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Abstract

In this paper, we introduce Pythagorean fuzzy nano regular spaces and their
variants—o-, O-pre-, o-semi-, 00-, and OJp-regular spaces—defined via
Pythagorean fuzzy nano 6-type open sets in Pythagorean fuzzy nano topological
spaces. We also define the corresponding strongly Pythagorean fuzzy nano
regular spaces. Furthermore, we examine interrelationships among these spaces,
their connections to existing topological structures, and fundamental properties
with characterizations.

1. Introduction

The concept of fuzzy sets, first introduced by Zadeh in 1965 [23], has found
wide-ranging applications in fields such as decision theory, artificial
intelligence, operations research, expert systems, computer science, data
analytics, pattern recognition, management science, and robotics. In 1968,
Chang and Warren [8, 20] extended this concept by introducing fuzzy
topological spaces (FTS), incorporating fundamental topological notions
such as open and closed sets, neighborhoods, interiors, closures, continuity,
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and compactness. Subsequent studies further explored the applications of
fuzzy sets across various domains. Over time, numerous specialized fuzzy
topological structures have been developed to address specific theoretical

and practical needs.

In 1997, Dogan Coker [6] introduced the concept of intuitionistic fuzzy
topological spaces and explored their properties related to compactness and
continuity. Building upon intuitionistic fuzzy setsa€”which account for both
membership and non-membership degreesa€”Pythagorean fuzzy sets (PFS)
have gained attention due to their broader applicability. While both set types
incorporate membership (t) and non-membership (A) degrees, their
constraints differ: intuitionistic fuzzy sets satisfy p+A<l, whereas
Pythagorean fuzzy sets satisfy p*2+A"2<I.

To offer greater flexibility in uncertainty modeling, Yager [22] introduced
non-standard fuzzy sets in 2013, comparing them with intuitionistic fuzzy
sets and proposing the Pythagorean fuzzy set (PFS) as an effective model in
decision-making scenarios. PFS has since been applied in areas such as job
placement based on academic performance [12] and mask selection during
the COVID-19 pandemic using the Pythagorean TOPSIS technique [14].

Subsequently, Murat et al. [11] extended the fuzzy topological framework by
developing Pythagorean fuzzy topological spaces (PFTS), inspired by
classical fuzzy topological spaces (FTS), and defined Pythagorean fuzzy

continuous functions between such spaces.

In 2020, Ajay and Joseline Charisma [2, 3] introduced the concept of
Pythagorean fuzzy nano topology respective interior, closure and continuous
maps in Pythagorean fuzzy nano topological spaces. Recently,
Balasubramaniyan et. al. [7] introduced the concept of Pythagorean fuzzy
nano ¢ open and closed sets, Deivanaiyagai et. al. [10] introduced the

concept of some stronger and weaker forms of open maps in Pythagorean
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fuzzy nano topological spaces.

In parallel developments, Saha [15] introduced the concept of d-open sets in
fuzzy topological spaces. This concept was further extended in 2019 by
Acikgoz and Esenbel [1], who introduced neutrosophic soft &-topologies.
Further contributions were made by Aranganayagi et al., Surendra et al., and
Vadivel et al. [4, 5, 16, 17, 18, 19], who investigated 6-open sets in
neutrosophic, neutrosophic soft, neutrosophic hypersoft, and neutrosophic
nano topological spaces, particularly focusing on their mappings and

separation axioms.

Similarity measures have emerged as essential tools for quantifying
vagueness and evaluating the closeness between fuzzy sets. In this context,
Zhang [9] proposed similarity-based techniques for Pythagorean fuzzy multi-
attribute decision-making. Peng et al. [13] introduced several new distance
and similarity measures aimed at solving problems in pattern recognition,
medical diagnosis, and clustering analysis, also examining their
transformation properties. Wei and Wei [21] further developed cosine-based
similarity functions for decision-making applications.

