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Abstract: The concept of cubic neutrosophic c-prime and primary ideals is newly defined in this paper. Various
properties associated with these ideals are investigated. Their behavior in relation to classical ideals is discussed.
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Introduction

In 1965, Zadeh [13] introduced fuzzy sets (FS), assigning each element a membership value between 0 and 1 to
represent uncertainty. Later, in 1975, he extended this to interval-valued fuzzy sets (IVFS), where elements are
given intervals instead of single values, offering a more flexible way to capture imprecision.

Jun et al. [5] proposed cubic sets (CS), which use cubic functions for membership grades, building on FS and
IVFES to better model uncertainty. Smarandache [10] introduced neutrosophic sets (NS), incorporating truth,
indeterminacy, and falsity. Wang et al. [12] extended this to interval-valued neutrosophic sets (IVNS), allowing
interval representation for all three components. Palanivelrajan et al. [11] defined intuitionistic fuzzy primary and
semi-primary ideals and examined their properties.

Motivated by this, the present paper discusses various properties of cubic neutrosophic C-prime and primary
ideals.

Preliminary

Definition 2.1 [5]Let X be a set that is not empty. A CS C in X is a structure defined as
Cc={n, Ee(rvl), {-(M)/M € X}and C = (EC, {c), where Zc =[¢%, ¢Y] represents an IVFS in X, and {c isa FS in X.

Definition 2.2[10]Consider X as a universal set. A NS on X is expressed as N = {1, {(11), 0 (11), ¢»r (1) /11 €
X} where ¢, 0,¢ €[0,1].

Definition 2.3 [12] An IVNS of X is defined as V = { 1, {-(1), 05 (i1), S5 (11) /11 € X } where , 2, ¢ € [0,1].
Definition 2.4 [11] A fuzzy ideal € of a ring R is called Intuitionistic fuzzy primary ideal if for all i,k € R
either ((g(rvlf() = {(1) and Q(g(rvlf() = ps (1) (or) ((g(ﬁf() < {c(™) and gq(ﬁf() > og(™), for some m € Z,.

Cubic Neutrosophic C-Prime Ideal

Definition 3.1 Let X be a non-empty set. A cubic neutrosophic set(shortly, CNS) in X. It can be expressed as
€C={nd @), e (M), ¢ (M)/ne X}

Where {* ¢ = (Cs, Cs) € [0,1], {s is a i-v truth membership function and {g is a truth membership function.

Q*C = (0g, 0¢) € [0,1], ¢ is a i-v indeterminacy membership function and g is an indeterminacy membership
function.

q*(g = (s, Sc) € [0,1], {¢ is a i-v falsity membership function and ¢ is a falsity membership function.

With the condition that 0 < " + " +¢" <3, 0< Y  +0Y +¢¥ <3and
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0<{sg+ostss < 3.

Definition 3.2 A CNI € of R is said to be a Cubic Neutrosophic Complete Prime Ideal (CNC-PI), if V #, k € R.
Go(iik) < max*{Gs(®), {e(k)}: Go(iik) > min{de(i), ¢ (k)}

8q(1ik) = min'{ge(h), 6¢(K)};  ec(iik) < max{ec(), oc(k)}

Se(iik) = min'{gs(®), Ge(k)};  ge(itk) < max{ee (i), so(k)}

Proposition 3.3 Let D be a ideal of R and a*, %, y*,r*,s*,t* € [0,1] such that 7 < & r >a; §> B, s<

e . . o _ (a5 BNy* if HED . .
B; t>7, t< ythenCNS € is defined by €(11) = {r*,s*, e if hedD if €isa CNC-PI of R.
Proof. The proof is straightforward.

Proposition 3.4 Let € be a CNI of R with [Im Z| = 2 then Z is a CNC-PI of R if and only if €, is a Complete
Prime Ideal (C-PI) of R.

Proof. Itis easy to very that, if G is CNC-PI of R then G, is a C-PI of R.
Conversely, €, is a C-PI of R. Assume that € is not CNC-PI of R.

Let fi, k € R. Then fik € R such that,

Ge(iik) > max'{{e (i), {s(K)};  de (k) < min{¢s (), Ge(k)}

d¢(ik) < min'{g¢ (1), 8s(K)}; oc(iik) > max{os(1), 0(k)}

¢s (k) < min'{¢s (), Ge(K)}; ¢ (1K) > max{¢s(R), s (K)}.

By Proposition 3.3,

c(k) = & ¢e(ik) = a,

dc(1k) = B; oq(ik) = B,

&e(ik) = 7 ¢e(BK) = v.

Thus, we get 1ik € €, butii ¢ €, and k € €,. Which is contradiction.
Hence, € is a CNC-PI of R.

Proposition 3.5. Let f: R —» R, be onto ring homomorphism and €be a CNIof R. If Va*, f*,7* € [0,1], €y g+
is a C-PI of R then f(Cyx pr,+) is a C-PI of R;.

