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Abstract

The dynamics of the alpha-helical protein chain with higher order nonlinear protein system is explained. To
study the dynamics of the corresponding model by generating the equation of motion using sine-cosine method.
By using this method, we study the nonlinear soliton excitation and the effect of inhomogeneity in the system.
The growth of modulation instability is analysed in the existence of a small peturbation.
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1. Introduction

The alpha-helix is one of the significant types of secondary structures of proteins. Secondary structures are
two-dimensional structures formed due to hydrogen bonds between hydrogen of amino groups and oxygen of
carbonyl groups."...H-N-C=0...H-N-C=0...H-N-C=0..." follows the basic helix, where C=0 stands for amide-I
bond and the dotted lines are hydrogen bonds. Protein transport energy mostly through the amide-1 vibrations of
atoms within their peptide groups. Davydov [1-3] asserts that the soliton is created by the exciton’s self-
trapping, which results from the energy released during ATP hydrolysis interacting with the vibration of amino
acid molecules in the protein. A lot of problems related to the Davydov model have been extensively studied [4-
21] in the recent past. Dynamical properties of Davydov solitons and their formation given various initial
conditions of the chain have been investigated in discrete chains and in continuum models. Most of these results
have been obtained for one dimensional system. In particular it is apealing to investigate the soliton dynamics in
multi-dimensional lattice [22] have studied the quasi soliton states in a two dimensional discrete model of alpha-
helical protein by proposing a hamiltonian for a square lattice and constructed the equation of motion using a
suitable wave function. But they have reported only the ground state properties in the continium limit using
numerical approximation.

Furthermore, the perturbed protein system also contributes significantly to the mechanism of energy
transfer. Protein exhibit inhomogeneity as a result of flaws brought on by the inclusion of extra molecules, such
as drugs in particular locations along the sequence, as well as by the presence a nonpolar mimic of thymine
[23,24]. In this paper we explain about the higher dimensional of the perturbed protein system. The modulation
instability of soliton is analysed inhomogeneous lattices. The paper is arranged as follows: In section 2, we
provide a two dimensional protein system model including molecular excitations with higher order
inhomogeneous nonlinearity and obtain equations in the limit of continuum. The sine-cosine approach described
in section 3 is used to solve the resultant equations. Section 4 describes a model for an protein system and uses
the same perturbation technique to analyse the impact of inhomogeneity (as in sect.3). is also mentioned in
section 5. The modulation instability of the perturbed system is studied in section 6 and section 7 provides the
conclusion.
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2. Model Hamiltonian and Equation of motion

We consider a model representing homogeneous alpha-helical protein system by taking into an
account of introduction between the neighbouring chain. The energy associated can be accommodated in the
following hamiltonian after suitably modifying davydov hamiltonian [3].

Hyp = Hepe + th + th—ex
In Eqn. (1) H,, denotes exchanging hamiltonian that represents internal molecular excitations. th denotes
phonon hamiltonian’s contribution that denotes the displacement of unit cells from their equilibrium position.
H 1 — ey denotes coupling between the internal molecular excitations and the displacements.

HZD = Z {(p;;mnE{J (pm.n + (;’;;t.nEl(p;;t.n(pm.n(pm.n _Jll (¢;nn¢m+ 1.n + (Jt’;;ﬁl.n (pm.n

+¢';1:'t.n ¢m.n+1 + ¢;ﬁ,n+1¢m.n) _j:1(¢;ﬁ.n¢m+1.n+1 + ¢m.n¢;ﬁ+1,n+1 + ¢:nn
¢’m+1.n—1 + (pm.n(p::rwl.n—l) __IZ(‘p::n.nﬁt’m+l.n(p;;mn¢m+1.n+¢)::n+1.n¢’m.n¢:r:t+1.n
(Jt’m.n + ¢;ﬁ.n¢m.n+1¢’;ﬁ.n¢)m.n+l + (Jt’;;r.n+ 1¢m.n¢’;r.n+1¢m.n) _jrg((p;;t.n ¢’m+1.n+1

¢:nn ¢m+1.n+1 + ¢m.n¢:ﬁ+1,n+ 1¢m.n¢;;t+ 1n+l + ‘ﬁ:ﬁ.n¢m+1.n—1¢;].n¢m+1.n—l)+

2
Pmn

k .
M +E [(ILm.n - II[-m—l.n:)z + (ILm.n - II[-m.rt—1)2] + ¢m.n¢m.n[k1pm.n(ILm+1.n
—Um—1n) + ¥2Pmn(Umns1 — Unn-1) T X¥3Pmn(Umsins1 — Um—1n-1)] +

(p:nn (pm.n(;’;;t.n (Jt’m.n [Xrlpm.n (“fm+1.n — “fm—l.n) + szpm.n(“fm.n—l — Umn+ 1)

+X'3PmnUms1nt1 — Um-1.2-1)1} )
where m and n indicate unit cells periodically arranged in the lattices along the x and y directions.

@mn (Pmn) create (annihilate) an excitation on a site (m,n). w,, ,, is the operator of longitudinal displacement
from the equilibirium position. p,, ,, is the momentum conjugate 1, ,,.The parameters Ej, is the excitation
energy and the hopping integral J;,]"1,/>, and J'5. M is the mass of the ion, k is the elastic constant and the
coupling constant are ¥4, ¥, ¥3, ¥ 1,%'2, ¥'3. Now the equation of motion for the variables can be written as,