However, several existing PFS similarity and distance measures suffer from
limitations such as division-by-zero issues, inability to distinguish between
positive and negative differences, and non-compliance with core axioms
(e.g., the third and fourth similarity axioms). These counter-intuitive
behaviors [21, 9, 13] hinder the decision-maker’s (DMa€™s) ability to
identify optimal or convincing alternatives.

The objective of this paper is to address these challenges by proposing a
novel similarity measure for Pythagorean fuzzy sets that overcomes these
counter-intuitive limitations and provides a more robust decision-making

tool.
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Research Gap: To date, no studies have been reported in the literature on
Pythagorean fuzzy nano topological spaces that investigate newly defined
spaces such as Pythagorean fuzzy nano Of-regular spaces and strongly
Pythagorean fuzzy nano df-regular spaces.

In this paper, we introduce Pythagorean fuzzy nano regular spaces, including
their variantsa€”d, 6 pre, 6 semi, oa and op-regular spacesa€’as well as their
corresponding strongly Pythagorean fuzzy nano d-type regular spaces. We
explore and analyze their fundamental properties within the framework of
Pythagorean fuzzy nano topological spaces (PFNts’s).

2. Pythagorean Fuzzy nano (resp. o, 0 pre, o semi, 60 and of) regular
spaces

In this section, we extend the study of Pythagorean fuzzy nano topological

spaces by introducing Pythagorean fuzzy nano regular spaces, along with their

variantsa€’namely &, & pre, & semi, &S and &F-regular spaces. These spaces are

defined using the corresponding types of Pythagorean fuzzy nano open and closed

sets.

Definition 2.1 Let (U.T#({F)) be a PFNits is said to be Pythagorean fuzzy nano
(resp. G, & pre, & semi, G and GF) regular (briefly, FPFTtReg (resp. FPFMtiReg,
PFREPRey, PFRESRey, FFMbeRey and PFMSF Rey)) if for each FFMe (resp.
FFRbec, PFNEFPe, PFRSSe, PFNGac and PFRGEBc) set A and a point x4 € 4
there exist disjoint FPFRo (resp. PFNGo, PFREFe, PFNiSo, PFNéoo and

FFRsio) sets Land M such that AT L, x, € M.
Theorem 2.1 In a FFMts (U, tx(F)), the following are equivalent:

(1). Uis PFM5EReg.
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(ii). For every x, € U and every FFR&fo set & containing x, there

exists a PFNiF o set L such that x, € L S PFRGFcl (L) E 6.

(iii). For every PFMifc set F, the intersection of all PFM&Fe set,

FFREFg-nbhd of F is exactly F.

(iv). For any Pythagorean fuzzy set A and a PFNifo set B such that
ANE# 0y, there exists a FFMIFo set L such that ANL#0; and

PFRERcI(L) € B.

(v). For every non-empty Pythagorean fuzzy set A and FFMGFc set B
such that AN E = 0p, there exist disjoint PFMNEFo sets L and M such that

ANLZz0;and B S M,

Proof. (i) = (ii): Suppose U is PFNSFRey. Let ¥, € U and let & be a PFMEF 0 set
containing x,. Then x, & &° and G° is PFREH ¢ set. Since U is PFNSFReg, there
exist PFMGFo sets L and M such that L N M =0 and x € L, & = M. It follows
that L © M* C G and hence FFMEFcl(L) S PFNEFcI(M*) = M* C G. That is

x, € L S PFREGCI(L) € 6.

(i) = (iii): Let F be any PFNEF ¢ set and ¥, € F. Then F* is PFNEfa set
and x; € F°. By assumption, there exists a PFR&Foc set L such that
x, € LS PFRGBel(L) S F*. Thus FE (PFREBC(L)) €L Now L is
FPFREFe set, PFMREFg-nbhd of F which does not contain ¥, So, we get the

intersection of all FFM5F ¢ sets, PFNE A g-nbhd of F is exactly F.
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(i) = (iv): Suppose A N B # 07 and B is PFNifo set. Let x, € AN B.
Since B is PFNifo set, B is PFM&f e set and x5 £ B*. By using (iii), there exists
a PFM&Ac set, PFNGHg-nbhd M of B such that x, & M. Now for the PFRGE g-
nbhd M of B there exists a PFRGFo set & such that B S & & M. Take L = M*,
Thus L is a FFNiFe set containing x, Also ANL#F0p and

PFRSEBcI(L) € G° € B.

