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1. Introduction

Queueing is an unavoidable aspect of daily life. Retrial and classical queues are indispensable tools for modeling
and analyzing stochastic systems.

Retrial queues have played a crucial role in various systems, including computers, telephone networks, and
telecommunications. These systems have been extensively studied for their practical applications in modelling.
In a classical queue, customers arrive, wait in line, and eventually receive service. However, in a retrial queue, if
a customer cannot be served immediately, they don't simply leave. Instead, they re-join a pool of waiting
customers (often called an 'orbit') and try their service again later. This behaviour is characteristic of retrial queues.
In these system, customers often arrive in large numbers and may retry for service a random time if their initial
attempt is unsuccessful. To optimize system performance and reduce costs, server may take vacations to
rejuvenate or perform maintenance tasks. Literature and main results on this paper are referred to [2,3,6,8 &13].

This paper focuses on bulk retrial queues with two vacation types, where customers arrive in bulk and the server
takes either a urgent or normal vacation. We examine the steady-state behavior of this system, focusing on critical
performance measures such a marginal generating functions and orbit size.

2.Model Description

In this part of our study, we examine a discrete-time retrial queue of Geo X/G/1 with two types of server vacations.
Batch of Customers arrive in geometric process with the parameter A, where (0< A<1) is the probability of an
arrival event will take place in a slot. If server is ready to accept (i.e) free, the arriving customer vacates the system
immediately after receive the service. Batch of L customers arrived one customer receive the service from the free
server immediately in orbit other customers waits. The server is not free, busy or on vacation the bulk arrival of
customers wait in orbit and try for the service again after some time, the retry time is expected to be a general
distribution of probabilities {r;}2, with the generating function R(x) = .52, 7; x%, 0< x <1.

The identically distributed random variable with the probability mass function of batch size L is b;= (P=L=i), i
> 1, with probability generating function B(X) =Y., b, x"*, 0< x <1. General probability distribution variable
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of the service time is {t;};>, with the generating function T(x) = %52, t; x%, 0< x <1, the moment of first is T;
and the moment of second factorial is T, = }};2 i(i — 1)t;.

The server with two varieties of vacations are assumed. First type is the non-exhaustive vacation (i.c) an urgent
vacation of the server with the probability i = 1-u , when the server is serving the customer , where p is the
probability that the server fails to take an urgent vacation. In the instance of urgent vacation of server customer
may enter in orbit and wait for the interrupted service retry to receive the service. When the orbit is empty during
a normal exhaustive vacation, the server immediately takes a vacation. Upon completing both vacation types, the
server enters an idle state, awaiting incoming customers from the orbit or outside.

The urgent vacation time of the general probability distribution is {v;;};2, with generating function V;(x) =
N2y xt, 0< x <1, the first moment V; ; and the second factorial moment V; ,= %2, i(i — 1)v;;. Normal
vacation of the general distribution is considered to be V,(x)= %72, V4, x!, 0< x <1, first moment V, ;, and
moment of second factorial is V,,-21i2i(i — 1)v,; Itis assumed that the system's stochastic processes involved
independently of one another.
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Figure 1. Schematic diagram - Model
3. The Steady — State Analysis

The steady state analysis for the retrial queue of Geo ¥/G/1 with impatient consumers will be presented in this
part.

At the time m+, let C,, represents the state of server, C,,, = 0,1,2,0r 3 depending on whether the server is available
(free), occupied (busy), on an urgent vacation or on a regular (normal) vacation. Let V', be the total number of
customers within the orbit.

IfC,, =0, En symbolizes the amount of time remaining for the retrial.

If C,, = 1, Em symbolizes the amount of time remaining service for the customers currently in service.
If C, =2, Em symbolizes the amount of time remaining for the urgent vacation.

If C,;, = 3, Em symbolizes the amount of time remaining for the normal vacation.

