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Abstract

In this article, we present a new notion of Pythagorean fuzzy sets and define
several fundamental operators, namely union, intersection, complement, score
function, and accuracy function. In addition, we introduce various aggregation
operators, including the Pythagorean Fuzzy Weighted Average (PFWA) oper-
ator, Pythagorean Fuzzy Weighted Geometric (PFWG) operator, Pythagorean
Fuzzy Weighted Power Average (PFWPA) operator, and Pythagorean Fuzzy
Weighted Power Geometric (PFWPG) operator. Furthermore, we formulate
a multi-criteria decision-making (MCDM) problem and propose an algorithm
based on these aggregation operators under the Pythagorean fuzzy set frame-
work.

Keywords: Pythagorean Fuzzy Set, Score Function, Accuracy Function,
Aggregation Operators, PFWA, PFWG, PFWPA, PFWPG, MCDM.

1 Introduction

The concept of a fuzzy set (FS) was introduced by Zadeh. Subsequently, Atanassov
generalized the fuzzy set theory by proposing the intuitionistic fuzzy set (IFS) [1].
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Later, Yager further extended this framework by introducing the Pythagorean fuzzy
set (PFS). The PFS [2] represents vagueness using a membership degree (MD) func-
tion and a non-membership degree (NMD) function , where the sum of their squares
lies between 0 and 1, that is,(i.e) 0 < p? + 9% < 1. In this article, we investigate
the concept of Pythagorean fuzzy sets, along with entropy measures, score func-
tions, accuracy functions, and various aggregation operators such as PEFWA, PEWG,
PFWPA, and PFWPG. Furthermore, an algorithm based on these aggregation op-
erators under the Pythagorean fuzzy set framework is proposed for application in
multi-criteria decision-making (MCDM) problems, supported by a suitable illustra-
tive example [3].

2 preliminary

Definition 2.1. Fuzzy Set|[2]

Let U be a non empty set collection of objects denote by y. Then an FS F is
a set having the form F = [y, u(y), /y € U], where pzr, represents the MD of F
respectively. The mapping pr,: U — [0, 1].

Definition 2.2. Intuitionistic Fuzzy Set [10]

Let U be a non empty set collection of objects denote by y. Then an IFS F is a set
having the form F = [y, u(y), 9(y)/y € U], where pz,Jx represents the Membership
degree and Non-Membership Degree of F respectively. The mapping pur, 97 : U —
[0,1] and 0 < pr + 97 < 1. Then, there degree of indeterminacy of y € U to F
defined by 7z = 1 — [ur + V|, clearly that ur + ¥ + 77 = 1, otherwise 7z = 0
then pur +vr = 1.

Definition 2.3. Pythagorean Fuzzy Set[2]

Let U be a non empty set collection of objects denote by y. Then an IFS F is a
set having the form F = [y, u(y), 9(y)/y € U], where pr, Ux represents the MD and
NMD of F respectively. The mapping pur, 97 : U — [0,1] and 0 < p% + 9% < 1.

Definition 2.4 (6). Let B = [u(y),¥(y)] ,B1 = [11,Y1] and By = [ug, V5] be the
Pythagorean fuzzy sets and ® > 0, then the following operators hold

(i) Bi® B, = f/ﬂ% + 13 — pips, (0192))

(ii) 51 ® By = Mlﬂz </191/2 + 15%/2 - 19}/219;/2)
(iil) P (/1 — 19‘1’

(iv) B (M‘D7 /1 — (1 - \/ﬁ)q)

582



Tuijin Jishu/Journal of Propulsion Technology
ISSN: 1001-4055
Vol. 47 No. 1 (2026)

3  Operation of Pythagorean Fuzzy Set

Definition 3.1. Let B = [, 9], By = [p1, 1], B = [p2, ¥2] be the Pythagorean fuzzy
sets, then[2]
(i) Intersection:

Bi A\ By = min(puy, p2), maz(dy,9s)
(ii) Union:

BV By = max(p, p2), min(dy, 9s)
(iii) Complement

(B =[(m)*, 9]
Note that [9% + p?] = (9)% + p?

