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Abstract - In this work, we define two intuitionistic fuzzy modal operators of an
intuitionistic fuzzy matrix and examine their intrinsic algebraic properties. Furthermore,
we obtain some relationships between them with pre-existing operations on intuitionistic
fuzzy operations.
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I. INTRODUCTION

Intuitionistic fuzzy set (IFS), put forward by Atanassov [1, 2], is a beneficial
framework to illustrate obscurity, which is the enhanced version of the fuzzy set formulated by
Zadeh [16]. A prominent trait of IFS is that it allocates membership degree and non-
membership degree to each element of the universe, whose sum is less than or equal to one. He
formulated the multiplication, addition, negation, intersection, union operations on IFSs.
Intuitionistic fuzzy modal operators initiated by Atanassov [3,4] which are called One Type
Intuitionistic Fuzzy Modal Operators and Second Type Intuitionistic Fuzzy Modal Operators.
Then several extensions of these operators defined by different authors [16]. Also, the effect of
modal operators on algebraic structures were studied by several authors [5, 12]. Kim and Roush
[7] developed an organized development of fuzzy matrix theory. Employing the theory of
intuitionistic fuzzy sets, Im et al. [6] specified the concept of intuitionistic fuzzy matrix (IFM)
as a broadening of fuzzy matrices. Khan et al. [14] also defined the intuitionistic fuzzy matrix.
IFM is very beneficial in the discussion of intuitionistic fuzzy relation (IFR) [8, 9]. Boobalan
and Sriram [10, 11] developed various arithmetic operations on intuitionistic fuzzy matrices.
Muthuraji et al. [13] investigated the characteristics of modal operators in intuitionistic fuzzy

matrices (IFMs) and obtained a decomposition of an IFM. IFMs generalize fuzzy matrices and
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are utilized to represent intuitionistic fuzzy relation which are more flexible for modelling

uncertainty than traditional fuzzy sets.
In the current study, we describe intuitionistic fuzzy modal operators S, ,, and
T, of an IFM and examine their algebraic characteistics. Additionally, we obtain the

relationships between them with pre-existing operations on intuitionistic fuzzy matrices.

II. PRELIMINARIES

This section contains notations and preliminary background. For a fuzzy matrix A, we mean

A= (nys) withn,s € [0,1].

Definition 2.1
An intuitionistic fuzzy matrix (IFM) is a matrix of pairs A = (N5, Nrs)) With 7,.,

Ny € [0,1] satisfying 0 < 1,5 + ;s < 1, for all r, s.

For any two IFMs A and B of same size, the following operations are described:
A <Bifandonly if .5 < (s and nys = {fs ;
A AB = ((min (15, ), max (75 = &)
AV B = ((max (M5, {rs), min (Mys = 4r5)));

A= (s Mrs));

A@B - ( <(nrs;<rs) ’ (nészcés)))

IIL. Properties of S, , and 7', , intuitionistic fuzzy modal operators of an Intuitionistic
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Fuzzy Matrix.

This section discusses the definition of intuitionistic fuzzy modal operators S, , and T, y,
and study their algebraic properties.

Definition 3.1:

Let A = ({(nys, Nys )) be an intuitionistic fuzzy matrix (IFM), ¢ € [0,1]. We define the
mentioned below operators:

Hy A= (@Mnrs, @1rs + 1~ ¢ )) and

|Z(p A=({pnrs T 1 =@, PNr5 )

Definition 3.2:

Let A = ((nys, Nrs )) be an intuitionistic fuzzy matrix (IFM), @, ¥, ¢ + 1 € [0,1]. We define
the following intuitionistic fuzzy modal operators :

Top (A) =W (rs + (1 = @) s + ), @ (s + (1 = P) 1)) and

Spp (A) =@ (s + (1 =) 1rs )P (ag; + (1= @) Mrs + @))).

It is clear that,

Y Myst (1= Q) Nrs @)+ @ (Nys (L= Npg) =YNps + P (1 = @) Nyt QY + @7 + @ (1 —
V) Nrs

:(nrs+7]1lﬂs o +Y— oY)+ oy
SetY -+ eyY
<1.

Also, (s + (1 =) Nrs) +P(Mps + (1= @) s T @) < 1.

Thus, both T, ,,(A) and S, y, (A) are also an IFM.

The proof of the subsequent theorem is clear from the definition.

Theorem 3.1:
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LetA= ((nT'S, n7”'S )) be an IFMa (pa lp: (p + l/) € [0’1] Then (T(p,ll) (A))C: ‘S(p,l[} (AC)

Proof :

LHS = (@ (rs + (1 =) Nrs), Y (s + (1 = @) N + 9)))
RHS = Sgo,lp (77;5 Mrs) = (@ (771’*5 T =) Nrs), Y (Mg + (1 — @) T];s +)))

Therefore, (T3, (A)) = Sy (A°).

