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1. Introduction

Let f(x) be a function which is 27 periodic and Lebesgue integrable, then the Fourier series of f(x) is given by

([4D.
1 n n
sp(f;x) ==zay+ ) (a,cosvx +b,sinvx) = ) A,(f;x) (D

The conjugate series of Fourier series (3) is given by

(a, sinvx — b, cosvx) = — ) T,(f;x) 2)

Let 7, u,, be an infinite series with partial sum s, which is said to be (E,1) summable if

n

E,11=2in2(:)sn—>s as n—oow

v=0

The Borel B-summability is defined as

BEj =e™* ) —E;
m=0 )
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The Euler’s mean of the conjugate series (2) of the Fourier series is given by

1 n cos™t/2 cos (n; 1)t

E, =— t dt
n anl’b( ) sint/2
0

Now taking the Borel transformation of £, we get

1
BE,}z;e AZ

m=0

am n cosP t/2 cos (p ; l)t
m! J-l'b(t) sint/2 d
0

T ) p+ 1
1 t A" cosP t/2 cos t
_1 o a(¥@ Z ( 2 ) d

2m sint/2 m!
0

Now we consider

t t t t
C' = cos (E) " Acos(i)cos(z?)Jrlz cos(i)cos (37) n
1! 2!
Also
_ It Acos(—)sin(z—t) A2 cos(—)sin(3—t)
S’ = sin (E) 21! 2ot 221 :
So,
C' +iS’ it/2+/1 t %4_12 Zt %-I—
=e —cos- e —cos’- e
t 112 2! 2
‘ t it )2 t it
=e¥/2[14+ Acos= €2 + —cos’= €2 + ...
2 2! 2
= e/2exp (Acost/2 eit/?)
= et/2exp (Acost/2(cost/2 + isint/2))
= e't/2 exp {Acos?t/2 + iAsint/2 cos t/2}
_ eAcosZ%_ ei(t+/12$in(t))
¢ )
Or c' = eAcoszz oS (t+azsm t)

S,: el Coszg sin (t+l sin t)
2

From above, the Borel-Euler product means of the infinite series becomes

=

1
AT 2w sint/2
0

T
1 ., v® oA €05% t/2 0o <t+lsmt) gt

i r Y(t) {_/1 (1 — cos t)} cos (t + Asin t) gt

=21 ) sine2 P 2 2
0

S B
BE; = EJ YK, t)dt
0

The infinite series Y.&_o Uy, is said to be BE; summable to § if,
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BE} -3 as A- oo,
A function f € Lipa. If, f(x +t) — f(x) = o([t|*) for0 < ¢ < 1.

The error estimation of a function f by a trigonometric polynomial t,, of order n under the norm ||. ||, is defined
by Zygmund [2] with

Itn = fllo = Sup{ltn(x) —f)l:x e R}

And the best approximation E, (f) of a function f € L, is defined by
E,(f) = minlit, — fll,.
We use the following notation throughout the paper:

Y@) =flx+)—fx—1t)

Fx) = —% f () cot (%) dt

ROLD) = 1 { A(l—cost) (t+lsint)}
A0 = G2 5P 2 )T 2

2. Lemma:
We need the following lemma to prove our theorem: Forﬁ <t<m

e—Acos?t/2 .(t+Asin t)
j(ErAsint

KA 0| =Rep.flm———— 2
|( )| eprn sint/2 ¢

()

If f is a 2m periodic function belonging to lipa class, then its error estimation of functions by the Borel-Euler

3. Theorem:

product summability method of the conjugate series of Fourier series (3) is given by

A —fll=o 1 0 1
||tE1 _f” = (m + 1)0{ ’ <a<l
Proof of the Theorem

The n®" partial sum of the conjugate series of Fourier series (2) is given by

T T 1
5 = 1] t(t) (Odt + — JCOS(HZ} (t)dt
S0 =g ) tg)v ) g Y
0 0 2
m/(m+1) ™
3 ! f t(t) t)dt 1 f t(t) t)dt
8n o cot| =) (©) o cot | =) (®)
0 m/(m+1)
1
L [T r \cos (n+%>t
=— j + Y(t)dt
21 sin(E)
0 /(m+1) 2
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. . 1 D COoS (n + %) t t 1 v COoS (Tl + 1)
520 = 5 () = 5 f W — cot (E) W(O)dt + ﬂn/(n_[ﬂ)mlp(t)dt

0

Taking Borel-Euler transforms, we get

B(m+1) _F= 1 12’1_
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0
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0
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Therefore,
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t* 1 dt

m/(m+1)

1
EO(W) ) 0<ax<l1

Therefore, the error estimation of functions belonging to the Lipschitz class by the Borel-Euler summability
method of the conjugate series of Fourier series (2) is given by

Iz = fll =0 () » 0<a<1

4. Conclusion-

In this paper, we have introduced the product summability of conjugate series of Fourier using Borel-Euler product
means. The present theorem extends, generalizes, and improves many existing results on summability of conjugate
series of Fourier series, also by using functions that belong to the Lipschitz class. These results may be a
motivation to other researchers to carry out the outcomes in the field of summability theory.
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