= (0.6)2+(0.5)2=0.61 < 1
so, (B)Y is a Pythagorean fuzzy set.
We know that ,

(BY) = (9%, u(y)® = (n,9) = B.

Example 3.2. Let Assume that By = (u; = 057,91 = 043)andBy; = (ps =
0.47,95 = 0.56) are the Pythagorean fuzzy sets , then

(i) By A By = min(uq, p2), maz (91, 9o
= (min(.57, .47), max(.43, .56))

— (.47,.56)

(i) By V By = min(pun, p12), maz(9y, s)
— (max(.57, .47), min(.43, .56))
—(.57,.43)

(1) (B) = [(n)?, 0%
=((:32)"), (:54))

—(.010,.085)

Definition 3.3. Score Function Let HB = (up,95) be the PFS then the score func-
tion is written as H(B) = p% — (9%) ...... (I) and noted that S(B) € [-1,1]
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Example: Let B = [0.7,0.6]be the PFS then H(B) = 0.7 — 0.6 = 0.13

Definition 3.4. Accuracy Function Let B = (ug,95) be the PFS then the score
function is written as A(B) = pg + U and noted that A(B)[0, 1]

Example: Let B = [0.4,0.8]be the PFS then A(B) = 0.7+ 0.6 = 0.85

Theorem 3.5. For three pythagorean fuzzy number B, By, B, and By and &, $5 ;0
following are valid

(i) By A By = By A By (i))By V By =By V By
(ii))By A (Bo ABy) = (Bi ABy) ABy  (iv)By V (Ba V By) = (B V Bs) V By
(v) ®(By V By) = OB, V ®Bs (iv)(By V By)® = (B))? Vv (By)?®
Proof:
(i) Bi A By = min(pui, p12), maz (v, 92)
=min(piz, 1), maz(ds, 91)
=By A\ By
(i) By V By = max(juy, p12), min(dy, 9s)
=max (i, pt1), min(ds, U1)
=By V B
(iii) By A (By A Bg) = By A (min(uz, pe), maz(ds, ¥s)
=min(uy, (min(pz, ps))), maz(dy, (maz(dy, 93)))
=min((p1, p2), minps), (maz (1, 92), mazds))

=(min(p1, pa), max(dy,92) A By

584



Tuijin Jishu/Journal of Propulsion Technology
ISSN: 1001-4055
Vol. 47 No. 1 (2026)

=(By A By) A By
(iv)By V (B V Bs) = By V (max(pua(y), ps(y)), min(Va(y), Is(y))
=maz(py, (maz(p2(y), pa(y)))), min(dy, (min(da(y), s(y))))
=max((p, p2(y)), mazps(y)), (min(dr, 2(y)), minds(y)))
=(maz(p1(y), p2(y)), min(th (y), 92(y)) vV Bs
= (B1V By)V Bs
(v) @By V Bp) = ®(max(pa(y), pa(y)), min(v1(y), V2(y)))
= (V1 - (1 —max(ui, 13)®), min(07, 93))
OB,V OBy = (/1 — (1 — )%, 9P) v (/1 — (1 — 113)®,99)
=maz (/1 — (1= p})®, /1= (1= p3)*, min(97,95))
=(/1 = (1 — maz(ui), 43)*, min (97, 93))

—0(B, V By)

Theorem 3.6. For two pythagorean fuzzy number By = (uy,71), By = (po,0s)
following are valid
(1) (Bl A Bg) V BQ = BQ
(ii) (ByV By) A By = By
proof:
(i) (By A By) V By = (min(p, p2), max(Vy,92) V (g, ¥2)
= (max(min(uy, po), t2), min(max(dq,92),9s))
= (2, 02)
= B
(11) (Bl V Bg) N BQ (maac(,ul, ,LLQ) mm(ﬁl, ’192)) VAN (/LQ, 192)
(mm(maz(,ul, 2), o), max(min(dy, ¥s), 9))

¥2)

GQH

= (k2
B

585



Tuijin Jishu/Journal of Propulsion Technology
ISSN: 1001-4055
Vol. 47 No. 1 (2026)

