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I. INTRODUCTION

The fundamental concept of Stability of Hyers-Ulam for functional equations (FES) may be traced back to a
well-known group homomorphism problem that S.M. Ulam [21] and D.H. Hyers resolved [13]. Many articles
addressing the stability issue with FES have already been published in recent decades, and numerous significant
issues in this area have been researched [2,12,17,18,20]. As a result, numerous articles [1,14,15,16,19] have
identified the most effective techniques, including the direct approach, the shadowing approach, the invariant
mean approach, and others. Specifically, the primary study aid for examining various kinds of functional
equations is always the direct technique.

One of the famous FE is the Cauchy additive FE
H(s+T)=H(s)+H(T). (1.1)

Several additive FESD and its stability issues in various normed spaces have been comprehensively studied by
several authors, and many motivating results have been gained on this topic (see [3-11]).

Usually while travelling in car or went to tour, we take food on the hotels with my friends. One day, we got a
idea that we want to find which hotel serves fine and tasty food and also we preferto inform my friends about
the hotels. The quality of the hotel observed by the parking, thequality of food, service of the weightier and
some may give tips. We found Fivetypes of the following Hotels:

H, : We went to a first hotel. If parking is available then we decided go andtake food. Servers first gave some
water, take the food order. After some initially time the food came andthey served charmingly. Food was very
tasty. So we decided to help for themand then gave some tips for them.

H_: We went to second hotel. Their also parking is available, so we decided goand take food. The food was
tasty and they served pleasantly. But the impressionwas not as in the first hotel. So we did not help them and we
avoided to givetips.

H_: Again, we went to a third hotel to take food. In that hotel also parking isavailable, But this one was self-

serviced. So there were no servers and there wasno need of giving tips. Here also the food was fine.
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+, : Later, we went to fourth hotel. Here parking is not available. But this onewas self-serviced. So there were

no servers and there was no need of giving tips.Here also the food was fine.

++. : Finally, we went to fifth hotel. Their also parking is not available. Butas usual we ordered food. The liked

food is not available, the available only we want to eat. Butthe food was tasty and we did not like it. Even
though they served in goodmanner we did not gave any tips for them.

Based on the above data, let us have the following assumptions:

P, denotes parking availability;
F, denotes the foods;

®,, denotes quality;

S, denotes service;

T, denotes tips; respectively.

If it is satisfactory wetake it as + (PLUS) and notsatisfactory wetake it as - (MINUS).

The aforementioned data can be converted into a system of additive FES

H, [a itRig s +le = (R S R+ (R} (@ () o (1) (12)
i (m T e s e () S () () () (2.) 4. (1) a3
(pA e s e () e () () () (5. () (1.4)
) (»a TAREEREI fﬁj:—m (P2 (R )+ (E ) (@) + () (1) (1.5
(B e s, o e ()= () () (@) (2)4. (1) (1.6)

The Ulam-Hyers stability of the system of additive FES (1.2), (1.3), (1.4), (1.5), and (1.6) in Banach Space is
investigated in this study.

The general solution to the FES (1.2), (1.3), (1.4), (1.5), and (1.6) is given in section II.

The stability theorems for the FES (1.2), (1.3), (1.4), (1.5), and (1.6) in Banach space are provided in
section.IIl.The applications of the FES (1.2), (1.3), (1.4), (1.5), and (1.6) are covered in section IV.

II. SOLUTION OF THE FES
We provide the general solution of the FES (1.2), (1.3), (1.4), (1.5), (1.6)in this section by assuming (, ) are

real vector spaces.

Theorem IL.1 If functions +; +,_ :1 — ) (K =1,2,2,4,5) satisfies (1.1) to (1.6), then they are equivalent for all
PF L ELR,,S, T, STEl

Proof. First, assume a functiont+:1— ) satisfies (1.1). Replace (s,7)as (0,0); (-7.7); (T.7); (T.2T)

and for a positive integer C , we have

H(0)=H(0): H(-T)=-r1(T); H(aT) =2 (1); 1 (=T)=2H (1) (cT)=Ch (T);H[B%H(T); @1
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for all T . Again replacing

Fl FQ
(sT)=|pP +@, +s,+T,,—+=
2 2

in (1.1), using (1.1), (2.1) and take + =+, we get (1.2).

