractional EOQ

Let the functions Z, Q be continuously differentiable with respect to veR,, Then we say Z is Lipschitzian if
there exists # > 0, for all Qy(v), Q1(v), Q2 (v), Q3(v), Q4(v)satisfying,

120 (©), Q1 (0), Q2 (0), Q3(v), Q4(0)) = Z(Qp (v), Qs (0), Rz (v), Q3 (v), Qu (V) [|<

#11Qo — Qoll + 1101 — Qull + 1102 — ,[1+11Q3 — Qs l1+11Qs — D4l

= w5 ol — Rl

<547[1Q — Ql

=cllQ — Qll, =5u" (22)
Definition 4.4

Let ¢: T—T be an operator defined on the compact and convex subset of generalised Banach space B with
norm |[. ||, is a contraction if |[¢(m) — ¢(n)||.</7llm — n||, , ,JTe(0,1).

The fractional system
D Q) = v°Z(Qy(v), Q1 (v), Q2 (v), Q3(v), Q4 (v)), v>0,0 < e < 1, (23)
where Zis a generalized Lipschitz function.

The fractional function defined for ¢: T—T is given by

0 Q= go + L o) + 2 [ vZ(Q0 (0), Q1 (1), Q2(0), Q3(0), Q4 (1)) (dv)". (24)

M(m) M(mIn

Here ve[0,1],0 < 1 < 1, Q(0)=q,.

4.5. Fractional Tsallis entropy [47,48]

Tsallis entropy supports in looking for minimal solution of cost control models.[49]. Equity supply of
vaccines can be achieved through Tsallis entropy for non-linear fractional model in fractal phase. Minimization
of EOQ (20) can be derived by designing a fractal geometric frame for the total cost function.

Fractional Tsallis entropy is given by,

1
— g(x)?dx -1
Ty = fy 9" dx 1

,w* 1.

1-w

1 3]
S Y CUICD L

, for x=v" (25)

1-w
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This section covers the boundedness and minimality of the control function Z. Let the functions Q and Z be
continuous on the compact interval [0,1]. Let Zbe Lipschitzian with respect to the control
parameters Qq, Q;, Q2, Q3, and Q,, with Z(0) = 3, € R". Also let ¢: T—T be the fractional ABC operator as in
(24).

Theorem 4.5.
The fractional order control problem in AB sense ,

D{.Q(0) = v°Z(Qy (v), Q1 (1), Q2 (v), Q3(v), Q4(v)),v > 0,0 < € < 1,>0 satisfies ~ the  condition,

1on U_")<1 hen it permits a unique solution which minimises th ntrol function (2
(M(U)+M(”)an , then it permits a unique solutio c ses the cost control function (20 ).

Proof: Using ABC Fractional integral,

lp QI = [go + 2 Z() + Iy v°Z(Q0(0), Q1 (v), Q2 (), Q3 (v), Q4 (1)) (dv)"| .

M(n) M( )F

<qo +-—L 7(x) + 10 (|Z(Q0(0), Q1.(8), Q2 (1), Q3 (0), Q4 (v)) — Z(0)| + 120 ]) (dv)”

M () M('?)FU

1-7 e+1—
< -1 n Ui
<qo + (M(,])+ MW,]) G NQIN+20) + J; o*1~(dv)

The maximum value of v*+1=7 = 1, we get,

~17
U
Zo<1—17+r—']>

Qt—
ol _

This implies the operator ¢ is bounded and compact on the Banach space B. By the application of Schauder
theorem on Banach space (16) has a unique solution.

The contraction of ¢ is proved by considering two distinct control functions, Q, Q as below,

1— 1
0Q() ~ 0 I = 40 + 37 260 + s | [2(0) - 2(R))| (v’
(224 22 )dlle - all (26)

Thus, |¢ Q(v) — ¢ Q(v)| < ||Q — Q| is a contraction on B, only when

iy, U ) <

(M(n)+ wipre) <L

This unique fixed point yields the inventory equilibrium.
Theorem 2:

Consider the homogeneous function related to inventory control Q in (20), Let

M@y
n(1-mn+H(1-0)’

1z < o#l, for 0<w<l1, 0<7 < 1. If gy > 1/ o, exhibits a bounded solution of (16).
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Proof:

Let the solution be

Q= o+ 2 Z() + L [ 0°Z(Q0 (0), Q1 (0), Q2 (1), Q3 (1), Q4 (v)))(dv)"  (27)

M () M(mpln
Satisfying Z(v,0Q(v), vQ(av), vQ(bv), vQ(cv))= v Z(Qo (1), Q1 (v), Q2(v), Q3(v), Q4 (V).