(iv) = (v): Suppose A is a non-empty set and B is FFMGF ¢ set such that
ANB =0z Then B is PFM5Fo set and A N (B} = 0;. By our assumption, there
exists a PFM580 set L such that A NL =0, and PFRSFcI(L) S B, Take
M = (PFREZcl(LY))" Since FPFREFeI(L) is PFREFc set, M is PFRGFo set. Also

BcMandLNM € PFRERCL (L) N (PFRSBcl (L)) = 0,.

(v) = (i): Let 5 be FPFNdfFc set and x5 € 5. Then 51N {x,} = 0z. By (v),
there exist disjoint PFI58 o sets L and M such that L N {x }# 0, and § = M. That
is L and M are disjoint PFM&fo sets containing x , and 5 respectively. This proves

that (U, 7(F)) is FFRdFReg.
Corollary 2.1 Ina FFRts (U, w2 (F)), the following are equivalent:
1. Uis PFtReyg.

2. For every x, € I/ and every FFilo set & containing x ., there exists a

FFRGfo set L such that x, e L & PFRGZel (L) S 6.

3. For every FFic set F, the intersection of all PFRGf ¢ set, FFMGST g-
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nbhd of F is exactly F.

4. For any Pythagorean fuzzy set A and a FF?o set E such that

ANE# 0y, there exists a FFRifo set L such that AnL=0, and

5. For every non-empty Pythagorean fuzzy set A and FFMc set E such
that A N B = 0, there exist disjoint FPFNGFo sets L and M such that A ML #0p

and B S M.

Theorem 2.2 A FFhits (U, t2(F)) is FFRGEReg if and only if every x5 € U and
every FFNE8g-nbhd N containing x,, there exists a PFN58o set M such that

x, € M S PFREBcI(M) S N.

Proof. Let I be a PFNGFReyg space. Let N be any FFNGF g-nbhd of x.. Then
there exists a PFMS5Fo set & such that x, € & = N. Since G° is PFRSFc set and
x, € 7, by definition there exist PFMife sets I and M such that G° S L and
x;€M and LNnM=0, so that McL’. It follows that
FPFRE[oi{M) SFFREFcI(L)= L Also 6° S L implies L £G S N. Hence
X, € M S PFRGEcI{M) S N. Conversely, suppose for every xy € U and every
FFRifg-nbhd N containing x ., there exists a PFMifo set M such that
x €M S PFREEcI{M) EN. Let F be any FPFRGSc set and x; & F. Then
x, € F°. Since F° is PFNifo set, F* is PFNGFq-nbhd containing r.. By
hypothesis there exists a PFREF o set M such that ¥, € M and PFRSScI(M) S F°.

This implies that, F S (PFRSZcI(M})". Then (PFNSEEc (M) is a PFREFo set
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containing F. Also M N (PFRSBcl (M))° = 0,. Hence the space is PFRGEReg.

Theorem 2.3 4 FFNts (U, 1= (F)) is PFREE Rey if and only if for each FFRE ¢
set F of U and each x, € F*, there exist PFMGRo sets L and M of U such that

%y € Land F € M and PFREBcI(L) N PFRSRCE (M) = 0.

Proof. Suppose U is PFNEFReg space. Let F be a PFRSFe set in I and x, & F.
Then there exist FPFMifo sets L{x,] and M such that x, € L{x,), FE M and
Lix)nM =0,. This implies that L{x )N PFRSGcI({(M)=0,. Also
FFREEcI(M) is a PFRGFc set and x5 & PFREFcI{M). Since U is PFN5FReg,
there exist FFMGFo sets G and H of IV such that x, € &, PFRGFcl{M) EH and

GNH=0,.