Thus, at the time m ¥, the process described for the system is Ym = (Cpppr Em, N m). { Ym, m=0,1,2...... } may be
shown as a Markov chain using the state space as follows:

m={(0,0)} U {(0,i,k):i

v

Lk>1}
Ul (Lik):i>1,k>0}

UL(2,Lk):i>1,k>1}

v
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U {(3,i,k):i>1 k=>0}.
(D
The stationary probability of the Markov chain { Ym, =0, 1,2,3,...} is initially defined as follows:
Qo= lim P{C, = 0,}V,, = 0},
m—oo
Qoix= lim P{C,, =0, E, =10, N, =k} ; i>21,k>1,
m—oo

Q= limP{C, =1, Ep=i N, =k} ; i>1,k>0,
m-—oo

Q= lim P{Cy = 2, Ep =i, Ny, = K};  i>1k>1,
m-—oo

Qa,i,k=nlli_r:rgoP{Cm =3, &,=i, N, =k}; i=1,k>0. 2)
The following are the result of obtaining the Kolmogorov equations:
Qoo = 2 Qoo +A Q10 3)
Qoix= A Qo + 4 t; Quixt At; Qg+ At; Qs i>1,k>1, 4)
Quix= Soxdpt biciti Qoot (1-80x) Apti Xisy by 1521 Qojie-141
Aty Qo AU XSy by D5 Qo 1 gt A prot Qe
+H(1-80x) A Xfeq by 2521 Qi1 k1 +A 1 Quisk
+A urgt; Qopgen (180, Al t; Xieq by X521 Qo1 144
FAUG R oy by X Qag goger T A prot Qa0 > 1,k>0, )
Qojik = 81 xAbiv1 i Qoo+ (1-611) ALt vy Xisg by 2520 Qo ey
A AV Qo +AAVLE I by 250 Qa1
+A gy Quik (1610 4 iy by X520 Qo 1 et
A Qo +A [ TV, Qo+ (1-810) AL vy Z%‘=1 b, Z;i1 Q21k-1
AV by X Qs ey + A ATy, Q31k
+ (1-61x) Aftvy; Z;(=1 b, Z;iz Qyjr-1-1 + /le vy Qijrr,i>1, k=1, (6)
Qi = A QainxH(1-601) AXio by 25200 Q3 41— H0x A Vo Qo 21,k 0. @)
The state of normalization is
Qoo + Z?o=1 ZI?:l(QO,i,k Q2,ik )+ Zfi1 Zl?:l(Ql,i,k Q3,ik)=1, (3)
where 8o =1, if k=0; otherwise, §ox=0, if k # 0.
We introduce the generating functions in order to solve (3) to (8).
No (X,2) = X721 Xke1 Qo xtz,
N1 (x,2) = X2 X1 QX 17,
N2 (X, 2) = XiZq Xie=1 Qo ipX 12K,
N3 (x,2) = XiZq =1 Qzipx ' 2, )
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and the auxiliary generating functions
Mo (2) =Xkz1 Qo z, 121,
N, (2) = ZheoQuik 2, i>1,
N2, (2) =Xp=1Q2ikz, (21,
M3, (2) =Xi=1 Qs 2, 121 (10)

We can now use the generating function technique to solve (3) to (8).We will use the following lemma so solve
the theorem.

Lemma 3.1:

The following conditions are hold:

)] Tx)<x for0<x<1,
(i1) Vi) <x for0<x<1. (11)
Lemma 3.2

If Ap + g+ AVy1f1) < 7, then the inequality
[B(2)*2A(D)(1-B(2))]Q(2) — 2y (2)(1 — 1 (¥ (2)) , (12)
hold for 0 < z < 1, wherey (z2)=1+1B(z2) ,

_m(1+2a(@)

Q(2) = (1 ~u@)T(uy(2)y+z [1-T(py (2D A Vi (v (2)).

(13)

Proof

Let us define the function g(z) = A4 (A)(1-B(2))] Q (2) + zu y?(z) and h(z) = z y (z). We can check that g’(1) =
(1-TwW)Au + @+ AVyyf1) =1 —Au— g2A (2) and h’(1) = 1+ A. Thus g’(1) < h’(1) it is equivalent to
Au + i+ AV < 1y Since f7(z) = (1-24 (1) Q (2) + (z+ 1A () (1- B(z)) @’ (2) +1 YA (2) +2 Az y (2)>
0Oandh’(z)=2 A4 >0, we have that g(z) and h(z) are convex. So we have g(z) > h(z), for0 <z < 1.