Aggregation of Pythagorean Fuzzy Set[6]

Definition 3.7. Let B, = (ug:,V5:) (z =1 to n) be the Pythagorean Fuzzy Set and
T = (71,72, ...Tn)" be the weight vector of B, with > 7 =1. Then a (PFWA) is a
function PEFWA: B™ — B, where

PEWA (By, By, B, ooy By) = [, Topte, S, 795) (1)

Definition 3.8. Let B, = (5., Y5.) (z =1 to n) be the Pythagorean Fuzzy Set and
T = (11,72, ...7n)" be the weight vector of B, with > 7 = 1. Then a (PFWG) is
a function PEWG: B™ — B, where

PFWG (B1, B2, Bs, ... By) = [[1"_y 1, [Ty 9] (2)

Definition 3.9. Let B, = (5., 95.) (z =1 to n) be the Pythagorean Fuzzy Set and
T = (71,72, ...7n)" be the weight vector of B, with >, 7 = 1. Then a (PFWPA) is
a function PFWPA B" — B, where

PFWPA (B, B, Bs, ..., B,) =[O0 mop), (Oo0_, 792)]......(3)

Definition 3.10. Let B, = (up., V5.) (z =1 to n) be the Pythagorean Fuzzy Set and
7= (71,79, ...7n) T be the weight vector of B, with > ,7=1. Then a (PFWPQG) is
a function PFWPG B" — B, where

PFWPG (B, By, By, o By) = [(1 =TT, 12)7). (1 = [Ty 927 (4)

Example 3.11. Let By =(0.5,0.2),B,=(0.6,0.7), B3=(0.5,0.9) be three PFS and
assume that T=( 0.2, 0.4, 0.4)" is weight vector of B, (2=1 to n), then
(1)PFWA (B1,B2,Bs, ... By) = [0 Tapies Yoy T,
=(05x02+0.6x04+0.5x0.4),(0.2x0.2+0.7% 0.4+ 0.5 x0.4)

= (0.64, 0.6)
(Q)PFWG (BlaB2aBQ7 aBTL) - [H::l ,LL;Z,HZ 11922]
=(0.5%x0.2x0.6x0.4x0.5x0.6),(0.2x0.2x0.7x 0.4 x 0.9 x 0.6)
= (0.46,0.58)

(‘?)PFWPA (617 627 637 e Bn) = [(Z::l TZ:uZ)Qa (Z::l TZﬁZ)Q]
=(0.2x0.5%2+0.4 x 0.4+ 0.4 x 0.5%)%,(0.2 x 0.2 + 0.4 x 0.7% + 0.4 x 0.9%)?

= (0.0457, 0.6)
(4)PFWPG (By, B, Bs, ..., B,) = [(1 — [T, u2)™), (L = [0, 92)™)]

(1 ) (
= ((1=(1=05)%*(1 = (1-0.6)"(1 — (1 - 0.5))")?,
(1= (1= (02)"2((1 = (1 = 0.7)"((1 = (1 = (0.9))*)

=(0.013, 0.486)
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Theorem 3.12. Let B, = (up.,95.) (2 =1 to n) be the Pythagorean Fuzzy Set and
T = (11,72, ...7») " be the weight vector of B, with 7, > 0 and Y »_ 7, = 1. Then a
(PFWA) is a function PFWPA: B" — B, where

PFWA (By, By, Bs, ..., B,)) =is an PFS.

Proof:

For any PFS B, = (up.,95.), we have 0 < p < 1,0 < Vg, <1

0< pg, +9%, <1
Then , we given that

0 < mpgy + g <m,
0 < oy + 12 + V9% < 7,

0 < g, + %, < T
And also,
0(< iy + 1Y% + (Toptdy + T20%) + oo + (Talty, + T9%,) < (1 + T2+ oo + 7))

0 S Z::l Tzlu%z + ZZ:I Tzﬁ%z S ZZ:I Tz = 1
Therefore
0 < (i menp)* + (0 m05.)*) < 30 =1
= et + 3l TR = 1
it 1s obvious that,
0< (X2 ep.)) < 1,0 < (X0 m98:)°) < 1
Then PFWPA (By, By, Bs, ..., B,,) =is an PFS.