The following theorem deals with the compliment property of S, y, and T,y .

Theorem 3.2:
Let A= ((Nys, Nys ) be an IFM. If @, ¥, @ + € [0,1], then
() (Tp,p(A)) € <Topy (A9,

(i0) (S (A)) < Sy (A°) .

Proof: (i) From the definition of these operators and the complement of an IFM,
T (A) = (@ (Mrs T (1 = P) 1 + ), Y (35 + (1= @) )

Tpp (A)) =W (rs + (1= @) Nrs), @ (s + (1 =) s + 1))

T (A= T (755 Mrs) = (@ (s + (1= @) Nes + @), @ (s + (1 = P) 135)))

IP(TI?s (I =@Myps) < lp(m,"s +(1=@)Nps + @) and (s + (1 - ) 7]11”5 +P) = (st (1Y)
Nrs)-

Thus, (i) (T, (A)) < Ty (A°).

As in the same way (ii) can be proved.

The following theorem depicts the relation of 7, y, and Ty, ,,. Similarly in the case of Sy, ,,
and S, -

Theorem 3.3:

Let A = ((nTS’ 77;'5 )) be an IFM If(p> 11[)5 (p + 11[) € [071]’ Il) S (P’ then
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(D) Top,p(A) < Typ,p(A)

(i1) Sy, (A) < Sy y(A).

Proof: 75, ,(A) = (Y (rs + (1 = @)rs + @), (s + (1 = P)rs)))
Tpp(A) = (@ s (L =) s + ), Y (s + (1 = @) 1))
YMrs T (L=@) s T @)=Y TP (L= @) M5 + @y
=Ynys + Plps — @Y1ys + QY
=Y(rs + Nrs) = @Y1rs + @Y
< @(Mrs + 1Mrs) = @Y1rs + @y (Since, P < )
= Qlrs + @ Nrs — QPN + QY
=Pes t o (1 —YP)nps + oy
Also, @ (Nys + (1= YP)ys) = @1ps + @ (1 =PIy
= QNrs + Qs = QY1)
=@Mrs +Mrs) = QY1
SYMrs +Mrs) — PNy
=Ynys +PNrs — QYN
=Ynys +P (1 - @)y (Since, P < @)
Therefore, T3, (A) < Ty, o (A)

As in the same way (ii) can be proved.

The following theorem gives an important result on conjunction and disjunction properties of

T

Theorem 3.4:
Let A= ({5, Nys )) be an IFM. If @, ¢, ¢ + 1 € [0,1], then
(@) T, (A) A Ty (B) < T5p (A A B)

(1) T (A V B) < To y(A) V Ty 4 (B).
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Proof: (i) Let Ty, (A) A T4 (B) = ({Crs, Crs))

where ¢s = min( (ys + (1 = @)Mrs + @), P (G5t (1 = )5t @)

=P[min(es, &s) + (1 = @)min(ys , Grs) + @]

Crs =max (P(Mrs + (1 =) Nrs), @(Ss + (1 =) Grs))

= p[max(nys, Grs) + (1 = P)ymax(ys, &rs)]

Top (A A B) = ((dys, dys)) where dys = P[min(nys, {rs) + (1 — @)max(nys, Grs) + @1,
drs= plmax(nys , §is) + (1 = PI)min(nys, Grs)]-

Let ¢, 3 €[0,1]. Then 9 (1 = @)min(nys, Grs ) <9 (1 = @)max(yzs , {rs).

Thus, Y [min(mys, {rs) + (1 — @)min( Ny, $rs ) + @1 <P [Min(nys, &rs) + (1 — @)ymax(
Nrss Grs) + @1.

i.e.,Crg <dys.
Also, ¢ (1 —yYymax(ys, Grs) = @ (1 —P)min(ny,s, Grs)

So, @ [max( T]‘;'Sﬂ 61"5) + (1 - lp)max(ana (rs)] > @ [max( n;*s 5 (7,*5 ) + (1 B lli)min(ﬂrs,
Crs)]-

i.e.,crg>d;g .
Hence, T, (A) A Tgp y(B) < T5 (A A B).

As in the same way (ii) can be proved.

Next theorem is also similar result as that of above theorem in the case of Sw.w'

Theorem 3.5:

Let A=({(nys, Mrs)) bean IFM. If @, Y, ¢ + € [0,1], then
(l) Sq,’lp(A) JAN S(p,ll)(B) < 5(,,‘1/)(14 VAN B)
(i1) S p(AV B) <8, 4 (A) V Sy (B).