Lemma 3.3

If Au + g+ AVy,fi < 11 the following limits exist:

lim C@0-ry @ _ AQA (1= Vz,1)- ADA+V2 D)
z-1 A(2) (A=T (W) (A + B+ AV 1 B) —F (A+ 2A D))

lim (1-py @) @-2+V, (D) Q2 (2) _ HA (14 V2(D)- AV )+(/1+ V2 (Z))(l—T (W) (Al + i+ AVy 110
z-1 A(z) (1-T (W) (Au + f+ AVy 1 ) —F (A+AA (D) ’

(14)
where
T (2)=y (2)(1+V2 (D) — V2 (¥ (2)) ,
(2) =B(2)(y (2) = Va(y (2))) + A (D(1-B(2) T (2),
A(z) = [B(z) + A4 (A)(1-B(2)] Q (2) -z ¥ (2)(1 —u (¥ (2)),
Q (2) =1 @) T(uy @)t z[1-T(py 2] £ Vi (v (2)). (15)
Stability Condition

A necessary condition for system stability with Qy0 >0 Au + g+ AVy,f < 7;. When "urgent vacations are
not allowed", this simplifies to AT; —A<AA(A). The LHS gives the mean external arrivals per service, while the
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RHS gives the mean number of repeated customers entering service at a service start. This is consistent with the
known result for discrete-time exhaustive vacation retrial queues.

Theorem 3.1

The Probability Generating Functions of the steady-state probability distribution of the Markov chain Ym = (Cp,,
Em N'm) at an arbitrary slot is

AX-AQ) z(1-py @) @-B@)A+V; D) Q(2)

No (st) = x—12 AZ) V2 (z) /1 X'QO,OJ
_TE) -Tuy (@) C@A-py(@)
m (sz) - -1y @) A Vo (X) A ”X‘QO,Oa
_ Vi (0 -V (v (@) C@)[1-Tuy (2))] =
N2 (X:Z)_ X~y (2) AZ) Vo(1) x A 'U'ZQ‘O,O N
_Ax [V () - V2 (v ()]
N3 (X,2)= . 0,0 » (16)
where
_ (=T (W) Au + A+ Vi) —E A+ A R) 7
Yoo = Zroira-voo-am vy VA - a7
Proof
The following equations are obtained by multiplying (4) to (7) by zk and summing up over k:
Mo (2) =AM i1 (DA 611 (2 + 121 (2)F 031 (D) A1 (L1101 Q310) 5 121, (18)
B(z) B(
i (@) =M Qo2 + Autig(1,2) 22
T 2
+ (4 +AB(2)) un1,i41(2) + utino1(2)
AB(2)+ 2
+ () (11,0 (@) 020 (2)F 034(2)
a .
-3 Tokti(Q1,1,0M231,0) » izl, (19)
N2, (2) = ALV, B(2)Q oo+ A Va;1o(1,2) B(2)
+ A Viimoa(2) + (1 + A B(2) 2,141(2)
+ (Ary+ AB(2) u Vii 1,12+ 12,1(2)+ n31(2)
+ (A+AB@) @ Vi 111(2) - A toirofl Q10+ 0Q310) (21, (20)
M3 (2) =(A+AB@) N341(2) + Wy Qi1g, 21 (21)
Multiplying equation (21) by x and summing over i, letting y(z) =4+ 1 B(z) , we get,
_ ( ) —
T s (6, 2) =Y (2) 130(2) +A V2 (0) Qu0. (22)
Setting x = (z) in (22), we have got,
_yhRhy®@)
N31(2) =2 Vo Q11,0- (23)
Substituting (23) into (22), we obtain ,
My ()= x4 (2@l g, (24)

x-y (2)

745



Tuijin Jishu/Journal of Propulsion Technology
ISSN: 1001-4055
Vol. 47 No. 03 (2026)

Differentiating (24) with respect to x and set x=z=0
Q310=V2 (Z) Q,10- (25)

Substituting the value of (25) in (3), we get,

A
Qy,1,0= T2 () Qo,0- (26)

Using x to Multiply (18) to (20) , summing over i, and we get it by using (23), (25), and (26).

“0(x) = ZAG@)- T0)(11,1(2)* 12(2)

il (2)- 2AG) o) LREEDR @) g, @)
YOy (x) = PRl L) - py ()] 1 @) An T 22 ne(1,2)
2 T (2) + P 1) 1,4 (2)
LK (2) - oy @A+ () M T(x) Q0 (28)

zy (2)V2(2)
Y@ (%) = [AB(2) + Anl@ Vi) — v (D] 021 (@) A I Vi () 0o (2)

+A A V1(x) B@)no(1,2) +[[AB(2) +A10] =2y ()] A V1 (X) 111(2)

Fay R Vi (9 m(1) + 2D jay, ) 0y,
(29)
here K(z) = B@)y(2) V,()+ (AB (2) +1r0) V5 (Y (2)).
To find the value of 7n,(1,) in (28), we put x =1 in (27) and we get,
Ano(x,) =(1-75) /T(TI1,1(Z)+ M2,1 (Z))_/TUOJ (2)