. d(pmn _ * 2
LﬁW - Eﬂ¢m.n + 2E1¢m.n¢m.n _j1(¢m+1.n + q"m—l.n + ¢m.n+1 + ¢m.n—1) -

j,1(¢m+1.n+1 + ¢m—1.n—1 + ¢m+1.n—1 + ¢m—1.n+1) - 2j2¢:h.n(¢rzn+1.n
+@ fin T P T Prn—r) — zf’g¢;1.n(¢3n+1.n+1 + ¢ 11 +
Drmrin-1 T Om-1n+1) T OmaltiWmern — Wn—10) + X2(nnsr —
nn-1) + ¥3Wms1nt1 — Um-1n-1)] = 205 nPma X't WUms 10 —
Um—10) + X5 nns1 — Unn—1) + X' 3(Wms1n41 — Un—1n-1)]
d?uy, ,
MW = —k[4tnn — Um-1n — Um+1n — Umn-1 — Umn+1] T X1[|Pms1nl’
~|Pm-1nl?1 + x2[|Omns1l* = Pmn-11*1+ 5[ @me1ne1|? —
| Pm-1n-1121 + X 1[Pmernl* = [Pm-1al 1+ X2 [ Prmnsr|* —

|¢m.n—1|¢] + X,3[|¢m+1.n+1|4 - |¢'m—1.n—1|4

It is challenging to solve Eqns. (3) and (4) because of it’s nonlinearity and discreteness, hence it is suitable to
make continuum approximation using Taylor series expansion as

1 1 1 1

(Jt’mil.n = Q{) + E(px +552¢xx igfg(pxxx +£E¢¢xxxx i EES(pxxxxx‘l_--
1 1 1 1

¢m.nil = ¢ + 5¢y + 552¢yy + EES¢yyy + iEgt(ﬁyyyy + EES(ﬁxxxxx-i_- -

where € and & are the small dimensionless parameters. Inserting the continiuum approximations (5) and (6) in

1404

M)

®)

(4)

®)
(6)



Tuijin Jishu/Journal of Propulsion Technology
ISSN: 1001-4055
Vol. 44 No. 4 (2023)

Eqns. (3) and (4) we obtain following equations
th¢e =[-2(1 +]')) + Eol¢ + 2E1|¢1P¢ —4(2 +]',) |¢°¢ + €[2¢
(1 + x3)Ux + 2¢(x2 +X3)“y +40x' 1 + ¥ Due | * P + 4@
(p&:z + Xrg)“y] - Ez[Ul +j:1)¢’xx + Ul +Jﬂl)¢’y}r + zjfl(pxy
+4(a +]'DPid" + 42 +]'2) d5¢° + 8] 20.by 0" + 42 +
IDIGPbsx + 40z +1' |02 byy +8L2dsy| 0121 + L (1
+X3)“xxx + %‘1{)(;\"2 + XS)“yyy + XS‘ﬁ(“xxy + “xyy)] - 54[1_12
Ul +I11)¢xxxx +1_12 Ul +j!1)¢)yyyy +§f’1(¢’xxxy + (Jt’xyyy) +
%jllql’xxyy] + ES[% ¢(X1 + XS) WU +6_1{]¢(’Y2 +X3)“yyyyy
+6_10 (;’XS (“xxxyy + “xxyyy) + 1_12(;’1'3 (“xxxxy + “xyyyy)] )
Mug = Ke?[uyy + uyy ] + 26[(x1 + x3)([@1%)x + (2 + 1202 1%)y] (8)

fl0_031.0

0.5

Figure 1:solitonwith/; = 1.7, J'y =14, |, =15, ], =13, y =015, y; = 0.25, y, =
045, Xfl = 055, Xrl = 065, sz = 075, A=-1 e = 1, h=1, Eﬂ = El =1

Introducing the wave variables & = k;x + kv — ct in Egn. (7) and (8) and solving Eqgn. (8) we get,

Us = 2(x1 + x2 + 2x3)Al¢]? )
Using Eqgn. (9) in Eqgn. (7) we get,

i(ﬁt + aqu) + s (¢xx + ¢yy) + a3¢xy - a4|¢|2¢' + as (¢xxxx + ¢yyyy)

+a6(¢xxxy + ¢xyyy) + a?¢xxyy — Qg |¢'|4¢' - a9|¢x|2¢ - a10|¢y|2¢

— 11 [P Prx — 12| PP Pyy—a13(PF + P7)P" — A140° P — A150° DYy

+a16¢*¢x¢y - a1?¢¢;¢y - a18¢¢x¢; - a19¢2¢;y — Qzp |¢|2¢xy -

a21¢’2 (;’;c:'xxx —dzz (pz(p;;yyy - l1123'1)2 (pxxyy - a2¢¢¢;¢xxx — dzs ¢’¢’y

¢yyy - a26¢¢;¢xyy - a2?¢¢;¢xxy - a28¢¢x¢;xx - a29¢¢y¢;yy -

a30¢¢x¢;yy - a31¢)¢y¢;xy — Q33 (p(pxx(p;x — Q33 (p(pyy(p;y — Q34 (‘p;:x

¢yy - q"xx(ﬁ;fy)(ﬁ - a35¢xy¢;y¢ — Q3¢ |¢|2¢xxxx — Q37 |¢|2¢yyyy -

Q3g |¢)|2¢’xxyy =0 (10)
where constant values are written in Appendix A. Eqgn. (10) gives the dynamics of a generalized davydov model

of schrodinger equation in higher dimension. The above equation is solved using peturbation technique which is
further discussed in next section.

3. Soliton Excitation
During the past few decades many powerful methods for obtaining explicit travelling and solitary
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wave solutions of nonlinear evolution equations have been proposed [25-29]. Out of these we choose the sine-

cosine function method to construct solitary wave soliton excitation.

real and

To implement the above method to our equation we use ¢p = u + iv in Eqn. (10) and separate the

imaginary parts to obtain
—v + aqu + a; (U +Uyy) + azityy, — a, (1 +uv?) + as (Uppnr + Uyyyy)
Fag (Upyxy + Unyyy) + Qrllyyy, — ag(W® + 20307 + uv®) — ag(uuz + uvy)

—ayp (uﬁv — uvf) —ay (U + V2) — agp(u? Uyy + u’v yy) T @13 (uu

tung — uvi —uvy) — ayg (Ui — v + 2uvvyy) — a5 (Wi, —viv,
+2uvvyy,) + ae(u, — uvevy, + vvguy, + vu,vy) — a7 (U uy, +uvyy,