This implies FFMIFcl(G)NH S PFRGFcI(H)NH = (H*)NH = 05. Take
L =G Now L and M are FFM5Ho sets in I/ such that x, € L and F S M. Also

PFREBcI(L) N PFREFL(M) € PFREB(G)NH = 0,.

Conversely, suppose for each PFRES ¢ set F of U and each x; € F®, there
exist PFM&f8o0 sets L and M of U such that x;, el and FS M and

PFREBcI(L) N PFREBl (M) = 0p.

Now LM S PFRSFcl(LyN PFNSEcl{M) = 05, Therefore

LM = 0y. This proves that I/ is FFRGfReg.

Theorem 2.4 Let (I, 72 (F 1) and (Us. 72 (F2 1) be two FPFNt=s's. And let

fipildy = Us be a bijective function. If hy is PFRGFIrr, FPFREGFO and U is
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FFRGGReg, then U, is PFMGiRey.

Proof. Suppose U7, is FFMiEReg. Let 5 be any FPFRGFc set in U, such that
vs & 5. Since hp is PFRZIrr, hz *(5) is PFRSF ¢ set in U,. Since hp is onto, there

exists ¥, € U; such that y; = fip{x,). Now hp(x,) = v3 € 5 = x, € hp “(5). Since

7, is FPFNGGReyg, there exist PFM5Fo sets L and M in U, such that x

€L,
hzY(S)SM and LNM =0, Now =z €l=hs(x;)€hs(l) and
ha ' (S) S M = ha(M). Also
LUM =0; = hp (L UM) =0z = hy(L) Uhy(M) = 0,. Since hy, is a PFRGE0

map, hy(L) and h,(M) are disjoint PFRGFo sets in U, containing yg; and 5

respectively. Thus /s is FPFRG A Re g.

Theorem 2.5 Let U be a FFMGfReg space.

(1). Every PFItifio setin I is a union of PFRGF ¢ sets.

(ii). Every FFMdf ¢ set in I is an intersection of FFMGF o sets.

Proof. (i) Suppose U is PFtGFRey. Let & be a PFM&fo set and x; = &. Then

F = G is PFRGBo sets L{x,

']

Jand M in U such that x; € L{x_ land F = M. Since
Lz )NnF S Lix)NnM=0p, we have Lix,) S F* =G. Take
T Then Mix.3 is PFMSHc set and
M{x )N M=x, e M{x,)S F° =G. This proves that G =U{M(xz)x, € G}
Thus & is a union of PFIGf ¢ sets.

(i1) Follows from (i) and set theoretic properties.
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Theorem 2.6

Let (Uit (£ }) and (Uz.t2(F;)) be two PFMRts's If hy: Uy — U is
a PFRGECts and FFRC injection of a FFNts U, into a FFRReg space Us and if

every PFMER e set in U, is FFMc, then U, is PFREERey.

Proof. Let x, €U and A be a FFNdfc set in U not containing x, Then by
assumption, A is PFc setin U;. Since hp is FFRC, h,(A) is a PFNc set in U; not
containing hy(x.). Since U; is FFIReg, there exist disjoint PFRo sets M; and M,
in Uy such that f1,(x,) € M; and hy(A) S M,. Since hp is PFRGE Cts, hy* (M)
and hy L{M,) are disjoint PFRGF o sets in U; containing x, and A respectively.

Hence U, is FFR5FReg.

Theorem 2.7 Let (U,.72(F ) and (U.t2(F;)) be two FFRts's If hy: U, —= U, is
a PFMiCts, PFRGE O bijection of a FFMReg space U, into a PFMts U, and if

every FFMSE ¢ set in Uy is PFMc, then U, is PFRGEReyg.