01— \ YDA+ (D) -AV2(v(2)))
A(1-1) (RLETEED 0@ (30)

Substituting (30) into (28), we obtain,

LR (x) = LT @ = uy @] ma(@)

X zZ

1-B(2) 7 B(2) +A1y(1-B(2)
+ E2O T () g1 (2) + EEELEZE LT () 4 (2)

_B@IY@ -V (y(@)] +10 1-B(A) T (2)
2,y (2)

Au T(x) Qg 0. @31

By setting the x=1 in (31) , we obtain 1, ( 1,2); then substituting n,( 1,z) and n,( 1,2) in (29), we get

B(z) +A19(1-B(2)]

%Uz(xa):[ EVi(x) =y (2)] 12,1(2)

2(1-B(z) - [
-y @ EVi(x) 1o1(2) +

z

B(2) +A19(1-B(2)-zy (2)]
1-py(2)

AVi(x)n11(2)

B(z)[y(@) V2 (y(@)]+70 (1-B(2)) T (2) , -
_ ! Q ,
Va(M)y @ (1-py (@) A V(%) o0, (32)

where I'(2) = (y(2)(1 + V(1)) = AVa(¥(2)).

Mo (2) , M1,1 (2) and 71,4 (2) can be obtain by setting x = Ain (27), x =u y(z) in (31) and x = y(z) in (32)
respectively. The generating functions can be obtained by solving these equations:
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1 1- T (z) -B(2)(A +V2(D)) Q
Uo,1(Z):l((A)fr0)(Z( 1Y @) T (2) -B@)(A+V>(D) Qo0

AD V,(h) 1
_C@(1-puy@)ATWY (2)
M (2)= A Vo) Y (2) oo
C(2)z[1 - T (uy(2))] AL V1 (v (2))
N2, (2) = A@) VDY (2) ; fhoo >

We obtain 13(x, z) by substituting (26) into (24). Similarly, we obtain 1, (x,) 11 (X,2) 1, (X,2) and 13 (x,2) by
substituting (33) into (27), (31) and (32). The unknown constant {1 ¢ can be obtained by applying the normalizing
condition. Hence completes the proof.

3.2 Marginal Generating Functions

Using in the theorem lim x — 1, the marginal generating functions of the orbit size under the stability condition
when the server is in various states are as follows:

1. The number of customer in the orbit when the server is free(idle) or on vacation is represented by the
following marginal generating function

Q 0,0+ Mo (132) +772 (X,Z) + N3 (X,Z)

_ [(Ar 1-B@)+E(1-2))T (uy(@)-zAu (1-B(2))
B (1-B@)A@V2(T) C(2) Qoyo. (34)
2. The number of customers in the orbit when the server is busy is represented by the following marginal
generating function

_A-Ty@C@
N (1,) = 2DV, D) Au Qg . (35)

3. The number of customers in the orbit when the server is on urgent vacation is represented by the following
marginal generating function

1-1(v(@) C@ 1-Try@)] -
1, (1) =500 QO L0 gy, (36)

4. The number of customers in the orbit when the server is on vacation is represented by the following marginal
generating function

- 1@
ns(1,)= 1-B@) Vs D Qo,0- (37

5. The number of customers in the orbit of the generating function is given by
x(2) =Qo0t 10 (1) 11 (1,2) 412 (1,2) +15(1,2)

_ BT @)(A-2) + Au (1-2)(1-B(@))] C(2)
B (1-B(2)A(2) V2 (D) Qoo- (38)

6. The number of customers in the system of the probability generating function is given by

@ (2) =Qqo o (1,) +zny (1,2) +15(1,2) +13(1,2)

_ (1-2)[E + Ak A-B@)] Ty @) C@)
a (1-B@A(2) V2 (D) Qoo- (39)

7. If the system is empty, then the probability of the system is given by

(1-T@W) (B+ Au +AVi1F) — & (A+2A D)) -
Qoo = ak) A . A
o0 ET@W[A(1=V21)-AR) (A + V2 (D)] V> () (40)

4.1 Performance Measures

1. If the server is idle, then the probability is
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Ap (1-T (W)

+ + + =1-
Qo ot Mo (L,D+m (LD+n3(1,1) =1 ZT® (41)
2. If the server is busy, then the probability is given by
ny(1,1) = 2ECZD, 42)