—VULVy + VU Uy ) — Qyg(UUL Uy + UV VY — VVRU, + VUL Vy) — g (uzuxy
—v 20y, + 2uvvy,) — Gz (uzuxy +v2yy) — Qa1 (WP tlyry — VP Uy + 2U
1:'vxxxx) a,(u? Vyyyy — V uyyyy + 2uvvyyyy) — Qg3 (uzuxxyy — vzuxxyy —
2UVVyyyy ) — Apa (VU Ve — Vg Ugegeye + VVx Vs T UV Upeaene ) — Aps (WAt Uy,

—VUy Vyyy + VU Vyyy + UV Vyyy) — Qo6 (Ul Uyyy + UV Vxyy — VUyUxyy + 0
Vyllyyy ) — Gg7 (uu Upry T UVyVppy — VlyVsyy + UV ey ) — g (Ul Uyyy +
Uy Uxyy F VUy Vppx — VUyllyyy ) — Q9 (WU Uyyy, + UVL VY, + VULV — VY,
Vyyy) — Q30 (Ul lyyy + UV Vpyy + VUL Vhyyy — VU1, ) — Q31 (Ul Uy T U

VyVpxy + VllyUsyy — UV lyyy, — O3 (uui, + uvi) —ass (uuyy + uv. y)

(Euuxxuyy + Zuvxxvyy) ass (uuxy + uw y) — Q36 (U Urn + ViU ) —

(1

2 2 _
az7 (W Vyyyy, + 75Uy, ) — asg (u? Vxxyy + v? Uyryy) = 0

3 3
U + a1V + @ (Ve + vyy) + AUy — ag(Wv + v7) + as(Vixxx + Vyyyy) T a6

Texxy F Vryyy) + Q3 Vxnyy — ag(v> 4+ 203u? + vut) — ag(vug + vvd) —ayg

(1?1?2 + vuy) —ay (WP + V20) — ayp (V2 vy + v vy) + a13(1m — mr,y

+vvZ —vul + Zuuy + Zuuxvx) a1, (Vv — ulvy, + 2uvu,,) — ags

(v3v yy —u? Vyy + 2uvUyy) + a16(VUx Yy — VUL U, + VULV UV Uy) — Qg7

(vvevy + vu,uy, — uvuy, + uu,vy) — agg(vrry, + vu,u, +uv,w, —uu,

vy) — Q19 (V2 Vyy + 2uVUyy, — uPVyy,) — azg (V20yy + U 0yy) — Q21 (V2 Vpy —

UV + 2UV Upne ) — Q2o (V2 Vg — U2 D

yyyy T 2UVUyyyy) — Qa3 (v2v —
—uzvxxyy + 2UVUyyyy ) — Qoa (VU Vxxy + Ul Vppy — UVxVxyy + VUyVppy) —

Az5(VVyVyyy + UL Vyyy — UVRVYYY + VUYUyyy ) — Qo6 (UL Vyyy — UV Uyyy +
Vly Uyyyy + vvxvxyy) — 37 (1?1? Vyxy T VllyUyyy — UDylUyyy, + ULy, vxxy) — g

(VU Vpny + Ve lhypy — Ul Vi + UV lyyy ) — Qag (vavyyy T VUplUyyy T UV

[

yyy — Uy VUyyy) — Q3o (VU Vkyy + Vliyllyyy — Ully Uyyyy + UVRAyy ) — Az (v
VyVrpy T VUylyyy — UlyUsyy + UVYUyy) — Q32 (vu, +vui,) —as; (m:ﬁy +

y
vuyy) a34 2V Uy + 20Uy 1y, ) — A3 (vv}fy + vuf,y) asg (1? Viygre + U2
2 2 _
Veyry) — Q37 (V20 yyyy T U 13,3,30,) Q35 (V Vxxyy + U Vgyyy) = (12)

using wave variables & = x + y — ¢t in Egns. (11) and (12) we obtain

—T?E

+ a,(u) + a, (uff + uff) + azuz; — a,(u® + uv?) + as (ugggg + ufggg) + ag
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(ugzzs +ugzzs) + azussss — ag (u® + 2uiv? + uv*) —aq (uu? + uvg) —aqg (mcg
-l—uvfz) —ayy (Wlugs +v2iugs) — ap(WPugs + viugy) +ags (uu? + uu? - uvg —
uvg )— am(uzvff — 1?21155 + 2uvvgs —ags (uzuff — 1?21155 + 2uvves) + agq(uug
Uy —uvp vy + vvpuy + vupvy) — ay; (uu? + uvg)- aig (uu? + uvg) — Qqg (uzuff
—20 (WP veg + V2Upr) — oy (WPugrry — Viuggzr + 2uvvisgy)) — Az (WPvgsgy —
1?2115555 — vzuffff + 2uvvggss) — Qg3 (uzuffff — 1?2115555 — 2uvvggss) — az(u
UpUgry — VU Ugpy + VUV + UV 1?555) — g (uu‘f Uggr — VU Vegy + V0 Vgsr +
UV Vssz) — QpeUUsUsss + UV Vgry — Vg Vrss + VU Ugss) — Qg7 (Wupuzzs + uvs
Vg — VU VUV Usss) — Qag(UUzUssy + UV Vs + VU Vess — VVsUE) — Qoo
(wugugss + uvsvess + Vg vess — VU Usss) — Azo(Ulgsrus + UV VEss + VUV
—VUgss V) — Qzp (UUpUszs + UV Vg + VU Vs — VVRUgss) — Q3 (uugf + uvgf)
—a33 (uu?a’r + uvgf) — aza (2ungsugs + 2uvs;ve) — ass (uugf + uv?) — azg (u?
Uggss + 1?2115555) — Q37 (uzufgfg + 1?2115555) — Q3g (uzufgfg + 1?2115555) =0 (13)