. . F B
Second, assume a functiont, :1— ) satisfies (1.2). Change (P,,Q,,S,,T,,—%—*J as (0,0,0,0,0,0);
S T 2 2

(T.7.-T,0,0,0);(T.T.0,0,0,0);(T, T, T,0,0,0) and for a c>o0, we obtain

H,(0)=H1, (0): 1, () =+t (1)t (27) =2t (T): (BT):SHl(T);Hi(or):cm(T);HLGJ%HL(T); (22)

¥,
=P, R,S,,-T,,—,
) 2

in (1.2), using (2.2) and take +, =+, we arrive (1.3). Third, assume a functiont++, :1— ) satisfies (1.3). Set

for all T €. Again, change

FJ
PR,,S,,T,,—,
B 2

SEhY
N |wﬁ

[PQ,QQ,SQ,T:,F—%F—Q] as (0,0,0,0,0,0); (T,0,0,-T,0,0);(T.T,0,0,0,0);(T,7,7T,0,0,0) and fora c>0,
22

we have

Ha(o)=Hi(o),-H,?(fT):in(T);H%(zr):QH;(T);Ha(gr):BHZ(T);H;W(CT):CHZ(T);HEJ:%H;(T); 23)

for all T 1. Again, set

)

in (1.3), using (2.3) and take +, =++_, we get (1.4). Fourth, assume a function +_:1— ) satisfies (1.4).

F R F,
P,&.,,Ss., T, —,—=|=|P @ s, T —,
2 22 2

0T

F

1

Put [PE,QQ,SE,TB,—,F—QJ as (0,0,0,0,0,0); (T,0,0,-T,0,0);(T.T,0,0,0,0);(T.T,0,0,7,7) and for a
o 2 2

¢ >0, we obtain

i (o) =t (o)t (-T)=-+_(T):+t_(=1)=2r_(T): #_(=T)=zr_(T); 1_(cT)=cH (T); H*Gj:

Zh (1); 24)

C

for all T (. Again, put

F F,F
PLR,S, T, &, == PR, -S,,T,, =,
i S22 2 2

in (1.4), using (2.4) and take +H_=t+,, we arrive (1.5). Fifth, assume a function ++, :1 — ) satisfies (1.5).

Substitute (P4,Q4,SA,T4,F—I,F—2J as (0,0,0,0,00); (T.T,0,01,7);(0, 7,007, 7);(0,2T,0,0,7,7) and
2 2

fora ¢ >0, we have

Ho(0)=t, (o)t (-T)=-+, (T):H, (2T) =20, (T): H, (zT) =2, (T):H, (cT)=chH, (T):H, [gj: %»—u (T); (2.5)
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for all T 1. Again, substitute

Fl
R,QV‘SWTWZ,

N |w‘ﬁ

-F, -F
=P, Q. -5 T, —,—
2 2

in (1.5), using (2.5) and take +, =t++, , we get (1.6). Finally, assume a function +, :(— ) satisfies (1.6).

. F,
Switch [Pq,Qs,sg,Tg,F—l,éJas (0,0,0,0,00); (6,T.7.T.0,0);(0,T.T,0,0,0);(0,T.T,-T,0,0) and for a
2 2
C >0, we obtain
b (0) =t (0)H. (-T) ==t (T)stt. (2T ) =2H. (T)itt. (=T) = =h. (T);H:(m):cm(T);Hs[gj:émﬁ); (2.6)

for all T (. Again, switch

F

1

(Pg,Qg,sg,Tg,Z,%] =(0,s,7,0,0,0)

in (1.6), using (2.6) and take +._ =+, we arrive (1.1).
IIT BANACH SPACE : STABILITY

The stability theorems of FES (1.2), (1.3), (1.4), (1.5),and (1.6) in Banach space are provided in this division.

