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arbitrary parameters

Keywords: Matrix ring, division ring, simple matrix ring, R- module, lattice of all R-sub-modules, R, -

modules and isomorphism left p-injective rings, von-Neumann regular and Jacobson radical

INTRODUCTION: In all modules are unitary left ideal of r respectively. A left R — module M is said to be
left principally injective or simply left 7 — injective. If for any principal left ideal » of ® and any left # — module
homomorphism f: P — M can be extended to ® . A ring r is said to be left »— injective, if ® is P — injective

as a left R — module. A left self-injective ring is clearly 2 — injective and von Neumann regular ring is also left
P — injective. However, in general the converse does not holds in either case. The connection between von
Neumann regular rings, self-injective rings and 7 — injective rings are studied a several papers, for example Utumi
[13], than Chan Young Hang, Jin Young Kim and Nam Kyun Kim have proved in right self —injective rings which
are either semi prime PI or semi prime rings of all essential left ideals are two-sided are von Neumann regular [6],
However Hirano [4] showed that there exists a semi prime PI left injective rings but not von Neumann regular. It
is well known that reduces or semi prime left duo left P — injective rings are von Neumann regular [10, 14].

.2. MOTIVATION: From these facts, we may ask the following question. In particular question was also raised
by Yue Chi Ming [15, 16]. Is a semi prime left P — injective ring, all of whose essential left ideals are two sided
von Neumann regular? and is a factor ring module the Jacobson radical of a left P — injective ring over von
Neumann regular?

We give a negative solution for these questions and we say conditions for a semi prime left p-injective
ring all of whose essential left ideals are two sided to be von-Neumann regular. As a byproduct, we can show that
a factor ring modulo the Jacobson radical of a left p-injective ring need not be von Neumann regular and also we
characterize here a von Neumann regular ring by every left ideal is either a maximal left annihilator or a projective
left annihilator of an element of R.

. LATTICE REGULAR ELEMENT OF A VON-NEUMANN REGULAR RINGS
Definition:3.1 If for any regular element a € R then there exist an element x € R such that a = axa is called

von Neumann regular and it is denoted by

aRa ={a eR/forsomexeR} .
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Example:3.2 Let R be von Neumann regular ring then shows that the center Z ( R) is also von Neumann regular.
Solution: Let ¢ € R by definition ¢ = cxc .

Now we can always replace x by ) =xcx then we have cyc = cxexc = (cxc)xc =cxc =c . Thus we are done if we

can show that whenever ¢ is central, so is y. now we assume that ceZ (R) and let »€ R then
yr=(xex)r =x(ex)r =x(xc)r= xX’er =xrc = xzr(cxc) = xzr[c (xc)] = xzr[c (cx)] =xrc’x =x"c’rx = x(cr)x.
Similarly; ry = x(rc)x.

Example:3.4 Let R is in a decomposibe ring the shows that the center Z (R) is field.

Solution: Suppose R is in-decomposibe then R =0 and the only central idempotent’s are 0 and 1, for some
O0%xceZ (R) . Consider the equation ¢ =cyc . Since cy = 0is a central idempotent, we have ¢y =1. This shows

that Z(R) s field.

Example:3.5 Let e(= e2) e R be von Neumann regular ring then so is s =eRe.

Solution: Suppose R is von Neumann regular ring. Let ¢ € .S, we write a = axa ,where X € R . Since ae = a = ea
Now leta = axa = (ae)x (ea) =a (exe)a =aya , where y = exe .this verifies that S is also von Neumann regular
ring.