Theorem 3.13. Let B, = (up.,U5.) (2 =1ton) and B = (up,V5) be the Pythagorean
Fuzzy Sets and 7 = (11, Ta, ...7,)" be the weight vector of B, with Y »_ 7, = 1. Then
a PFWPA (Bi@ B PBsP ... B, P B) >PFWPA (By, By, Bs, ..., B,) @ B.
Proof:

Let B, = (ug.,V8.) (2 =1 to n) and B = (up,Vg) be the Pythagorean Fuzzy Sets, we
have

S0 i, + i — ) = (S0 i ) = (0 s

Doy (V. + V5 — 0.05)] > D20 705, VB = 30, T i

We have,

PFPA (B, @ B, @ By @ .. @ B, B B) = (X, 7 (i +ek—1id i), [, 7% 03]
PFWPA (By, Bz, Bs, ..., B,) @ B = (320-, Tami.), (20— m:95.))) @ (s, Vs)
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=((3C0_) e, ), V%, + V% — U5.95))
It follows that
PFWPA (Bi@B.PB:sP..PpB.PB) > PFWPA (B, By, Bs, ..., B,) @ B.

Theorem 3.14. (Boundedness)

Suppose that pig = mini<z<n(ps.), fp = Mmazi<z<a(ps. ), Vg = mini<:<n(95.), V5 =
mazi<,<n(Vp.) then (ug, V%) < CBFWPA(By, By, Bs, ..., B,) < (153, 9%)-

Proof: For any B, = (ug.,Vgs.) (2= 1 to n),

We have iy < s, < i and Vs < O, < O

The inequatities for MD value are

g = Doy g | < Dol T < 20 g P =

Similarly for NMD value are

O = D20y 0] < D20 i )P < [0 iR ] = Vg

Hence PFWPA (By, Bs, Bs, ..., B,,) < (1§, %).

Theorem 3.15. (Monotonicity)

Let Bz = (1B, Vs,) and Ez = (us,,Ve,) (2= 1 to n) be the two PFS. If ug, < ue,
and Vg, < V¢, then,

PFWPA (By, By, Bs, .....,B,) < PFWPA (&1,&,E&5,,.....,&n,)
Proof:

For all z, we have,

ps, < pie, and Vs, < Vg, then [37_ zpp,] < 320, mzp2,] and
Dot T20%,) < 3201 202, ]

Therefore

PFWPA (By, By, Bs, ..., B,) < (30 mzup, ), >0 m20%,])

< (2iimzig, ) Do Ve, )

=PFWPA (&1,&,8&3,....,E,)

Hence FWPA (Bl, BQ, 83, 7[))”) S PFWPA (51,52,53, 5 --~->gn7)

Theorem 3.16. (Idempotency)

Let Bz = (uB,,Vs,) (2= 1 to n) than Fuzzy Sets such that By = B = (up,Vp) and
7= (71,72, ..., Tn) T be the weight vectors of B, with then PFWPA (B, By, Bs, ..., B,) =
B

Proof:

Since Bz = B = (us, ) (2= 1 to n) then

PFWPA (Blv By, Bs, ..., Bn) — ([ZZ:I Tz,u%z], [ZZ:l 7'319%2])

= (2o mn)®, 2202 m08)%)

=(1us, Up)
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=B
Hence PFWPA (By, B, Bs, ..., B,) = B

4 MCDM Problems entropy using Aggregation Op-
erators in Pythagorean Fuzzy Set

Algorithm:

Step:1

Consider &1, &5, &5..., &, be alternatives and Gy, Gs, Gs, , G, be the criteria. Suppose
that the pythagorean fuzzy sets By = (uz,9z), (£ = 1 to n) where p, represent the
Membership Degree of the alternative £, (L£L=1 to n)for the criteriaG, (£L=1 to n)
similarly, J;, represent the Non-Membership Degree of the alternative £, (L= 1 to
n) for the criteria G, (L=1 to n).

Step 2:

Pythagorean fuzzy set are used to assign weight W;(i = 1,2,3,..,n) to different
criteria for a set of group.