Proof. Let x, =, and E be a PFI5fc set in /. not containing x, Then by
assumption, B is PF®c set in U;. Since hp is a PFMCts bijection, hz*(B) is a
FPFMe set in U, not containing the point h; LYz gy Since Uy is PFMReg, there
exist disjoint PFMo sets L, and Ly in Uy such that h;'(x ,gz,,) €L, and
h;*(B) < L;. Since hp is PFRGEO, hy(L,) and hy (L) are disjoint PFREFo sets
in I, containing x, and B respectively. Hence U, is PFREF Reg.

Remark 2.1 Theorems 2.1, 2.2, 2.3, 2.4, 2.5, 2.6, 2.7 and Corollary 3.1 holds for

FFMo, PFNSo, PFMEFo, PFRG50 and PFRGao sets.
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3 STRONGLY PYTHAGOREAN FUZZY NANO & (RESP. & PRE, § SEMI,

dae AND 68) REGULAR SPACES

In this section, we introduce strongly Pythagorean fuzzy nano & (resp. & pre, & semi,

de and 6fF) regular spaces and study their properties.

Definition 3.1 Let (7. 7= (F)) be a PFMts is said to be strongly Pythagorean fuzzy
nano & (resp. & pre, & semi, & and SF) regular (briefly, FPFNEReg (resp.
FFRGFReg, PFRGSReg, FFRdaReg and FFRGGReg)) if for each FFMic
(resp. PFMEFPe, PFNESe, FFMbac and FPFNGRc) set A and a point x5 € A, there

exist disjoint FFRo sets L and M such that A € L and x, € M.

Proposition 3.1 Let (U, 7z (F}} be a FFNt=.

(1). Every 5tFFMiBReg space is PFR4fReg.

(i1). Every StFPFMEFReg is PFNReg.

Proof. (i) Suppose U is StFFItEFReg. Let F be a PFNSfc set and x, & F. Since IV
is StPFM&HRe g, there exist disjoint FFMEHF o sets L and M such that x, € L and
£ € M. Since, every FFio set is FFMdfo set, L and M are FFMGfo sets. This

implies that U7 is PFM5 S Re g. Similarly we can prove the result (ii).

Definition 3.2 Let (V. 72(F)) be a FFNts is said to be strongly © Pythagorean
fuzzy nano (resp. &, & pre, & semi, & and &8) regular (briefly, 5t FFTtReg (resp.
St"PFGReyg, St PFNEFPReg, S5t PFNsSReyg, S5t PFNicReg and

SETFFRGAReyg)) if for each FFNc set A and a point x, € A, there exist disjoint
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FFNo (resp. PFNbo, PFNEFPo, PFIESo, PFNéao and FFNGEF o) sets L and M

such that AE L, x, € M.

Proposition 3.2 Let (U.t(F)) be a PFNts. Every FPFRiEReyg space is

St"PFRGAReg.

Proof. Suppose U is PFNSAReg. Let F be a FFMc set and x, = F. Then F is
FFRGGc set. Since I is FPFRGFReg, there exist disjoint FFRGF e sets L and M

such that x. € Land F = M. This implies that Ii is 5t FFNGERe g.

Theorem 3.1 [n a FFRts (U, tz(F)), the following are equivalent: (1). U is
StPFNGBReyg. (ii). For every x, € i and every FFMdfo set & containing x,

there exists a PFMto set L such that x, € L £ PFRcl(L) = 6.

(iii). For every FPFMGf ¢ set F, the intersection of all PFJic sets, FPFig-nbhd of F

is exactly F.

(iv). For any Pythagorean fuzzy set A and a PF5fo set B such that A N B = O,

there exists a PFMo set L such that A N L = 0; and FFiel{l} T B.

I

(v). For every non-empty Pythagorean fuzzy set A and PFifc set & such that
AN E = 0p, there exist disjoint PFMo sets L and M such that A N L # 0, and

=g

Proof. (i) = (ii): Suppose U is 5tPFItifReg. Let x5 € U and let & be a PFREHo
set containing x.. Then x, € G° and G° is PFRGFe. Since U is StFFNGSReg,

there exist FFito sets L and M such that LNM =0; and x, €L G =M. It
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follows that L. © M® = & and hence PFMcl{L) S PFMecl (M) = M° = . That is

x, € LS PFRe(L) S6.