Proof. Let f: R > R, be onto ring homomorphism and it is clear that f(C€g» g+, +) isa CNI of R,. Letn, keR,
such that ik € f (Cax p*y*)- Also f is onto. We have,
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-1 * — * )
f (f (c Ga*”g*'y*>> C Ga*'ﬁ*'y*

= fTH(HK) € Gy gy

Hence, (f 7*(1)f7*(k)) S f 7 (HK) S Cpyr pryr.
Now, €g» g*,~ is a C-PI of R.

= f71(1) S Cprpryr or fTHK) S Cyr pr o
Thus, 1i € f(Cyx g=,+) or ke f(Corpryr).

Hence, f (€ g=,») is a C-Pl of R;.

Proposition 3.6. Let f be a homomorphism of R and R,. If € is a CNC-PI of R, then f~1(€) is a CNC-PI of R.

Proof. Let f: R —» R, be a homomorphism and 1, k € R. Suppose € is a CNC-PI of R;. It is easy to verify that

f71(€) is CNI of R. We have,
F(Ge) (1K) = Je(f (1K)

= {e(f (). f(K))

< max'{{s (f (1)), S (f (K))}

= max'{f ~({s) (), £~ (&) ()}
f7 (8o (k) = ¢e(f (1K)

= Ge(f (). £ (K))

> min{¢s (f (1)), ¢ (f (K))}

= min{f 1 ({e) (@), £~ (Ge) (K)}
f71(@) (1K) = 86 (f (1K)

= 8¢ (f (1) £ (K))

> min’ {9 (f (1)), 86 (f (K))}

= min'{f 7 (8¢) (#), f " (86) (K)}
™ Cee)(ik) = oc(f (4K))

= oc(f(). f(K))

< max{os (f (1)), es(f(K))}
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= max{f "1 (e¢) (1), £~ (0¢) (K)}.
Similarly,
£~ (o) (1K) = min' {f 71(§) (1), £ 2 (¢s) (K)} and
F7 (s (1K) < max{f " (¢e) (M), £ (s0) (K)}-
Hence, f~(€) is a CNC-PI of R.

Cubic Neutrosophic Primary Ideals

Definition 4.1. A CNI € of a ring R is called Cubic Neutrosophic Primary Ideals (CNPyI) if for all i, k € R
either *(fik) = {*(1), ¢*(iik) = ¢*(1), ¢*(ik) = ¢* (i)

(or)
¢(k) < fe(k™); {e(ik) = o (k™),
0c(ik) = 8¢ (k™); o (iik) < o (k™)

ée(BK) = ¢c(k™); g6 (BK) < gg(k™), for some m € Z,.

Theorem 4.2. If € and D are CNPyI of a ring R then € X D is also a CNPyI of ‘R.

Proof. Let (ﬁl, Rl), (i, k,) € € x D, where i, 11, € € and k;,k, € D. Consider,

Jex{ iy, k) (fz, k2)} = onn{(yfiz, kikz)}
= min'{{g (i1 11, {p (k1 K,)}
= min'{{s (1), {o (k;)}
= Jexn(iiy, ky)
Sex{ iy, k) (f2, k2)} = onn{(yfiz, kiky)}
= max{{g (i 12), {p (kikz) }
= max{{s(;), {p(k;)}
= (oo (iiy, k)
Bl iy, ) i, )} = G (i i, Ky )
= max'{g¢ (i, 1,), 0 (k; kz)}
= max'{g¢ (1), G (k1)}
= Bexo(iis, ky)
exn{ (i1, ki) (12, k2)} = Qexn{(iisfiz, ki ky))
= min {o¢ (i1 11,), 05 (ks kz) }
= min{og (ii;), 05 (K1)}

= Qgxp (N1, lV(l)'
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Similarly, §gxo{(fy, k1) (2, ko)} = Gexo (1, ky) and
Sexn{ (i, k) (f2, k2)} = Gexp(fr, ky).

Hence, € X D is also a CNPyI of R.

Theorem 4.3. If €, © and B are CNPyI of a ring R then

AN CNOUP)=CnND)UEND)
(i) CUDNP) =(CUD) N (CUP) are also a CNPyI of R.

Proof. Let ii, k € R. Then we have to consider,
() Jenou (1K) = min'{{e (1K), {puyp (i)}
= mini{fg(ﬁ), f@um(fl)}
= mini{f(;(ﬁ), maxi{fb (1), &B (ﬁ)}}
= max‘{min‘{s (1), {o (1) }, min‘{s (1), S (D }}
= maxi{f(m@ (1), f(mﬂl;(rvl)}
= f(@nm)u((m‘ls) (1)

Soncoum (1K) = max {Ts(iik), Couyp (iik)}
= max {{s (1), {pup ()}
max{{g (11), min {{5 (1), {p(i)}}
min {max{{g(i1), {o (i)}, max{{e (i), fp (i }}

= min {{gnp (1), (g (1)}

={ (CND)U(ENP) (1)
Fsn(oup (1K) = max'{@g (1K), 8pup (iik)}

= max’ {oc(1), Opusp (1)}

max'{g (1), min' {f (i1), 85 (M) }}
min‘{max'{g¢ (1), 5 (1)}, max'{g (1), o (1) }}
min*{sno (1), denp ()}

O@noyueng) ()

encous) (k) = min {o¢ (1K), 0puy (1K)}
= min {o¢ (1), Q:Du‘l;(ﬁ)}
= min{oe (1), max {0 (1), 05 (11)}}
= max {min{gg (i1), 05 (1)}, min{o¢ (1), 0 (1) }}
= max {Qgnp(1), 0eny (1)}
= Q@enoyu(ens) ().
Similarly, ¢gnepugp) (1K) = §endyuenp) (1) and cenus) (1K) = cenmyucens (D).