ug + agv + a;(Ver +veg) +azvey — ag(WPv +v?) + as(egss + versr) + ag
(vegss + vesss) + azveses — ag (v® 4 2v3u? + vub) —ag(vul + vvg) — aqp
(1r1r§ + vu?) —ay; (WPvgs + v2ivg) — ap(WPvgs +vPvg )+ ags (vvg‘f = vu?
-l—vvg — 1?11? + 2uugvg + 2uupve) — ay (Vg — wPvgs + 2uvugy — a5 (v?
Vs — uzvff + 2uvigs) + a6 (vve vy — vuguy + uudvy + uvsug) — a; (v
vy + vupuy — uvp vy + uupvy) — ag (Vv vy + vupuy + uvuy — uupvy) —
@19 (V20 + 2uvugy — uPvey) — Az (Vg + uPvgy) — an (Vivggry —u?
Verer + 2uvugsey) — Qo (VE0rrgr — uPvpy + 2uvUppry) — Qpa (Vi vsgzy —
uzvffff + Zuvuffff) — g4 (1?1?51?555 T UVEVErr — UVEVEE + VU ufff) — g
(Vg Vegr + UUs Vers — UV VEsr + Ur VVsss) — Qpe(UUs Vegr — UVrUszs + VU
Ussr +VVsVsz) — Q7 (VU Vrzz + VU Usssr — W0 Vg + UV V) — pg (VY
Vepy + VUpUgzy — VUgVege + UV vﬁf) — fag (1?1?51?555 + VU Uz T UVEULEE —
VU Vgss) — Q30 (VU Vg + VU Uzzr — WV Vgzs + UV Uz ) — Q3 (VU Vs + 0
UpUzzy — UUp Vezz + UV Uzzz) — Q3 (UUEZE + vugf) — Qi3 (vvgf + vugf) — Qay
(2vuzsves + 2vusrugs) — ass (vvg‘f + 1?11?5) — Qsq (vzvffff + uzvffff) — Qs

(vPvgges + uPveses) — azg(Vivgsss + ulveses) = 0 (14)
We assume Eqns. (13) and (14) the solution follow,
u(x,y,t) = A,cosbr(ué) (15)
v(x,v,t) = A,cosPz (uf) (16)
where A; and A, are constant parameters. Using ff; = > = —1 we balance the linear higher order
derivative term with the nonlinear term of Eqns. (13) and (14) and finally we obtain §; = > = —1. By

using the values of 8, and f3, in Eqgns. (15) and (16) we obtain a system of algebraic equation. Solving
algebraic equation with the aid of symbolic computation we get,
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A= -2 (17)

p=1(as+ay+a;ta;+ay+as—at+a; tagtasgt+
Az0)/t —5(az; + azz —8azs + @y + azs + aze + a7 + azg + azs
+azg +as;) — 7(asz + aszz + aszs) — 15as, — 5(aze + as; + asg) (18)
The above solution is demonstrated graphically in Fig. (1). The parametric value is]; =
1.7, ]’y = 14, J, = 1.5, J'y = 1.3, y = 0.15, y; = 0.25, y, = 0.45, ' = 0.55, y, =
0.65, y'5 = 0.75,

4. Hamiltonian equation for perturbed protein system

The exsistence of perturbed ordered alpha-helical protein system with quadrupole-quadrupole
interaction may be attributed to differences in distance between surrounding atoms site to site fluctuation of
atomic wave functions of proximity of the bond containing defects. The hamiltonian for the site dependent
perturbed protein system is considered as

H= Em.n{(ﬁ::n.nE{J ¢m.n + ‘I’;;t.nEl‘ﬁ:r:L.n‘ﬁm.n(ﬁm.n _lem.n(¢;t.n¢m+1.n + ¢m.n
¢;;1+1.n + ¢;1.n¢m.n+1 + ¢;1.n+1¢m.n) _jrlFm.n(¢;1.n¢m+1.n+1 + ¢m.n
Pmiin+1 T PmaPmiin-1 T PmaPmiin-1) = 2Gmn(PmnPm+1nPmn
¢m+1.n + ¢m.n¢;1+ 1.n¢m.n¢;ﬂ+1.n + ¢;t.n¢m.n+ 1¢;1.n¢m.n+1 + ¢m.n¢;t.n+1
¢m.n¢;1.n+1) _JﬂzGm.n(¢m.n¢m+1.n+1¢:r:1.n¢m+1.n+1 + ¢m.n¢;1+ 1n+ 1¢m.n
¢;1+1.n+1 + ¢;t.n¢m+1.n—1¢:r:t.n¢m+1.n—1 + ¢m.n¢;1+ 1.n—1¢m.n¢;t+ 1.1'1-,—1)I +

2
Pmn

M + g [(ILm.n — Um-— 1.]'1)2 + (ILm.n - II[-m.n,—1)2] + ‘I’;J:'t.n(ﬁm.n[;\vlpm.n (“—m+1.n
—Um-1n) + X2PmnUmn+1 — Umn-1) + X3PmnUm+1n+1 — Um-1n-1)] +
(p;;mn(pm.n(p;t.n(pm.n[/?’lpm.n (!Lm+1.n — Um- l.njI +X12pm.n(“fm.n—1 - Ilrfm.n+1)'