Proof: (i) Let Sy,(A) A Spy(B) = (ers, 1))
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where e.s = min(Q (Mys + (1 =) 1r5), @ (G5t (1 = P) &)

= @ [min(ys, §rs) + (1 —P)min(nys , Grs)]

ers =max (Y(Mys + (1 = @) Nrs + @), Y(Grs + (1 = @) G5 + @)
=y [max(nys , &s) + (1 — @ymax(ys, Grs)t @]

Spp (AN B)=({frs, frs))

where fr.s = @ [min(n,s, {rs) + (1 — Y)max( Nrs » Grs) 1, f;"s: Y [max( nys, Grs) + (1 =
p)min(nys, Grs)t @J.

Let @, 1 €[0,1]. Then ¢ (1 = p)min( nrs, G5 ) < @ (1 — p)max( nys , Grs).

Thus, @ [Min(n,s, {rs) + (1 —P)min( nys , $rs )1 < @ [MinMys, Gs) + (1 —P)ymax( nys,
&rs)]-

i.e.,ers< frs.
Also, 1/) (1 - (p)max(nr5> (rs) = l/) (1 o (p)min(nrw (rs)

So, l/) [max(n;s, (rl's) + (1 - (P)max(ana er)'i_ (,0] = l/J [max(n;’s > Gs ) + (1 o <P)ml'n(77m
Grs)t @]

. ! !
i.e.,en> frs.

Hence, Sy (A4) A S (B) <S¢y (A A B).

As in the same way (ii) can be proved.

In the following theorem, the behaviour of 8, ,, and T, ,, with another operator @ is
discussed.

Theorem 3.6:
Let A=({(nys, Mrs)) bean IFM. If @, Y, ¢ + € [0,1], then
(1) Tp,p(A@B) = T4y 4y (A) @ T5p,(B)

(i) S, (A@B) = Sy y(A) @ S (B).

P 48~ (1 (2252)+ 1 = ) (2] 1 0 (25 4 1 -
 (252))
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T(p,l[)(A) = ((lp(nrs + (1 B <P)77?s + (P), <P(77}s + (1 o ll)) 77rs)>)
Top(B) = (W (Grs + (1 = )75 + @), 9(&s + (1 =) )

T(p,l[)(A) @ T(p,l[)(B) = (( l/)(nrs + (1 o (,0) 777"5 + (P), ¢ (777,*5 + (1 o ll)) 77rs)>) @ ((l/) ((rs + (1 B
(p){;s + (0), (p({;s + (1 B lp)(rs)))

:((1»0(77” +1- 90)77;"5 + §D)+¢((r5 +@1- (P)qu‘s + ‘P) ‘P(n;*s +(1- w)"]rs)+ (P(qu‘s + (1 = YP){rs) >)
2 ’ 2

_ (nrs + (1 - <P)77;s + (P) + ({rs + (1 - (p){;"s + Z(P) (n;“s + (1 - lp)nrs) + (p((r,s + (1 - lp)(rs)
=@ . Y - )

(@) + a- 0 (%) + <p),<p(@) + (1 - y) ()

= T%,y(A@B)
Finally, the following theorem establishes an important result dealing with modal operators.

Theorem 3.7:
Let A= ({15, n,,)) beanIFM.If @, 1, ¢ + 3 €0,1],

then (i) H(T5,4(A4)) < Ty w(HpA) (i) S p(KpA) < Kp(Sp,y(A))

Proof: (i) Let EHy(Tp,y(A)) = ($rs, Grs ) and Ty, (B A) = (K5, Krs ).

where {r = @ ¥ (s + (1= @) 1,0+ @), §s= 9% (1,0 + (1 =) 71r)

Krs =Y (@Trs + (1= @)@, + 1= @)+ @), Kys = @ (91, + 1 =@+ ¢ (1 =) 0ys)
On comparing, ¢, and k,, we get

PPt oY1 — @, + QP V= eYnt e (1=9) 1, + YL — @) + ¢*YP
Since l —p>0=>9yP(1 — ¢) >0

Therefore, (s < K.

Similarly, on comparing, {;; and k., we get
Pt > (A=Y st @ (1 =)= @0, + 9> (1 =) s + 9 (1~ )

That is, {73 = Ky
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Hence, H,(T5,4(A4)) < To 4 (HeA).

As in the same way (ii) can be proved.

Conclusion

In this work, two intuitionistic fuzzy modal operators S, , and T, ,, are defined. Some
theorems related with the modal operators are discussed. Also, the characteristics of the
modal operators are presented. Furthermore, how the compliments of the modal operators are
related to each other are examined. We obtained relationships of these operators with pre-

existing intuitionistic fuzzy operations.
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