We make the assumptions that Z is a Banach space and Y is normedspace. To validate the theorems, let's take

r(POFSFR, ST, ) =H, (PI +5 1::2 te,+s +T1) —{Hn (R)Jré{“‘l (F)+H, (FZ)}JrHl (@) +H (s)+H (T, )}

H. (Pl,-ﬁ;a;@;;s:;n):HZ(P; +¥+QQ +s, »sz—{H; (P;)+§{H2 (F)+H. (R )+ (@) +r (s.)-He (T)}

B (P FsRSST.)

H (PS +E+TFD+QS»SSVTEJ—{HS(PS)+%{H3(F1)+H3(F3)}+H3 (@.)-+.(s.)-+H. (T)}

F +F
H (PR R ST,)=H, (»z e, s, rtj— {—n—u (P4)+§{H4 (F)HHL () (@))-F (s.)-r (T )}
F+FE

Ao (PR R R S,T,)=H, (»PG - t@,. +S, VT,JJ—{—HG (» )—é{HG (F) e (). (@) . (s.)-H. (1. )}

Theorem IIL1 If functions +_ :y — Z (K =1,2,2,4,5) satisfies the following set of inequalities
HHK (PF :E:@K;SK:R)H <, (R.F.E.Q.S.T.) 3.D

Where =, : Y —>[o,o) (K =1,2,24,5) be functions with conditions

R (ARAR ATE AR, AlS, AL, )

lim — =0 (3.2)

L—0 A !
K

withn==+1 and for all ®,,F, ,F,,@,, S, T, €Y suchthat A, (F\/') .Y — Z are unique additive functions for

(K =1,2,2,4,5 ) which satisfies the FES (1.2), (1.3), (1.4), (1.5), (1.6) respectively and the inequalities
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"HK (FM)‘EK (FK )" < AN

K

1 o0
g

2

where A ;B (F. )and =, (AZNFK) are respectively obtained by

oW O

MN
1

MN

AR )=, (AR AR AR AR, AE, AE )

MM
2

=R (ASNFQ JA

MN MN, )

) F,AMNE AN AMNE O
AE )=t (AE, AR AR AE 0,0)

) =R, (o, ANE L ATTE,, AfNa,o,o)
)=r. (o0 AR A o)
forall £, ey (K =1,22,4,5).

Proof. Placing

(r.7.7H.@.s.T,)=(F.7.7.7 7/ 7)in(3.1) for K = 1
(r.F.F.@.,s,1.)=(F.F 7 F F,0)in(3.1) for k =2
(. Fr.F.@. s 7.)=(F F. F.F ,00)in(3.1)for K ==
(7. Fr.F.e,.s,.7.)=(0F, F 7. 00)in@3.1)for k=4
(p.. 7. 7@, 5., T.)=(0,00F. F 0)in(3.1) for k=5
we arrive the following inequalities

[H. (57) =5+, (F)

<w,(F.F.F.FFF)

o (4F) =4t (B )| <= (R 7R 7R 0)

2772712

(3.12)

[H. (eF) == (B )<= (R FF R 00)

[+ (27) 2+, (F)|<=. (o.F. 7. 00)

. (27) —2H. (R )|<=. (0.00F F 0)

= (AR

(3.3)

(3.4)

3.5)

(3.6)
3.7)
(3.8)
(3.9)

(3.10)

(3.11)

(3.13)
(3.14)

(3.15)
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forall 7, € Y(K =12, 3,4,5’). From the above inequalities, we have