+ X'3Pmn(Um+1n+1 — Um-10-1)1} (19)

where the interactions along the hydrogen bonding spine that vary owing to inhomogeneities are represented by
the functions K, ,, and Gy, . Having constructed the Hamiltonian for the perturbed protein molecules, the
corresponding dynamical equation can be obtained by deriving the associated Hamilton’s equations of motions

iﬁ% = E{J (pm.n + 2E1¢;1f.n¢rzn.n _Jll (Fm.n¢m+1.n + Fm—l.n‘i’m— 1n + Fm.n
¢’m.n+1 + ‘Fm.n—l':i‘f)rﬂ:.ﬂ:—1)I _fjl(Fm.n¢m+1.n+l + F —l.n—l(pm—l.n—l
+Fm.n¢m+ 1n—-1 + Fm—l.n+1¢'m—1.n+1) - 2j2¢;rtn (Gm.n¢$rt+1.n +
Gm—l.n(przn— int Gm.n‘i’fn.n+1 + Gm.n—l‘i’fn.n—l) o zfrz(;’;;t.n(gm.n
¢'r2n+1.n+1 + ¢m— 1.n—1¢12n—1.n—1 + Gm.n¢1'2n+1.n—1 + Gm— 1nt+l
$r-1n+1) + Omalts@Wmirn — tm-10) + X2(Uma+1 — Umn-1)
+x3(Wnt1nt1 — Um-1n-1)] + 200X 1 (Um+10 — Um-1.2) +
X'2(Umnt1 — Umn-1) + X'3(Wm+1n+1 — Um-1n-1)] (20)

A2 mn
dt?

M = —k[4wppn — Um—1n — Umsin — Umn—1 — Umn+1] T X1|¢m+1.n|2

- |¢'m—1.n|2] + X2[|¢m.n+1|2 - |¢m.n—1|2] + X3[|¢m+1.n+1|2 -
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|¢’m—1,n—1|2] + X:1[|¢m+1,n|4 _ |¢’m—1,n|4] ‘l_.1”2[|(1115:’m,n+1|4 _
| Pmn-11* 1+ X3l Pmerns1l* = |Pm-1n-11*] (21)

we obtain the equation of motion for the inhomogeneous alpha-helical proteins in the continium limit by
applying Taylor’s series in Eqns. (20) and (21).
. 1
ihee = [—4f (1 +]'1) — Eo + Jie(fe + £) + 2]'1fs _Eflez(ﬁrx + fyy) +
1 1
jllfz(f;cx +fyy) + 2]"1}3@52 + gjlfg(f;cxx +fyyy) + Ejllf;cxx'gg +
1 1
Iflfgf;cyy _ﬂflfi(ﬁcxxx + fyyyy) _ Ejlrfi(ﬁcxxx +fyyyy) _ Eatj!l
1 1 1 1 1
3 f;c'xxy __!I,1€4E;f;c'xyy + Esﬁjl(ﬁcxxxx + fyyyyy) +g_!ﬂlf;cxxyy +E
1
jflf;cyyyy]@" - [5201 + 2)”1)}3: + E3(__}1 +j!1)f;:x +j!1€3fyy + zjfl
2
1 1 1
f;:y _11154_;@'1'1' __!”154;@'31}7 +_Esjlf;cxxx +_j!155(ﬁcxxx + fyyyy)
3 24 12
1 1 1 1
+§Jﬂlf;c'xxy + Eﬁcxyyj,l](ﬁx - [EZUl + zjll)fy - Eggjlfyy + E4g.;’1fyyy
1 1
+E¢j!1fyyy + E4j!1f;cxy — €’ Efyyyyjl]‘py - Eszl + 2]2) _ Egﬁc(}fl
1 1 1 1
+]'1) — ng;c(gfl +7') +f;cx(1f1 + Ef’1)54 + Egtjrlf;cy + E4Ej,1fyy -
1 1 1
EE[EJ’lJﬂ:xx + gflf;cxx + Eflf;cyy]‘pxx - [Eszl + 2)”1) - Eg(f;c +fy)
1 1 1 1 1 1
Ul 2 +j11) + E4Ul; +E_!ﬂl)fyy + E4Ej,1f;c'x - Esgjrlﬁcyy - E_)Ilfyyy -
1 1
gjflf;cxx]@"yy _ [452}?!1 _ 253}”1;@: +j!1€¢(f;:x +fyy) + ZEif;cyfjl T3
}ﬂlESf;:xx _J”IESﬁcyy]‘pxy + [8:9'02 ‘|‘f’2) + 2E1 + ZE(gx +.9y)]2 + 4e
1 1
.ngrz + 4XX1AEZ]|¢|2¢ - [54;6('(5_!’1 + Ejll)q"xxx - Eifxfrl':ﬁxyy - E4fy
1 1 1 1 1
}’1¢’xxy - Eify(_fl +_J”1)]¢yyy + Esﬁ\:(__!’l + _]’1)¢’xxxx +__I!1€5J€:
& 3 24 12 3
1 1
(q"xxxy + ¢xyyy) + EEsjrlfyy(ﬁxxx + EjrlEs(f;:x + fyy)¢xyy +Jﬂl'§5f;cy
1 1 1
beyy +E EEJ”lf;cqf’yyyy + Efsjlfyy@"yyy + EES_flfy(pyyyy + 853.1’21"4
2 1 4
Bl4p + 21 Allpsl® + 18y 710 + 2 e x1 Allp L2 + 813,16 + 1263
2 1
Allpx* + |py1211@12@ + 3 126 Al(1B]P)rx + (D1D)yy ]I 17 + 1A
1
ES[(|¢|2)xxxx + 6|¢xx|2 + 4|¢x|2¢xxx + 4|¢xxx |§"]¢ - _j1f54(¢xxxx +
2

¢yyyy) + %jllf((ﬁxxxx + ¢yyyy)€4 + nggtjrl((ﬁxxxy + ¢xyyy) + fjrlEi
(Jt'xxyy (22)

Mug = Ke?[uyy + uyy ] + 26[(x1 + x3)([@1%)x + (2 + 1202 1%)y] (23)
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4

Figure2:J, = 0.6,]'; = 0.3,J, =0.4,]', =02,y = 03,5, = 0.2, y, = 0.5, A =

—lLe=1h=1E=1E =1

Introducing wave variables & = K;x + K,y — ct in Eqns. (22) and (23) and solving Eqn.

