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Abstract: In this paper, the properties of algebraic operations such as associative, distributive,
absorption and De Morgans laws are studied.Some other results also studied. Furthermore, by applying
concepts of scalar multiplication and the exponentiation operation several results are presented.
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1 Introduction:

In the year 1965, Zadeh [8] introduced Fuzzy sets(FS) to model uncertainty problems. It forms
the foundation for the fuzzy matrix theory . In 1977, Thomason introduced the concept of Fuzzy
matrix(FM) as an extension of Boolean matrix and In the year 1980, Kim and Roush developed
the theory for fuzzy matrices. The concept of Intuitionistic fuzzy set(IFS) was later formulated by
Atanassov[1] 1983 which includes both membership and non-membership functions. Following this, Pal
et al.[5] advanced the field 2002 by introducing the concept of an IFM. The use of IFMs has been widely
investigated in several research contexts. Depending on additive and multiplicative operatoins Pal
presented algebraic operations of an IFMs. Boobalan and Sriram investigated the arithmetic Operations
of IFMs. Later on Ramakrishnan and Sriram[7] presented the algebraic operations on IFMs and also
studied scalar multiplication and exponentiation operation based on these operations.

In this paper, we studied the properties of algebraic operations on IFM, such as associative,
distributive, etc. Also proved some other results on IFM. Furthermore, related results concerning
scalar multiplication and exponentiation operations were developed.

2 Preliminaries:

This section presents key definitions that form the foundation for the analysis and discussion in this
paper.
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Definition 2.1. [7]Let Zifm = ((Cags Cop)) and Pifm = ((pag: pog)) denote two IFM of dimension
m X n then,

/

() Zigm D@ Pism = ((Cap + Pap — CapPass Cap + Pap — CapPus — CapPas — CapPas))

/

(i) Zipm ©@ Pifm = (Cap + Pap — CapPas — CaBPas — CapPas))sCap T Pap — CaplPap
The equations are restated below in their corresponding form,

() Zigm ®Q Pigm = (1= (1= Cap) (1 = pag); (1 = Cap) (1 = pap) — (1 = (Cap + Cop)) (1 = (Pap + pag))))
(i) Zipm O Pirm = (1= Cg) (1= paB) = (1= (Cap +Cop)) (L= (Pag + pg)), 1 — (1= p) (1= pa3)))

Where (.5 be an IFM of o' row and S column.

Definition 2.2. [7]Let Z;s, = ((Caﬂ,(;ﬁ>) be an IFM of dimension m x n then, the scalar and
exponentiation operations of Z;r,, are defined for any positive integer n > 0,

(0) nZigm = (1= (1= Cap)"s (1= Cap)" = (1 = (Cap + Cap))™)
(i) 27, = (1= )" = (1= (Cas + Cap))™ 1 = (1= Cp)™)

3 Main Results:

In this section, we prove properties of algebraic operations of IFMs.

Theorem 3.1. Let Zipm = ((Caps Cog)) - Pigm = ((Paps Pog)) and Nigm = ((ap,1ae)) be three IFM in
U, then,

(1) Zitm ®Q (Pigm @ Nigm) = (Zifm DQ Pigm) ®q Nifm
(i) Zitm ©Q (Pifm ©q Nigm) = (Zifm ©q Pifm) @@ Nifm

proof 3.2. (i) Let (P®u V)= ((kag, kug))

Z & (P@u V) = (1= (1= 2ap)(1 = Kag), (1= 206)(1 = kag) = (1 = (205 + 204))
(1= (kag + kqp))))

(1 —kap) = [1 = (1 = (1 = pap)(1 = vap))] = (1 = pas) (1 — vag)

1= (1= zap)(1 —kap) =1 = (1 = 2a8)(1 — pag)(1 — vap)
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(1= (kag + Kap)) = (1 = (Pag + Pap)) (1 = (Vas + Vos))
(1= (208 + 20p))(1 = (Kag + kag)) = (1 = (a5 + 208)) (1 = (Pap + Pap)) (1 = (vas + Vap))

Zou (PonV) = ({1 = (1 = 2ap)(1 = pap)(1 = vas), (1= (zas+ 205))
(1= (Pap + Pap)) (1 = (Vap + vap))))

(ZouP) @V = (1= (1= zap)(1 = pag) (1 = vag), (1= (205 + 2a5))
(1= (Pap + Pap)) (1 = (Vap + vap))))

Zoy (PouV)=(ZaduP)duV

Similarly, (ii) can be proved as in (i).