Step: 3

Calculate the Pythagorean values using the Aggregation Operators (equation
(1,(2), (3), (4))

Step: 4

Calculate the Score values using the formula (equation (I)).

Step:5 Determine the alternative is smaller . As a output, the rank the alterna-
tive in descending order.

Numerical Example

To illustrate the applicability of the proposed methodology, a faculty recruitment
problem is considered. Four candidates are evaluated based on multiple criteria such
as communication skills, experience, speaking ability, computer knowledge, and pro-
fessional competence. The assessments are expressed using Pythagorean fuzzy num-
bers to capture uncertainty and hesitation in expert judgements. (&, &, &, ...,

E,) . Consider a set of criteria Gy, Go,G3, ..., G, the criteria stands for
Communication , Experience , Good speaking and Computer knowledge
respectively.
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Step 1: Construct that the alternatives corresponding to each criteria is given
in the form of Pythagorean Fuzzy Set

& & & &
G: 1[0.6,0.3] [0.4,0.3] [0.4,0.6] [0.5,0.3]
Go 10.5,0.4] [0.2,0.6] [0.5,0.4] [0.3,0.6]
Gs 10.4,0.7] [0.8,0.2] [0.3,0.7] [0.4,0.3]
Gy 10.6,0.4] [0.4,0.5] [0.3,0.6] [0.4,0.3]
Step:2

Suppose that we take the weight 7,(L = 1,2,3,4,5) in the form of Pythagorean
Fuzzy set with 7, > 0 and " 7, = 1, weight , = 0.14,7» = 0.22,75 = 0.37
Ty = 0.03 and Ts = 0.24 .

Step:3 Calculate the PFS values using the Aggregation Operators (equation
(1),(2), (3), (4)), as shows in the table.

& & Es &
PFWA [0.398,0.423] [0.398,0.48] [0.483,0.05] [0.397,0.31]
PFWG  [0.449,0.398] [0.372,0.470] [0.445,0.424] [0.383,0.471]
PFWPA [0.045,0.040] [0.030,0.057] [0.074,0.096] [0.019,0.062]

Il
]|
PFWPG [0.480,0.467] [0.354,0.508] [0.376,0.505] [0.447,0.393]
Step:4 Determine the Score values using the formula (equation (I)) , as shows in
the table

& & & &y
PFWA [0.0249] [0.0237] [0.0007] [0.00074]
PFWG  [0.0445] [0.0249] [0.0027] [0.0005]

PFWPA  [0.1]

——— —

]
]

0.1131] [0.012]  [0.0032]
]

PFWPG [0.1155] [0.1584] [0.0024] [0.0015]
Step:5
The alternative can be calculate based on their smallar distance of above table are
generated.

PFWA 52 > 51 > (93 > 54
PFWG 52 > 51 > 53 > (94
PEFWPA & > & > 53 > &,
PEFWPG 82 > 51 > 83 > 54

The Pythagorean fuzzy decision matrix is constructed, criteria weights are as-
signed, and aggregation operators are applied. The score function is then used to
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rank the candidates. The results obtained from all aggregation operators consis-
tently identify as the most suitable candidate, demonstrating the effectiveness and
robustness of the proposed approach.

Along these results we find out the &, is the best candidate when compared with
other candidates.

5 Conclusions

In this study, a collection of operators, including the union, intersection, Pythagorean
Fuzzy Weighted Average (PFWA) operator, Pythagorean Fuzzy Weighted Geometric
(PFWG) operator, Pythagorean Fuzzy Weighted Power Average (PFWPA) operator,
and Pythagorean Fuzzy Weighted Power Geometric (PFWPG) operator, has been
examined and analyzed for the class of B fuzzy sets, together with proofs of their
essential properties. A multi-criteria decision-making (MCDM) framework is adopted
to solve decision-making problems based on B fuzzy set operators and to effectively
assess the significance of the derived results. As a direction for future work, the
proposed method will be expanded by applying Pythagorean fuzzy sets to various
application areas in order to further demonstrate its validity and effectiveness.
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