Proposition:3.6 For ¢ is an idempotent in a von Neumann regular ring R,

(i ) If e is right irreducible then eRe is a division ring.
(ii ) converse is true if R is a semi-prime ring.
Proof: (i ) it follows form the Schur’s Lemma, since by taking ¢ = e, now we have the group isomorphism
A End, (R) — eRe , it suffices to shows that 11is a ring isomorphism. Let (9' 6') € End, (R) and
letm =6(e) € R, then we have /1(6?- 49') =00(e)=0m=0 (em)=6 (e)m= /1(6" ) 4(6) - Hence
End,(R)0 eRe.
(ii ) Suppose R is semi-prime and eRe is division ring, now we consider any non- zero element er € eR where
r € R . Since R is a semi-prime, erRer =0, henceerse =0, for somes eR . Let ete be the inverse of

ersein eRethen (ers e) (et e) =e. Therefore erR =eR, so thateRis an irreducible R-module.

Proposition:3.7 For e is an idempotent in a von Neumann regular ring R is primitive iff e is a left irreducible iff
eRe is a division ring.

Proof: If (eR) « is irreducible it is certainly indecomposable. Conversely suppose (eR) » 18 not irreducible it

would contain a proper sub-module aR =0but aRis a direct summand in R, and hence also in(eR) . isa

contradiction. This prove the first iff statement and the second iff statement follows form the above proposition.

Preposition:3.8. For e = ¢’ is idempotent in ring R, if R is semi-local ring ( resp von Neumann regular , unit
regular, strongly regular ) then so is s =eRe
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Proof: First we assume R is semi-local Let e be an independent in R and let J=rad(R)then
rad (eRe) = J N(eRe) = eJe moreover [eRe/ rad (eRe)] ~ ¢Re, wheree is the image of e inR =R/ J, then
we have [S /rad (S )J ~eRe ,where R = R/J . Therefore, R is a semi-simple ring.

(a) Let e# 0 be any idempotent ring R, if R is Jacobson semi-simple (resp semi-simple , simple-prime, semi-

prime, left noetherian, left artinian then the same holds for eRe) then it follows that eR e is also semi-simple.

Therefore, S is semi-local ring.

(b) Now we assume that R is von Neumann regular. Let @ € S then we have @ = axa where for some xR .

Since ae = a = ea we have a = (ae)x(ea) = a(exe)a =aya where y = exe € S . This satisfies that S also von

Neumann regular.

( c) Now we assume that R is strangely regular. Let a € S then we have ¢ = a®x where for some x e R . Since
ae =a=ea we have a= (azx)e =a’ (xe) =a’ (exe) =a’y where y = exe € S . This satisfies that S also von

Neumann regular.

Finally, we assume that R is unit regular identifying S with End(eR)R , we will show that the unit
regularity of S. Let eR=N®K =N ®K and NU N'implies K[l K . Let R=(f, @N)@Kz(fR @N')(JBK',
,f=(-e)and [ ®NU f, ®N' then we conclude K[| K .since RU End(eR), There for this satisfies that
R is a unite regular.

Lemma: 3.9. (McCoy’s Lemma [16]) An element a in a ring R is regular if and only if there an exist x € R such
that axa — a is regular.

Proof: Only if: Since, by hypothesis a is regular, then there exists x € R such thata = axa . So, axa—a =0,
which is trivially regular.

If: Let us assume that axa —a is regular for somex€R. So, we can choose yeR such that
axa—a =(axa—a)y(axa—-a)implies axa—a = (axay —ay)(axa—a) = a(xayax—xay - yax+y)a = aza ,
where z = (xayax— xay — yax + y) € aRa . Hence, a = a(x—z)a, where x—y € R . Hence a is regular.

Proposition: 3.10. Forn €[l ,R is von Neumann regular if and only if S= M, (R) is von Neumann regular where
n2l.

Proof: If: By hypothesis, S is a von Neumann regular and € = £/, is an idempotent in S. So, by eSe is von

Neumann regular. But, by Proposition (1.10) eSe = R and hence, R is von Neumann regular.