Remark 3.3. The IFMs fail to satisfy both the left and right distributive laws involving addition over
multiplication as well as multiplication over addition.

(1) Zifm @ (Kifm © Nigm) # (Zifm © Pigm) © (Zifm © Nigm)
(i) Zigm © (Kigm © Nigm) # (Zifm © Pifm) © (Zifm © Nifm)

It is demonstrated by the following example.

Example 3.4. Let Z = {(0‘270-8) (0.7, 0.3)] ;

(0.6,0.4) (0.8,0.2)

 [(0.5,05) (0.6,0.3)
P= {(0.9,0.1) (0.3,0.5)]

(0.1,0.9) (0.7,0.2)

and V= {(0.3,0.4) (1,0)

] be three IFMs in U,,, then,
~1(0.25,0.75) (0.55,0.44)
PouV = [(0.54, 0.46)  (0.5,0.5)

(0.24,0.76) (0.87, 0.13)}

Zou (PoOuV) = [(0.64, 0.36)  (0.9,0.1)

[ (0.6,0.4)  (0.72,0.28)
Z2OuP = [(0.96,0.04) (0.86,0.14)]
(0.28,0.72) (0.91,0.09)

Z2OuP = [(0.72,0.28) (1,0) ]

(ZeuP)om (ZanV) = [

(0.168,0.832) (0.655,0.345)
(0.691,0.309)  (0.86,0.14)

Zou (PouV)#(Z0uP)oOu(Z0uYV)
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Similarly, Z Oy (P®y V) # (200 P) Gy (Z0u V)

Theorem 3.5. Let Zipm = ((Caps Cop)) + Pism = ((Pags Pag)) and Nigm = ((Nag,71,6)) be three IFM
in U,,, then,

(D) (Zifm ® Pigm) © Nigm # (Zigm ® Nigm) © (Pigm & Nigm)
(i) (Zigm © Pifm) ® Nifm # (Zigm © Nigm) @ (Pigm © Nifm)

(0.2,08) (0.7,03)]  _ [(0.5,05) (0.6,0.3)
(0.6,0.4) (0.8,0.2)]’ ifm = { : .

(0.1,0.9) (0.7,0.2) _
(0.3,0.4) (1,0) be three IFMs in U,,, then,

(0.6,0.4)  (0.88,0.12)
(0.96, 0.04) (0.86,0.14)}

(0.98,0.02) (0.44,0.56)
(0.46,0.54) (0.2,0.8)]

(Zifm @ Pitm) © Nifm # (Zifm B Nigm) © (Pifm & Nifm)

Example 3.6. (i) LetZ;, = [

and Nifpm = [

(Zitm © Nigm) © (Pigm & Nig) = {

Theorem 3.7. Let Z;4,, = ((gaﬁ,c;@) and Py, = (<pa5,p;5)) be two IFM in U,,, then,

(i) Zifm @ (Zifm © Pigm) 7 Zifm

Example 3.8. Let Z, = FO'S’O'Z; (0.6, 4)} and Pipm = [Egg’gg; Egi’gg; be two IFMs

then in U,,, then,

. | [ (0,0.99)  (0.48,0.52)

Zitm © (Zifm © Pigm) # Zifm
Theorem 3.9. Let Z;4,, = ((Cag,C;ﬁ» and Py, = ((pa@,p;ﬁ)) be two IFM in U,,, then,
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(i) Zifm © (Zifm V Pifm) = Zifm © Pifm

Proof:
(i) Zigm < Pigm
LetZigm N Pigm = ((max(Cap, pas), min(Cag, pap))) = ({Cas, Cap))
Zipm®(ZigmV Pigm) = (1= (1=Cag)(1=Cag), (1=Cap) (1 =Cag) = (1= (Cap+Cap)) (1= (Cag+Cyp))))
1 —Cop = 1 —max(Cup, Pap) = 1 — pas
1 — (Cap + Cop) = 1 — (max(Cag, pag) + min(Cog pup)) = 1= (pas + Pog)

Zifm®(ZipmV Pipm) = (1= (1=Cap) (1= pag); (1=Cap) (1= pas) — (1= (Cap+Cos) ) (1= (PaptPous))))

Similarly we can prove (ii).