H"(:Fl)—o—fl(ﬁ) séal (F..F.F L FLFLF) (3.16)
Ho(4F) 1 (3.17)
9 (F.) £4R (R.F.F..F.F.0)
Hg(ji)— .(R) SiRz(F F..F,,F.,,00) (3.18)
H(2R) : (3.19)
= A(FA)SQR(OF,E,F 0,0)
H’fF ) .(R) séas (0.0,0,F. F.,0) (3.20)
forall 7, € Y(K =1,234,5 ) For any L >0, the above inequalities can be generalized as
(5 F) 1@ r (57F, 57, 5", 5 F, 57, 57F,) (3.21)
— -+.(7) Sg; — :
b (+F) L@ R (FE A A R A 0) (3.22)
4° (%) S;M:D 4" ‘
H (EL ;) LR, (3””‘@,3”?3,3”&,3“?3,0,0) (3.23)
=" —H(R) S;; 3z ‘
H, (QL ¥ ) < 1 G R, (D,QMﬁ,ZZMFA,QMFWO,D) (324)
2(, _H"(E) _5; 2%4
H, (2" F =, (0,002"F ,2"F, 0
,(QL ) ) -ty ( - ) (3.25)
forall 7, ey (K =1,23,4,5).
Placing £, = A_'F, (K =1,2,3,4,5 ) in above inequalities, we get
HH (5 r) m(s7m)] s HH (557 R) .
BT b e D (3.26)
LG R, (57R, s 5, 5 5, 5 )
Sg; 5
HH (+r) Ho(a F:)H_ 1 Ha (4 F) 3
I (3.27)
LIER (47 4R 4L 4 4 o)
7;,\4: 4M+LJ
HH (= r) (3“F)H_ . HH (=r="%) 3
H S - = H S =" N H%(S E ) (3.28)
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HH (27 r) (2 F)H_ .
e ) (3.29)
@R, (02" E, 2" "ﬁ,:z”‘“‘ﬁ,o,o)_
35; =
HH (27 r) H(2 FS)H_ y HH (22"F) .
H 2t N H_:z“’ 2" - (2 FS) (3.30)
@R (0002 F 2" E, o)
Sg; S
forall F, ey (kK =1,224,5).
Allowing L, - (K =1,2,2,4,5) in the (3.26) to (3.30), we obtain the sequences
Ho (ALF
{%}(K =1,2,24,5)
K
are Cauchy sequences and converges to &, (FK ) . So, we define
Ho (AL F
EK,(FK)=1imM;(K:1,2,3,4,5) (3.31)

Lo AL

K

forall 7, € Y(K =1,2, 3,4,5). Over again Allowing L — OO(K =1,2,3, 4,5) in inequalities (3.21) to (3.25)
and using (3.31), we arrive (3.3) holds.

To prove B, (F. )(K =1,2,2,4, 5 ) satisfies the FES (1.2) to (1.6), changing

=

< > we have

(F PP s, T,)=(AR AR AR, ALR, ALS, ALT, )in (3.1) and divided by A

S IR, (ALPUA AR AR S ALS AT, ) (332)

K

1
H;HK(R;E;%;@K:SK;TK)

for all v F F,@. S, T, eYy. Allowing L —>oofor (kK=1,2245) and using (331) for

(«=1,224,5),wehave B_(F, )(x =1,234,5) satisfies the FES (1.2) to (1.6).

Finally, to prove ®,_ is unique, let us undertake B, for all (K =1,2,2,4,5) satisfies (1.2) to (1.6),

(3.3)and (3.5) forall 7, e (K =1,2,2,4,5).Now,

e (R)-= (R)] <=

A B (AR )-H (AR +|HK (ArF )-B(AVF) }
S%iw%o as L1 — oo
K M=0 <

forall 7, e Y(K =1,2,2,4,5). Therefore &_ 's are unique. Therefore, the theorem is valid for N =1 .

. F . .
Changing F, =——(K =1,2,3,4,5) in(3.11) to (3.15), we obtain
A

K

o () -, (2]

sw(LELEEE (3.33)
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|+ (ﬁ)—m(i SR:(E,E,E,E,E,OJ (3.34)
4 44 44 4

|+ (F)_gHa(EJ SR E,E,E,E,o,oj (3.35)
3 2 3 3 =3

EACHE=LS (%jswa D%%%oo) (3.36)

[H. (7)) -2+, (%) <R, (O,o,o,%,%,oj (3.37)

for all F, € \((K =1,234,5 ) The remaining proof is comparable to the case of N =1 . Thus, the proof is
finished.