(23) we get

U = 2(x1 + x2 + 2x3)Al9|?

using Eqn. (24) in Egn. (22) we get
i(pt + alﬁt’ + azﬁt’x + a3¢’y + aet(pxx + aS(;’yy + aéﬁt’xy - a?|¢|2¢)
FagPyxx T A9Pyyy + AQ10Prxy T A11Pryy T Q12 Prrer T Q13 Pyyyy
+a1=t(¢)xxxy + (pxyyy) + l5‘515':i‘f)xxyy - a16(|¢x|2 + |¢’y|2)¢’ _ al?(
613 + |D15y) ¢ — ara(dx|® + [y D@7 ) — ars (|13 + |@15y)

|¢’|2¢’ + azo(|¢|;2cxxx + 6|¢)xx|2 + 4|¢’x|§'xx + 4| Prxx |§:)¢’ =0
where @y, @, dz... are mentioned in appendix B. Eqgn. (25) tells the dynamics of perturbed protein in two

dimensional system.

5. Inhomogeneity of soliton excitation
To study the perturbation of the soliton excitation we solve Eqn. (25) using sine-cosine method.

To use ¢ =u +iv

in Egn. (25) and separate the real and imaginary parts and using wave variables

& = x + y — ct we get the equation
—Ur +aiu + axuy + azUy + agugy +asugy + agliyy — az (u® +uv?)

tagusss + Qolzsr + Qolery + QyaUzy + QroUprzr + Qialzzr + agy
(ugzss + Uggzz) + QusUszzs — Qe (uug + uv? + m.tg + uv?) —a.7(2
uzuff + 2uvvgs + 2;;21155 + 2uvvgs) — agg (1;311,? + 1;3v§ + 1L3v§ +

z131?§2 1 uvzug + uvzvg + uvzug + uvzvfz) — ay9 (Rutugs + 2uPviug;
+2uPvves + 2uvdvgs + 2utugy + 20t viugs + 2ulvvgs + 2uvdvgy) —
Qsg (Zuzuﬁgg + 2uv vy + 6;1;1?5 + 6111?525 + 8vuzugsy + 8uvvggs)=0

Ur + a1V + AV + A3V + QuViy + sV + Qg — Ay (v3+u?v)
TagVsgs F AgVegs T AroVege T A1 Vg T QuaVesgy T QusVegee + iy
(Veres + Vergs) + QusVegzs + ale(vu“;’" + vv? + vu? + vvg) —aq;(2
uvigy + 2020 + 2uvugs + 202 v — agg (vuzug + vvfzuz + vutug
+vutvg + 1?3u§ + 1?31;;? 1 1?3u§ + 1f3u§) — ay9 (RQulvugy + 2uviug;

+21?2u21?§§ + 21?41?5:5: + 2;;31m§§ + 21?3m:'§§ + 21?21121955 + 21?41;55 —
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Qs (21;1?1?5555 + 21?219555;5 + 61?11?,5 + 61}1?,?{ + Brugugsys + Bvvg 1?&;5) =0
Using the same procedure as described in section 3 we obtain,

1= &L
- 4a,

[ = J —(astas+ag)

lﬂ{alz+al3+2a14+a15}

where the coefficient is mentioned in appendix B using Eqns. (28) and (29) in Eqgn. (25) the exact travelling
wave solution are written as

O Ja_l —(aztas+ag) .
Il(x' } ! t) o ‘ta? SECh[Jlﬂ{alz +a13 +2a14+a15} (x + } Ct)]

v(x,y,t) = a—lsech[\l —(as+astas) (x +y —ct)]

da- 10{ayztayz+2a4+aqs)

In various physical systems, it is practical to comprehend non-linear wave events using systematic soliton
solutions inhomogeneity. If the system is inhomogeneous the co-efficients of equation are expected to become
dependent of function, describing inhomogeneity and on its derivatives from Egns. (30) and (31). Where F(x)
arises site dependence or inhomogeneity of the coupling between spins. When F(x)=1 and G(x)=1, the system
yeilds  homogeneous  alpha-helical  chain  and  graphically  represented in Fig. ).
[F(x)=1,G(x)=1,];, = 0.6, J', =03 J.=04,]',=02,y=03,5,=0.2,
¥2=05A=—-1,e=1,h=1E; =1 and E; = 1].In order to understand the influence of nonlinear
type of perturbed protein system, we choose cubic and biquadratic interactions as the initial nonlinear
neighbouring interactions [30].

Figure 3: The graphical illustration of soliton evoluton with (a) cubic inhomogeneity
(b) biquadratic inhomogeneity (c) periodic inhomogeneity (d) localized inhomogeneity

Moreover, we study the impact of periodic inhomogeneities brought on by the recurrence of flaws or molecules
throughout the protein chain [31]. First we consider cubic inhomogeneity of the form
F(x) =14 qgyx>+g,x? and G(x) = 1 + g3x> + q4x? and plot the structures in Fig. (3a) . It is
observed from plot that the structure of soliton is fixed and firm.  when
g, =1.018,9, = 2.219,q; = —1.102,g9, = 2.2. By increasing ¢1,9z,q3 and g4 values makes the
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soliton deformed in the region with an unstable modes developed subsequently by expanding in the effect of
biquadratic inhomogeneities. F(x) = 1 + qsx* + ggx? and G(x) = 1 + g;x* + qgx?. The values of
qs = —0.423, g5 = 0.387, g; = —0.602, and gg = 0.25 crosses the values respectively it is given
in Fig. (3b). In Fig. (3c) we plotted the equation with periodic inhomogeneity F(x) = 1 + ggsin(x) and
G(x) =1 4+ gqpsin(x) for the values gg = —1.3189 and g, = —1.1011 from the plot it is found
that when the values of gq and qq increased the deformity creates a soliton of lower amplitude with periodic
fluctuation in localized region. For the case of localized inhomogeneity we use deformity function
F(x) =14 gqisech(x) and G(x) =1 + g,25ech(x) in Fig. (3d) this inhomogeneity distrots the
localized region the value g4; = 0.075 and g4> = 1.098 .