Remark 3.10. Let Zifm = ((Cap, Cop)) and Pipy = ({(pPags Pug)) be two IFM in U, when,

be two IFMs

~[(0.3,0.5) (0.5,0.5)
a {(0.6,0.2) (0.4,0.6)

Example 3.11. Let Zif,, = {E '
then in U,,, then,
‘ , | (0.96,0.3) (0.84,0.16)
Zigm @ (Zigm V' Pigm) = l(o.51,0.49) (0.19,0.81)
)

4 ~_ ](0.86,0.12) (0.8,0.2
Zifm ® Pigm = [(0.72, 0.28) (0.46,0.54)

Theorem 3.12. Let Z;,, = (((ag,c;ﬁ)) and Py, = (<pa5,p;5)) be two IFM in U,,, then,
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(i) Zifm © (Zifm A Pifm) = Zigm © Pigm
Proof:
(i) Zifm 2 Pifm
LetZipm A Pigm = ((min(Cag, pas), max(Cs, pug))) = ((Cas, Cup))
Zitm® (Zigm APim) = (1= (1=Cap) (1=Cap), (1= Cap) (1=Cap) — (1= (Cap+Cop)) (1= (CagtCop))))
1 = Cop =1—min(Cap, Pap) =1 — pagp
1= (Cap +Cp) = 1 — (min(Cap, pag) + max(Cg, Pug)) = 1 = (Pag + Pup)

Zifm®(ZifmV Pim) = (1= (1=Cap) (1= pap), (1=Cap) (1= pag) — (1= (Cas+Cop)) (1= (Pap+pus))))

Similarly we can prove (ii).

Remark 3.13. Let Z;,, = (<CaB,C;B>) and Pigm = ((pap, Pup)) be two IFM in U, when,

(1) Zitm ® (Zigm A Pifm) # Zifm © Pigm
(i) Zifm © (Zigm A Pigm) # Zigm © Pigm

~ [(0.7,03) (0.4,0.6) ~ [(0.6,04) (0.9,0.1)
Example 3.14. Let Zism = {(0.5,0.5) (0.2,0.8)| @ Pirm = "1(0.8.0.2) (0.1,0.9)

then in U, then,

be two IFMs

| | . [(0.91,0.09) (0.64,0.36)
Zigm ® (Zifm N Pigm) = [(0.75, 0.25) (0.36,0.64)

‘  [(0.88,0.12) (0.94,0.06)
Zigm & Pigm = [(0-9,0.1) (0.28,0.72)
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Theorem 3.15. Let Z;p,, = ((Ca5,<;5>) and P = ((pag,p;f})) be two IFM in U,,, then,

() (Zifm @@ Pifm)t = 25, @@ Pl
(i) (Zifm @q Pirm)t = 255, Bq P
Proof:

() (Zifm ®Q Pim) = (1= (1= Cap)(1 = pag)s (1 = Cap) (1 = pag) — (1= (Cap + Cop)) (1 = (pas + Pap))))
(Zitm ®q Pigm)® = ((1=Cap) (1= pap) — (1= (Cap+Cop)) (1= (pag + Pog))s L — (1= Cap) (1= pag)))

_ =C C
- Zifm ®Q Pifm
Similarly we can Prove (ii).