Which can be reframed as ,

Z(Qo(0), Q1 (v), Q2 (v), Qs(v), Q4 (v)) = 2LADRADAOV(D)

Suppose that, Qy(v)= 1/v, we arrive at ,

2(Q0(0), Q1(0), Q2(0), Q5(¥), Qs (0)=Qo(0) % (55, 2, 23, 21, &)

Equation (26) implies that,

_ 1=y n (1 e (L1 0109 Q) 03() Qa(0)
- +— + N A A NP A N0 N d g
Q) = qo + 35, 20+ 2y Q@) (Qo(v) 2@’ 00’ 2 (o) Qo(v))( ©)

IZITn(1-m+1) (1 e l—7 n
S Qo oo Jo Qo(v)0'~" (dv)

I1Zll (71 =m)+1) fl Q@! (dv)”
0

= * M(mIn o’

<qo+ ﬁfol Qo (vM* (dv)" , Replacing w = ¢ —1>0, Q, = D@

- /@

1
qo—qow , f() Qo (0N (dv)”
1-w 1-w '

Q) =
But g > 1/w , the above equation becomes,

1
@0y Jo QN ()71
Q=+ —

, ve[0,1],

which induces a boundedness by fractional entropy defined in (25).

Minimal Vaccine cost control discussion
Let us consider the 2 doses of vaccine supply at optimal cycle length.

The EOQ system with Q,(v") = 1,v4,0,[0,1].

Q1= =[AL)B(L)-C()QR)L.E.

Q)= —[A(2)B(2)-C)QD)].

Define the vaccine supplier’s reaction operator as ‘PRi - Ri by,

¥ (Qv1),Qv2))= ﬁ[A(l)B(l)-C(l)Q(Uz)- A(DB(1)-C(HQ’(v2)]

1

Then the |¥(Q) —¥(Q)|=1—IA(DB(L) - C(1)Qv,) — (A(B() — C(DQ’(Dz))Hﬁ |A(2)B(2) -

1-w

C(2)Q(I)—(A2B2-C2Q’v 1)
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= = C(1)IQ'(v) = Q) I+C(2)IQ (1) — Q(vy)]

<L maxfic(1), C@}(1Q (v2) — Q) +1Q° (1) — Q1)

< ﬁmaxi?ﬁ‘c(l), C(2)}|Q — @], establishes a contraction if max{C(1),C(2)} < 1.(28)

(28) states that vaccine supplies can be achieved at an affordable cost subject to other related costs.

Validation of the results were verified with the input values fitted from the data [47], using MATLAB. The

optimal control to the model (1) is viewed for vaccine effectiveness and booster inoculation.

Table 1

Numerical data for the symbols in model(1), [47]

Parameters Description Value
N Total population 1401.23 in millions
So Initial susceptibles 1334.81
Vo Initial vaccinated persons 22.66
Iy Initial infected population 0.98
Vg, Initial recovered population 42.65
a Total recruitment value 0.06987
vy Rate of Initial vaccination 0.00067
§ Transmission rate of unvaccinated 0.03
susceptibles
o Infection rate of fully vaccined 0.02
susceptibles
P1 recovery rate from post vaccinated 0.985
infection
P2 recovery rate from infection 0.001
() Disease caused death 0.00033
n Natural death rate 0.00002
& rate.  of people with booster | 0.00013
vaccinations but uninfected by virus.
&, rate of booster vaccinations with | 0.00005

hybridly immuned persons.

Figure depicts the minimal control attained at the equilibrium stage by maximising vaccinations resulting with a
slope in infection spread. Also we notice the urgency of vaccine boosters after a period of six months, for
positive immune stimulation.
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Booster efficacy

0.5 N

\\ »7"7"77"""""7"W"

Infection dynamics
. .
Immune response
o]
\
\
AN
AN

0 . n L L L L . L L L L L L L
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 o 0.1 0.2 0.3 0.4 0.5 0.6 0.7

Vaccination rate vf Vaccine boosters

Figure 1. Vaccine efficacy Figure 2. Booster necessity

Conclusion

The Indian government is working diligently to eradicate COVID 19 completely. As many people as there are
who have not yet had booster shots, there is an equal demand for them. The Covid19 vaccine supply, in contrast,
strives to deliver herd immunity at a reasonable cost. We examined the related costs of storage and
transportation to provide a more realistic picture of our efforts. Reproductive rates, secondary illnesses, and
other factors may be significantly impacted by the requirement for immunisations; thus, reducing associated
expenses would enhance the availability of vaccines.
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