6. Modulation Instability

Modulation instability exists in several fields of physics. A plane wave may shatter into filamenta at
enormous intensities. It has been suggested that it might be responsible for the energy localization mechanisms
that cause DNA molecules and hydrogen-bonded crystals to create larger amplitude nonlinear excitations.
Modulation instability arises from the interaction of nonlinearity diffraction or dispersive processes. Because of
the symmetry-breaking nature of the instability, a small perturbation on top of a background with constant
amplitude grows exponentially leading to beam breakup in either space or time. In some ways, Ml is thought of
as a precursor region. We use a linear stability analysis to look into the evolution of weak perturbation for
inhomogeneities. We begin with perturbed Eqn. (25) to conduct the linear stability analysis. We consider plane
wave solution with constant amplitude,

o(x,y,t) = Upexpli(k,x + kyy — wt)]

A = U

L b\_ 4

05|

04 f

Growthrate

03[
02f

01f

00 L

08 10

Figure 4: Growth rate vs. wave number k, for J; = 2,]', = 1.07,], =2.8,]', =
0.09,K, = (a) — 0.1, (b) — 0.2, ()0.3

w is the frequency. Uy is the amplitude and k4 and k- are the wave numbers. Substitute Eqn. (32) in Eqn. (25)
we get the amplitude dependent relationship.

w=—ay —ikja, —ik,a; + ask? + k3as — ki k,a, + a; + iklag
+ik3aq + ik?koa.o + ik kZay, — kiay, — kias — kik,a, —
kik3ai, — kikia s + ag[kf + k31U5 — 2a,7k3U; + agg[k? +
k31Us — 2a19[k? + k31Ug + 8ayo UGkt
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The dispersion relation is represented by the aforementioned equation. Considering perturbed plane wave
solutions of the form, we now evaluate the linear stability of Eqgn. (25),

olx,v,t) = (g0, + Up)explilkix + ko y — wt) + £05(x,y,t)] (34)

£ is the parameter, and
a,(x, v, t) = aexplia(x, v, t)] (35)
o5(x,v,t) = bexplia(x,y, t)] (36)

using a(x, y,t) = Kx + Ky — Qt the dispersion relationship between the frequency {} and the wave
numbers K is,

Q%Uy +Q(S+RU,)+RS=0 (37)
from the quadratic Eqgn. (35) we get the dispersion relation where,

Q= —(RU, + S)i““wozl ~4UoRH

T
10 -

(38)

08|

Growthrate
o
[e2]
—

oS
=
———

02[

ol b

Figure 5: Growth rate vs. wave number with cubic inhomogeneity for (a) g; = 1.5, g2 =
243,q; =342,q, =4.53;(b)q, = 28,9, =3.7,q3 = 4.7,q, = 7.3; (c)g, = 3.23,
q, =4.11,q5 = 4.54,q, = 7.54; (d) q, = 4.32,q, = 5.87,q3 = 5.99,q, = 8.45.
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Figure 6: Growth rate vs. wave number with Biquadratic inhomogeneity for (a) g, =
0.547,q, = 1.387,q5 = 2.612,q, = 3.25; (b)q, = 1.213,q, = 2.431, q; = 3.162,
qs = 4.525;(c)q, = 2.541, q, = 3.423,q3 = 3.451,q, = 4.987; (d)q, = 3.876,
g, = 4.654,q; = 3.897,q, = 5.163.
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Growthrate

Figure 7: Growth rate vs. wave number with periodic inhomogeneity for (a) g, =
2.23,q, = 3.36;(b)q, = 2.97,q, = 4.21;(c)q, = 4.87,q> = 5.11; (d)q, = 5.98,q-
=6.12
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01 02 03 04 05 06

Q

Figure 8: Growth rate vs. wave number with localized inhomogeneity for (a) g; =
5.2,q, = 4.37; (b)gq, = 5.975,q, = 4.843;(c)g, = 6.956,q, = 5.213; (d)q; =
7.583, g, = 6.957
The stability aspects of the perturbed protein chain can be resolved by imaginary part £ . Egn. (38) is obtained

(RUy +S5) = RH, Q becomes complex in this case peturbation increases with time exponentially. Thus
excited alpha-helical protein system exhibits modulation Instability which support soliton formation. Fig. (4)

represents the growth rate curve by fixing k> and varying k. The plot shows how the growth rate depends on

k4 and k for the values of [,]'y,J2,]'2. As ko increases, the growth rate and the band width shrinks, and
the maximum gain decreases.

The inhomogeneity has a drastic impact on soliton formation. In this nonlinear type inhomogeneity the
lattice modifies the stability of soliton. In Fig. (5) shows the growth rate with wave number for cubic

inhomogeneity F(x) =1+ q;x% + g,x2, G(x) =1+ qg3x3+ q,x% In the absence of such
inhomogeneity the system supports stable propogation of solitary wave. For the choice of
parameters/; = 4,]'; = 2.07, ], =3.8,]', =1.89, y = 1.2,

¥1=13, y,=14, A=5, Ey=E, =1 €6=1 h=1,k; =-01, k; = —0.2. Fig 5.(a-e)
illustrates  the growth rate for cubic inhomogeneities with (a)g,; = 1.5,q; =2.43,q3 =
342,q,=453,(b)q, =28,9,=37,q3 =4.7,q, = 7.3,(c) q, = 3.23, g, = 4.11,
gz = 4.54, q4, =7.54 (d) q; =4.32,q, = 5.87, g3 = 5.99, g, = 8.45. As the inhomogeneity is

increased, the growth rate amplitude decreases q; = 4.32, g = 5.87,q3 = 5.99 and g4 = 8.45. This
shows that cubic inhomogeneity affects the modulation instability and hence the formation of soliton. The effect
of biquadratic inhomogeneity is shown in Fig. (6) also exhibits the same results as that of the cubic
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inhomogeneity. The threshold values are given by gg = 3.876,q, = 4.654 ,q; = 3.897 and
gg = 5.163. Inverse trend is manifested in the case of periodic and localized inhomogeneities in Fig. (7 and
8). The threshold values for periodic as well as localized inhomogeneities are gg = 5.98, g5 = 6.12 and
qq1 = 7.583,q,, = 6.957 .