(0.2,0.8) (0.3,0.7) (0.8,0.2) (0.4,0.6)

(0.4,0.6) (0.5,0.5)} and Pigm = {(0.1,0.9) (0.7,0.3)| e two

Example 3.16. (i) Let Z,, = [
IFMs then in U,,, then,

(0.16,0.84

| o (0.42,0.58)
(Zim ©q Pigm)” = {(0.54,0.46

(0.15,0.85)

)

)
. c [(0.16,0.84) (0.42,0.58)
Zitm ©Q Pipm = [(0.54, 0.46) (0.15,0.85)

(Zifm @@ Pipm)t = 2 ©q Pir

Theorem 3.17. Let  Z;pn = ((Cags Cop)) and Pigm = ((pap, pug)) be two IFMs in Uy, then,
() (Zifm ®m Pigm)Q(Zipm Sar Pigm) = (Zifm Snr Pigm)
(i) (Zigm On Pipm) QU Zigm On Pigm) = (Zigm Ot Pigm)

proof 3.18.

(i) Let (Zipm®uPism) = ((1=(1—=Cap)(1=pag), (1=Cap) (1= pag) = (1= (CaptCop)) (1= (pastpap))))
= ((kij ki;))

(Zifm ©n Pifm) A Zigm Oar Pigm) = ((kiz, kiy))Q(kij, ki)
= ((kij, ki;))

(Zifm B Pifm)Q(Zipm Ert Pigm) = (Zifm Em Pifm)
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Similarly, (ii) an be poved as in (1).

Theorem 3.19. Let Zi,, = (<ga5,g;ﬁ>) and Pjfn, = ((palg,p/w}) be two IFMs in U,,, then,
(1) (Zifm ®m Pifm)3(Zifm Sum Pigm) = (Zifm Bm Pifm)

proof 3.20.

(i) Let (Zipm@mPifm) = (1= (1=Cap) (1= pas); (1—=Cap) (1= pag) — (1= (CaptCop)) (1= (Paptpap))))
- ((kijv k;j>>

(Zifm ©n Pifm) A Zigm Oar Pigm) = ((kij, ki;))8((kij, ki)
= ((kijs ki)
(Zifm &M Pigm)S(Zifm ®um Pigm) = (Zigm Em Pifm)

In this way (ii) can be proved.

Theorem 3.21. Let  Z;pn = ((Cags Cop)) and Pigm = ((pas, pug)) be two IFMs in Uy, then,
(i) (Zigm V Pifm) Om (Zigm A Pifm) = (Zigm ®m Pifm)

(i) (Zifm APifm) B (Zifm V Pigm) = (Zifm Bm Pifm)
proof 3.22.

(i) (Zifm NV Pigm) ®ut (Zigm A Pipm) = ((max(Cap, pag), min((g, Pop))) Gar ((min(Cap, pas),

/

max(Cop, Pas)))
= ({Cas: Cag)) @11 ({Paps Pas))

=((1-(1- Ca/ﬁ)(l — pag), (1= Cap)(1 = pag) — (1 = (Cap + Cog))
(1 = (pap + Pap))))
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In this way (ii) can be proved.

Theorem 3.23. Let Zf,, = (<Ca5,C;B>) and Py, = ((pag,p'a5>) be two IFMs in U,,, then,

(i) (Zigm V Pifm) Om (Zigm A Pifm) = (Zigm Om Pifm)

(i) (Zigm A Pigm) Onm (Zigm V Pigm) = (Zigm Oum Pigim)
proof 3.24.

(i) (ZifmV Pirm) Ort (Zifm A Pigim) = ((ax(Cap, pap), min(Cop, Pap))) Ear ((min(Cag, Pas),

/

max(Cog: Pag)))
= ({Capr Cop)) Ont ((Pags Pup))

= (((1— C;,@/)(l - Pla,a;) — (1= (Cap + Q;g))(l — (Pap + P,ag))7
1—(1- Qw)(l - paﬂ)

In this way (ii) can be proved.

4 Scalar multiple and exponetiation operation related results:

In this section, we present some results related to the scalar and exponentiation operations of IFMs.