BT

3. Ifthe server is on urgent vacation, then the probability is given by
AV1,1(A-T (W)

L) = 4
n2 (1,1) 1 3)
4.  If the server is on normal vacation then the probability is given by

15 (L1) = AV, A-T W ( A+ Ap +AV1 1) -F A+ 24 A1) (44)

ETWIA (L= V2,)-A@) A+ V2 D]

5. The mean number of customers in the orbit with B(1)= B; =1 is

22u (AT (1)-1)(A(1-V2,1) )-A@) (A + V2 (D427 T (0)0-22V;,
EN)=x"(2) 221 = — -

(M) =2 (@) 2 20 T(WA(1-V21)-A DA + V2 (2)]

A(1-T (u)AZV1_2+2((1— A (i))P+ZQ

- — . 45
2((1-T () (+ Ap +2V117)-EA + AAQD) (43)

6. When B(1)= B; = 1=z then the mean number of customers in the system is given by

22p (AT (0)-1)(2(1-V2,1))-ARD) (A + V2 (D)]+2E T (1)0-22V,
20U TWA(1-V21)-A DA+ V2 @)

E(L)=¢(2)z=1 =

A (1_T(#))+ A(1-T (y)AZVL2+2((1— A (Z))P+2Q

- —,
ETW  2((1=T G0) (At Ap +AV31R)~EA + A (ACD)

(46)

where
0 =4 (1-V2,)-A(X) A+ A V2 (1)) — AV2y),
P= g (1+2AVi)(I-T (1) = A uT (),
Q=g (A-T @) AVi1—=22uS* () A+ @A+ A Vi) = A (E—p = A) . (47)
The results of (41),(45) and (46) which are similar to Feng Zhang and Zhifeng Zhu [7].
4.2 Numerical Examples

Two performance measures are investigated: If the system is empty then the probability of the system and the
mean of orbit size (N). Let us take the service time, retrial time, the normal vacation and the urgent vacation time
are all geometric distribution with their parameters r, q, V> and V respectively. Their corresponding generating
functions are defined by

Ax) = 11—_ :x’
T =50"
Vi =T
Va(@) =525 for Osxsl. (48)

In each of the numerical cases, we select the arrival rate A = 0.3 , the service rate @ = 0.3 the retrial rate r = 0.2
and B, = 1. The probability that the system is empty is displayed against the parameter p in Figure 2 and 2, where
u represents the probability that the server does not take an urgent vacation. In the figure 1 we select V= 7/4,
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7/3 and 2 and V=2, and in the figure 3 we select /2,1 = 3,6 and 10.We can identify from the figure 2 and 3
that €, , significantly increases with parameter 1.

In figure 3 , we can identify that increasing values of V11 with ,, decreases for the mean of urgent vacation
time with different values V1. The probability that the system is empty (), odecreases as the mean of an urgent
vacation time increases so does the expected waiting time for a customer increases. We can identify that the
increasing values of V51 with Q o decreases shown in the figure 3. The customers mean number E(N) in the retrial
queue (orbit) displayed against the p in the figure 4 and 5. In Figure 4 we particularly take ;= 7/4,7/3 and 2
and in figure 5 we take V> =3, 6 and 10. We can identify that the increasing of parameter u with the () exhibits
a stable decreasing shown in the figure 4 and 5.

— V=TH L — V1=TH
-= V=B A - V=78
- =2 5 — Y1=2

: g
-3 ] 5
2
4
1
3
0 . . | ] ! ; ! | | | !
080 085 030 095 100 05 06 07 08 09 10
B H
Figure 2 Figure 4
\ — V11=3
0.0 4 25 N == V11=6
. — hi=10
200
-0.1
175
-02
o _ 150
g 2
S 03 [
125
041
10.0
-05 15
5.0
-0.6
05 06 07 08 09 10 05 06 07 08 09 10
M H
Figure 3 Figure S
Conclusion

This paper mainly helps researchers make decisions regarding server allocation. Feng Zhang and Zhifeng Zhu [7]
obtained results for a single customer. Rajasudha R, Arumuganathan R and Dharmaraja S [12] obtained the result
for the batch of customers in the retrial queue with normal vacation. Our findings give insights into decision-
making for batch arrivals of customers their service and waiting in orbit for urgent and normal vacations. This
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investigation took into consideration of a discrete Geo X/G/1 queueing system with two vacation types: urgent
and normal. In the bulk retrial queueing system we investigated the underlying Markov chain. We derived the
probability generating functions and the orbit size of the marginal generating functions.
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