7. Conclusion

In this paper we investigate the existence of solitary wave excitations in two dimensional protein
system. Using a long wave length approximation, we obtain the continuum equations of motion, these equations
are solved using perturbation method and the results are illustrated graphically. The figure shows stable
evolution of solitary wave without any expansion or compression in amplitude. Also, a model for perturbed
system is constructed using the effect of inhomogeneity by the same peturbation technique. We investigate the
behaviour of soliton propagation in an perturbed protein system for various type of nonlinear inhomogeneties
such as cubic, biquadratic, periodic and localized types. The results indicate a split in the soliton. In addition,
modulational instability analyses the system analytically and graphically. From the results we observe that
inhomogeneity considerably affects the formation of a soliton.

Appendix A
values of Eqgn. (10) is given by :
_ [Bo—201+J1)]9 . @ = Uity = ag?]!

1 — i P U2 = A P U3 A

_ AsAQrtxs)(Xitxet2x3) 2B, £*Ui+)y)
a4 - B P 4 — 127 '
@ =S o _th o 8eAQh G +20) (ataat2xs)

6 ap ’ 7 T 8 B

_ 253(X1+X3](X1+X2+2X3}A_ 283 (ot ya)(xatxat2x3)A
a9 = 3h 10 = 3h

_ E0ntxa)atxet2xa)A _ S22 txa)(ratxat2ya)d
;= 3n i3 = 3R

_ 48Ut S Ontra) (it tax)a
iz — yA1a —

i 3

o 53(X2+X3]'(X1+X2+2X3}A_ _ ge2J,
Qs — 3n P e =

o 253X3{X1+X2+2X3]'-4_ 2%yt t2ya)A
iz — & yQig — Y

_ 2% xa(ritxzt2x3)A _ 28%xxs(ratxz+2x3)A
Q19 — & sz — Y

. 55{X1+X3}{X1+X2+2X3}A_ o 3 (xz+xa)(ratx2+2x2)A
dz21 = 60% 22 = 60R

_ 26%Aya(ratxzt2ys) | _ 46 (ratxa)ratxz+2ys)A
QA3 — pr i Qzq — 60R

_ 48 (et xa) Ut xzt2xa)A _ 488 Ays(xatx2t2ys)
Az — 60n y Qg = Py

_deys(xaty2t2ya)A 48t xa)atxz+2ys)A
Qz7 — prs yQzg — 60R

_ 48 (xatxa) (Xatxzt2xa)A _ 48 ya(atxa+2y3)4
Qzg9 — e0n yQzg — P

_ 455AX3[X1+X2+2X3]_ _ 67 (y1+xa)ratxa+2x3)A
az; = oh y Q33 = Py

_ 555[X2+X3}[X1+X2+2X3}A_ _ 28 ya(x1+x2+2x3)A
Q33 = 607 yzq = oh

_ Beya(xityz+2ys)4 _ 283 (yy+xa) (xa+xz+2x3)A
Qz; = oh y 3 = prYy
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283 (et xa) (Xatxat2ya) 28 ya(yitxat2ya)A
Q37 — ylzg —
&60h 6i

(39)
Appendix B
values of Eqgn. (25) is given by :

1 ; ; 1
a, = E((_"‘lfUl +J1) + Ep) + J1e(f +fy) +2]ifx _E_!Ilgz(f;cx +fyy)
r r 1 1 r
+f1£2(f;:x +fyy) + zgzjlf;cy +g£3_!’1(ﬁcxx +fyyy) +§]1£3f;cxx +}”1
1 1, 1
ESﬁcyy - gjrlggt(ﬁcxxx + fyyyy) - Ej1£4(_f;c'xxx + fyyyy) _§£4j2f;cxxy
1 1 1, 1 .
_Egijzf;cxyy +E.”1£5(ﬁcxxxx + fyyyyy) +g]1f;cxxyy + EESJrlf;cyyyy)
1 1
a; = E(Ez(fl + zji)f;c + 83(5 Ul +ji)ﬁcx +ji£3fyy + zjiggf;cy -
1 P P 1 1 ;
§£4f1f;cxx - E4J’1J€:yy + EESﬁcxxx +E£511(f;cxxx +fyyyy) +
1 r 1 r
Ejlf;t'xxy + Egsjlf;t'xyy))
1 P 1 1 ; ;
az — B [5201 + zjrl)fy + Egijlfyy + E4(gjlfyyy +jlfyyy +jlf;cxy) -

5 1
£ ijlfyyyy]

a, = = [ E2fUy+21) — ELGL+ D + (Gl +312) +Jafoy +
~ Lo fy)]
as =3 [2fUy + 2D — e+ FIGIL ) + *GL+ 3 Jifyy +
~Jifex) = €5 G i fryy — = Jifyyy — i froxx)]
ag =5 [4€2f]] = 263 e + 4] (fux + fin) + 2Dafuy) — €525 frar +
JoFayy)]
a; =1 [26%(E; + 4g(2 + J5) + 26%(gx + 6,5 + 463 0,J5 + 41 xAe?]
ag =3 [ fun(GJ1 + 1) + €55 Lfuy + €52 Lfyy — €43 GI +JD]
as =3 [=&%1fyy — eI+ 2D ase = — 5 e*f ]
ayy =[S (fx + fyy + €1y — FiE*£i]
a; =+ [SehGHh +1D) —2e*f Gl +1D)]
a3 = s[5 GIfy + Jif) — 54U —JD]
= s Ce*f; + 565 RJi) aus = GESRL + %]
A1 :% §E4X1A]}a1? = % [%Afgtk'l]}als = %[;;AESXE]

ay9 :%[gﬂfsh];azo :%[514551’1] (40)
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