Hence, EN(DUP) = (END)U (ENP) isa CNPyl of R.
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(i) Jeuonm (1K) = max'{{s(fik), {pnp (1K)}
= maxi{f(s(fvl). Zmu(ﬁ)}
= max'{{s (1), min‘{{5 (1), {p mh
= min‘{max'{{s (1), {p (1)}, max‘{{s (1), {u (D }}
= min'{{eyp (1), Joup ()}

= {cumnceus ()
Ssung (1K) = min {$s (1K), Cong (1K)}
= min {{¢(#), {pup ()}
= min {{¢ (i), max {{p (i), {p(H)}}
= max {min{{s (), o (1)}, min{{e (1), G (1) }}
= max {{sup (1), feup ()}
= {(sumnceum) (1)
Bsuong (1K) = min' (3¢ (1K), Gong (i1k)}

= min‘{gs (1), Bpng (1)}

= min’{g (1), max' {35 (1), 5 (1) }}

= max'{min‘{gs (1), 65 (1)}, min' {g¢ (1), 65 (1) }}
= max‘{fgup (1), Oeup ()}

= @(Gufb)n(@u‘n) (1)

Qeu®ny) (ﬁR) = max {Qc(flr{)' an%(ﬁr{)}
= max {o¢ (1), Oonp (1)}
= max{eg (1), min {05 (1), ep(i)}}
= min {max{o¢ (), 0o (1)}, max{oc (i), o (M)}
= min {Qgyp (1), Oeup (M)}
= QCuUD)N(CUD) ().
Similarly, Ssunm (1K) = Seumyneum () and seung (1K) = Seumnceum ()-
Hence, CU (D NP) = (CUD) N (CUP)isa CNPyl of R.

Theorem 4.4. Let f be a homomorphism from a ring of R onto a ring R,. Let € and €; are CNPyI of R and
R, respectively then the following statements are true.

(1) f(C)is aCNPyl of R, if Cis f — invariant.
(i) f71(C,) is a CNPyl of R.

Proof.

(i) Letny, k, € R, and let fi, k € R. Such that £(i1) = 1, and f(k) = k;.
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Now, f({e) (l1ky) > f({e) (1, "), forall ¢ € Z, then £({)f (5K) > () f (1Y) = £ f({e) (). Which
implies that £~1£ () (11k) = { (k) > s (11%).

That is {g(11k) < {g(k™) for some m € Z,, since € is a CNPyl.
Therefore, f(Je) (k) < f({) (k™).

Similarly, f({s)(f1k;) < f(e)(#1y"), forall t € Z, then f({e)f (1K) < f(Ge)f () = f~f(Ge) (). Which
implies that £ =1 ({s) (1K) = (s (k) < ¢ (i1Y).
That is (¢ (1K) = ¢ (k™) for some m € Z,. Therefore, f({¢)(f,K;) = fF(Ce) (ks ).

In the same way we can prove,
f@) (ki) = F@)(K™); f(ee)(hiky) < fo)(Ry ™) and
fGEO(k) = fFEI (k™) floe) k) < flse) Ry ) -
Hence, f(€) is a CNPyI of R;.
(i) Leth, k € R, f(1) =1, and f(k) = ky, then f~2(C,) is a CNPyl of R.

Now, f~1(Je,)(iiK) > £~ ({,)(ii%). for all ¢ € Z,. Which implies that g, (f (itK)) > Z¢, (f (). That is
Ze, (1ky) > s, (i1, 5). Therefore s, (fiyk, ) < G, (K, ) for some m € Z,, since € is a CNPyl. Also,
s, (F(1ik)) < T, (k™). Which implies that f~1({g,) (1K) < £~ ({e, ) (K™).

Similarly, £~ (¢,) (K) < £~1(¢g,) (i), for all ¢ € Z,. Which implies that {, (£ (iiK)) < {g, (f (ii*)). That is
Ze, (1K) < G, (i1, 5). Therefore ¢, (figk;) = g, (K, ) for some m € Z,, since € is a CNPyl. Also,
I, (F(1ik)) = {g, (k™). Which implies that f~1(Jg,) (1K) = £~ ({¢, ) (k™).

In the same way we can prove,

£~ (8¢, ({K) = £7*(86, ) (K™); f~*(0e,)(BK) < f7*(og,)(K™) and
£ (86, )(R) = £7(Ge, )(R™); £ (56, ) (0R) < £ (5, ) (K™).
Hence, f~(G,) is a CNPyl of R.

Conclusion

This paper defined cubic neutrosophic prime and primary ideals. Several basic properties of these ideals were
examined. Their relation to known ideal concepts was discussed. These findings support the growth of cubic
neutrosophic algebra.
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