(if) = (iii): Let F be any PFMSfc set and x; = F. Then F* is PFRdfo set and
xy € F°. By assumption, there exists a PFfo set L such that
x4 € L S PFRcI(L) S F°. Thus F S (PFRCI(L) € L. Now L is PFRc,
FFNg-nbhd of F which does not contains x.. So, we get the intersection of all

FFTc set, PFNg-nbhd of F is exactly F.

(iil) = (iv): Suppose A N B # 0y and B is PFNGfo. Let x, € AN E. Since E is
PFR&Ga, B is PFRGFc and x, £ B®. By using (iii), there exists a FFMc set,
PFRg-nbhd M of BT such that x, = M. Now for the PFNg-nbhd M of Bf there
exists a PFMo set & such that BX S &G S M. Take L = M*. Thus L is a PFMo set

containing % ,. Also A N L ¥ (1 and PFRel (L) S G = B.

(iv) = (v): Suppose A is a non-empty Pythagorean fuzzy set and E is PFRIF ¢ set
such that AN E = 0. Then B is FPFMifo set and AN E*+# 0;. By our
assumption, there exists a PFMa set L such that A N L = 0z, and PFNeI (L) € BE.
Take M = (PFNcl(L))*. Since PFNcl{Ly is PFMRc set, M is PFTo set. Also

BEMand L NM € PFRel(L) N (FFRel(L)) =0p.

(v) = (i): Let 5 be PFMES e set and x, £ 5. Then 5 N {x;} = 0z. By (v), there exist
disjoint FFMo sets L and M such that LN {x,}+# 0y and § = M. That is L and M
are disjoint PFito sets containing x; and 5 respectively. This proves that (L7, 7= (F )

is SEFFMEERey.
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Theorem 3.2 4 FFNts (U, 1=(F)) is StFFNEFReg if and only if for each
FPFREfFc set F of U and each x, € F*, there exist FFNa sets L and M of U such

that x, € Land F € M and PFRel (L) N PFRcl (M) = 0p.

&

Proof. Suppose I is StFFRGFReg. Let F be a FFMGF ¢ setin U and x, £ F. Then

there exist FFIo sets L{x.! and M such that x=.=Ll{x.) F=S M and

Li{xz)N M = 0p. This implies that L{x ;)N PFRel(M) = 0y, Also PFRel (M) is a
FFMc set and hence FFMAf ¢ set and x, € FFNcl(M). Since U is StFFNGFRe g,
there exist FFMo sets & and H of UV such that x, e &G, PFRcI(M) = H and
G NH =0, This implies PFRcI(G)NH € PFRAH)NH = (H*IN H = 0,.
Take L = . Now L and M are FFTio sets in U such that x5 € Land F = M. Also

FPFRcI (L) N PFRcl (M) S PFRA(G) NH = 0,.

Conversely, suppose for each PFRGH ¢ set F of 7 and each x, € F*, there
exist FPFio sets L and M of U such that »,L and FZS M and

PFRcl (L) N PFRcl (M) =0,. Now LNM S PFReI(L) NPFRA(MY = 0,.

Therefore L MM = 0. This proves that & is StFPFRGFReg.

Theorem 3.3 A FFlits (U, 1x(F)) is StPFNGEReg if and only if every pair
consisting of a FFMGE Comp set and a disjoint FPFNRGE ¢ set can be separated by

FPFTo sets.