Theorem 4.1. Let Zp, = ((Cag,c(;ﬁ}) be an IFM of in U,,, then, the exponentiation operations of
Zirm for any positive integer n >0,

Zm ©Q Pl = (Zifm ©q Pifm)"
Proof: Let Zf}, = ({(1 = Cop)" — (1= (Cap + Cap))™ 1 = (1= Cag)™) = ({Cas, Cag))
i = (1= pap)" = (1= (pag + Cap))™ 1 = (1 = poa)")) = ((Sas, Sas))
211 90 Pl = (1= ¢5) (1 = SaB) = (1 = (Cap +Cop))(1 = (Sap +S4p))s 1 = (1 = Cop) (1 = Sip)))

(1= Cop)(1=Sup) = (1= (1= (1= Cag)" N = (1 = (1 = pag)™)) = (1 = Cap)" (1 = pas)"
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(1= (Cap+Cop)) = 1= (1= Cup)" = (1= (Cag + Cop))" + 1= (1= Cap)™) = (1 = (Cap + Cop))"

(1= (Sas+805)) =1 = ((1 = pog)” — (L= (pap + o))" + 1= (L= pog)™) = (1 = (pag + Pog))"

1—(1=Cog)(1 = 8op) =1— (1= Cap)"(1 = pap)”
Zlm ©OQ Pl

= (Zifm ©Q Pifm)"

i = (1= Cap)" (1= pap)" = (1= (Cag+Cap))" (1= (Pas+ o))" 1= (1= Cap)" (1= pap)"))

Theorem 4.2. Let Z,, = ((Cag,(;ﬁ» be an IFM in U,,, then, the scalar and exponenetiation

operations of Zirm for any positive integer n > 0,

(i) (Z5,)" = (nZim)°

(ii) n(25,,) = (2,
Proof:

(©) Zipm = ({Caps Cap))
(250" = (1= Cag)™ = (1= (Cap + Cop))™ 1 = (1= Cap)™))
nZigm = ({1 = (1= Cap)", (1 = Cap)™ = (1 = (Gas + Cp))™)
(nZigm)® = (1= Cap)™ = (1 = (Gag + o)™ 1 = (1= Cag)™)
(Z5)" = (0Zipm)°

(il) Zfn = ((Cops Cas))
n(Z5) = (1= (1= ()™ (1= €)™ = (1= (Gas + Cp)™)
Zlm = (1= )" = (1= (Gas + ()™ 1= (1= (p)™)
(Z5)8 = (1= (1= ()™ (1= €)™ = (1= (Cas + Cp))™))
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Theorem 4.3. Let Z;p, = ((Cas, C;ﬁ,)) be an IFM in U,,, then, the exponentiation operations of Z;y,
for any positive integer m,n >0,

(1) (Zi)" = 255

(i) mn(Zipm) = m(nZ;m)
Proof:

(i) Let 27, = (1= p)™ = (1= (Cas + )™ 1= (1= C)™) = ({Caps Cos))
(Z77,)" = (1 = Cop)™ = (1 = (Cap + Cog))"s 1 = (1 = Co)™)
(1=Chp)" =1 = (1= (1= ()™ = (1= ()™
(1= (Cap+Cog))™ = [1= (1= )™ = (1= (Gap + )™ L = (1= )™ = (1= (Gag + Cg))™
L= (1=Cop)" =1~ (L= ()™
(Z7)" = (L= Cp)™ = (1= (Cap + o)™ L= (1= (op)™)

= (Zifm)™
(ii) Let nZim = ((1— (1= Cap)™ (1 = Cap)™ = (1 = (Cas + Cop))™)) = ({Cap, Co))

mnZigm = (1= (1= Cap)™, (1 = Cag)™ = (1 = (Cap + Cap)™)

m(nZigm) = ({1 = (1= Cag)", (1 = Cag)" — (1 = (Cag + Cag))"))

(1=Cap)" =1 = (1= (1= Cap)™)]" = (1 = Cap)™

(1= (Cap+Cog))" = [1 = (1= Cap)™ = (1= (Cap +Cap))™ 1 = (1= Cap)™)]" = (1= (Cap +Cop))™
= (1 =Cap)" =1—= (1= Cap)™

m(nZigm) = ({1 = (1= Cap)™, (1 = Cap)™ = (1 = (Cag + Cap))™))

mn(Zirm) = m(nZipm)
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5

Conclusion:

The present study explored the associative, distributive, absorption properties and some other results
associated with two algebraic operations of addition and multiplication on IFMs. Furthermore, the
scalar multiplication and exponentiation related results also presented.
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