Corollary 1IL.2 If functionsH, : VY > Z (i< =1,2,3,4,5 ) satisfies the following set of inequalities
HHK(R;F,;E;QK;SM;T()HSX (3.38)

for all »,,F, ,F,, @, S, T, €Ywhere x>0 such that A, (FK ) ;Y —> Z are unique additive functions for

(K =1,2, 3,4,5) which satisfies the FES (1.2), (1.3), (1.4), (1.5), (1.6) respectively and the inequalities

I (F)-® (7)) < |Aj——1| (3.39)

forall 7, ey (K =1,234,5).
Corollary IIL3 If functionst, :y —> Z (K =1,2, 3,4,5’) satisfies the following set of inequalities

HH( (PK;F,/’E/'@K?SQTK) "+

<x {‘P( [+

FJ

R e

S\/

Y, ‘v} (3.40)

forall »,,F, 7., @, S, T, €Y where Xx>0; w1 suchthat A, (F\/') .Y — Z are unique additive functions

for (l< =12 3,4,5’) which satisfies the FES (1.2), (1.3), (1.4), (1.5), (1.6) respectively and the inequalities

w
DX R,
|Hv< (FK)_EK(FK,)"S |/A\< —A\g (341)
forall £, ey (K =1,224,5) where
e K=1;
5 K=
p=le K=z (3.42)
2 K=4;
2 K=35.
Corollary II1.4 If a functiontt, : Y — Z satisfies the inequality
HH1 (Pi;Fi;FQ;Qi;Si;Tl )H <X {‘Pi‘w X‘Fl ¥ x F; " X‘Qi‘w X‘Si ‘W X‘Tl ‘W} (343)
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forall », ,F, ,F., @, S, T, €Y where x>0; c\w=1 suchthat A, (F,):Y — Z are unique additive function

1

which satisfies the FE (1.2) and the inequality

ew
X |F,

"H: (FJ )_BJ (E )" <

forall ¥ €Y.

Corollary IILS If a function H, : Y — Z satisfies the inequality

Yol

forall », ,F, 7., @, S, T, €Y where x>0; c\W#1 suchthat A, (F,):Y — Z are unique additive function

1

ewn 2

. xr)) 349

S e s

I N L T

. (porFe s, < x{{\a\”’“ +F,

which satisfies the FE (1.2) and the inequality

I+, (F)-=. (F) < % (3.46)

1

forall 7, ey (K =1,2,3,4,5).

IV APPLICATIONS
From the FES (1.2), (1.3), (1.4), (1.5), (1.6). we collect the following data, with the help of Binary digits, If
good we give 1 (one) and Bad we give 0 (zero) (for parking availability, food, quality, service, tips, and

K=1,2245).

0]

2
= | &l ol | &8 2
= 8 = | .2 —
S |22 8|85 | 8|53
) A = = O lwn | = | = | &
H 1 1 1 1 1 1 5 1*
H 1 1 1 1 1 o) 4 1*
H 1 1 1 1 0 ) = o
H, o} 1 1 1 0 0 2 3
H. o} o} o) 1 1 0 2 4

According to above Table and after tasting the food on 5 hotels, we gave some suggestions about the
hotels to my friends based on Food, Quality of Food, Serves Attitude, Issuing Tips and Parking.

We liked first two hotels ++, and +,, because parking is available and the food was tasty, also they served
very well. So normally people will go to hotels +, and +_ in more number.

Also, third Hotel +_ was self-serviced, because parking is available and the food was tasty. Some people
like the hotel +_ and some of them will not go there.

In Hotel +,, parking is not available even though the food is good none of them will go there.
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Finally, in Hotel ++_ , parking is not available and the favorite food is not available some of them will

leave the hotel.

Now, it follows from Corollary I11.2 of the inequalities (3.39), we see that

X X X

b ()= Gl == @
. ()= (7)) < |,f—| T (42)
) B e (43)
I (7)-=. (%) |A4X—1|:l2xf1|:>|’<7| (4.4)
. (F)-®. (R € == (4.5)

A =] et R
So, in the inequalities (4.1), (4.2), we get the better possible upper bound stability analysis in first two
hotels only. Also in (4.3) half of thebound only came.
Inrest of the situations that as in (4.4), (4.5), we can’t get the upper bound.
V CONCLUSION

“Normally, if parking is not available we can’t prefer to go inside the hotel. Some peoples like self-serviced
hotels. Maximum peoples like to go parking availability and tasty food hotels. "
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