Proof. Let J be StFFMGESReg and let A be a FFRGE Comp set, B FFRGSc set
with A N B = 0p. Since U is StPFNGFRey, for each x, £ A, there exist disjoint

FFMo sets L{x,] and M{x,} such that x, < L{x,), E S ¥{x,). Obviously,
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fLix,kx, = Alis a PFMo covering of A. Since A is PFN5H Comp, there exists a
finite subfamily {L,:i =1.2,-~.n} which covers A. It follows that
AcUfL,:i=132,n} and BCn{M,:i=12. n}L Put
E=U{l,:i=12 - ,n}and M =n{M,:i =1,2,-~,n} Then L and M are FFo
in U. Also LMM =0g. Otherwise, if x,elnM=x,€ Lr; for some j and
x, € M, for every i. This implies that x, € Ly, N My, which is a contradiction to

.i_'._rj.ﬁm‘rj. =0p. Thus L and M are disjoint FFJo sets containing A and B
respectively.

Conversely, suppose every pair consisting of a PFREGSCamp set and a
disjoint PFMS5F ¢ set can be separated by FFJo sets. Let F be a PFIifH ¢ set and

x, & F. Then {

1is PFNGE Comp set of U and {x ;3N F = 0z. By our assumption,
there exist disjoint PFMta sets L and M such that ¥_ £ L. and F © M. This proves

that I is SEPFMSGReg.

Corollary 3.1 [fUisa StPFRERRe g space, A is a PFRSE Comp subset of U and
B is a PFItifo set containing A, then there exists a PFMro set M such that

AES Mc PFRc(M) € B.

Proof. Let IV be 5tFFIt5FReg and let A be a FFISF Comp set, B PFNGF o set
with A= B, Then E® is PFNGFc such that BN A =20, Since & is a
SEPFMEBRe g space, then there exist disjoint PFta sets L, and L. such that 4 = L,

and Bfc L., Take M = PFint (PFRcl( L)), Then
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Since L, is a FFilo set and L, S FFMcl(L,), we have
L, = FF&int (L) € FFRint (PFRcl(L,)) = M. This implies that
FFRcl(L,) S PFNcl(M). It follows that PFRel(M)= FFNcl{l,) and
FPFRint (FFNcl(MY) = PFRint (FFNcl(L,)) = M. Thus M is PFfro set. Now
AE Ly = FFRint (L) € PFNint (PFRcl(L,)) = M. This implies that A € M and

FPFRcl (M) = PFReI(L,) € LE € B imply that A € M € PFici (M) < B.

Theorem 3.4 Let hy: (U, tp(F;)) = (Usat2(F)) be a bijective function. If hp is

FFREEIrr, PFNo and U, is StPFNGBRey, then U, is SEFFMEEReg.

Proof. Suppose U; is StFFMGfFReg. Let 5 be any FFMGSc set in s such that
we £ 5. Since hp is FFREFIrr, hp‘L{S] is PFM5Fc set in ;. Since hy is onto,
there exists x € Uy such that y; = hy(x;). Now hy(x,) =y €5 = x, € h;*(5).
Since U; is StFPFMGFReg, there exist FFMo sets L and M in U such that x, € L,
hyt(SysM and  LNM =0,. Now x,eLl=hy(x,)eh,(L) and
hy'(S)S M =5 S hy (M) Also
ENM =0 = hy(LN M) =0p = hy(L)N hy(M) = 0p. Since hp is a FFllo map,
hy(L) and h,(M) are disjoint PFJo sets in U, containing yz and 5 respectively.
Thus U, is StFFNRGFRey.

Remark 3.1 Theorems 3.1, 3.2, 3.3, 3.4, Propositions 3.1, 3.2 and Corollary 3.1 are

holds FFNo, PFMio, FFRGFo, PFRdSo and PFRioo sets.

Conclusion: In this paper, we have investigated PFIS8 -regular spaces and strongly

FFIGS -regular spaces by employing FFIGS -open and FFIGS -closed sets. We
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examined the interrelationships between these newly introduced spaces as well as
their connections with existing classes of spaces. Additionally, we explored
fundamental properties and provided characterizations of the defined spaces within
the framework of Pythagorean fuzzy nano topological structures.
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