Only if: By hypothesis, R is von Neumann regular. We now prove, by induction on k, M, (R)is von Neumann
. a b ) a b
regular. We first consider the case K =1.We show that any J € M,(R) is regular. Let J eM,(R).
c c

Since, by hypothesis, R is von Neumann regular, ¢ = cxc for some X € R , then

PR U] Wi P v W
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_[axc axd a b
lexe oxd c d
_(axc—a axd —b (* =
“Nexe=c exd—d) 0 =*
. a b). a b
By McCoy’s lemma (Lemma 1.11), it suffices to show that any 0 d is regular. Let 0 d e M,(R)

. Since, by hypothesis, a,d are regular @ = aya,and d = dzd, for some y,zinR.
a by 0Ya b a b ay bz\(a b a b
We have - = -
0 d)\O0O z){0 d 0 d 0 dz \0 d 0 d
_(ava ayb+bzd a b
0 0 d
_(ava—a, (ayb+bzd)-b) (0 =
Lo dzd—-d ) \0 0
. 0 b). . ‘ .
So, we are now reduced to showing that any 0 0 is regular, this follows by the noting that if » = bwb

0 b)0 0)O0 b bw 0)(0 b 0 bwb 0 b ) )
then we have = = = . This proves that M,(R) is von
0 0)lw 0JA0 O 0 0)l0 O 0 0 00

Neumann regular.

Now suppose k>land our required assertion is true fork—1. Since, by Proposition (1.10),
M, (R)=M, (Mzk_, (R)), our assertion follows. We now consider the general case. Let # €[] . Choose k €]
such that 2" > n.

A 0 . L i A 0 A 0P QYA O
Let Ae M (R)then € M _, (R) .Since this is regular in M , (R) then =
! 0 0 2 2 0 0 0 OAR SO O

This implies that 4 = APA and hence A is regular. This proves that A/, (R) is regular.

Definition: 4.1. for any non-empty subset x of a ring r , the left annihilator of x will denoted by ¢(x) . We

recall that aring R is ELT (essential left ideal), every essential left ideal of r is two sided. Obviously a left duo
ring is an ELT ring.

Example: 4.2. There exists a semi prime ELT left 2 — injective ring which is not von Neumann regular.

0
Letd= {Z } /a,bell 2} be a sub ring of all 2 x 2 full matrix ring Mat, (U , ), where[] , is the ring of all integers
a

modulo 2, then 4 is a commutative 7 — injective rings. Let R be the set of all 2x2 matrices over[] , which are
eventually in A, thatis R= {< a>/a, € Mat, (D 2) then there exist k € Z* such thata, € 4, if i > k} , then R is

aring under <a;, >.Let<a, >+<b >=<a,+b >+<a, >-<b >=<ab, > thus it is clearly, we say, that R is a
semi-prime ring but not von Neumann regular.

Example: 4.3. A ring R is left non-singular left »— injective ring then R satisfies

(i) R is left non-singular.
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(ii) R is left non-singular left »— injective.

(iii)y (I NJ)=r(I)+r(J), for any non-zero left ideals /,J of R.

Solution: Since A ring R is left non-singular left P — injective ring condition (i) and (ii) follows example (4 .4)

. U, 0 4 . (00
case (i) Let [ =4<a, >/a, € , a,is eventully in and
o, o U, o

2

0U 00
J = {< b, > /b, 6(0 i 2], b, is eventully in (0 0]} then [ and J are left ideals of R .

0 0 00
Since, I NJ =<(0)>, r(INJ)+R, but r(1)={< a, >/a, e[u q J, a, is eventally in (LI O]}and
2 2 2

0,0, (00
r(]): <b >/b e 0 0 , bs eventally in 00

00
So, r(I)+r(J)=<(c;)>/c,e Mat,(,) b,'s eventually in [U 0)}7&0. Hence R does not satisfies the

2
above condition (iii) moreover R is not von Neumann regular,

Case (ii) aring [ , satisfies the above condition in (ii) & (iii) but U , is neither non-singular nor von Neumann
regular
Case (iii) Let R =UJ where U is the ring of integer then it can be checked that R satisfies the above condition (i)

and (ii). But R is neither left P — injective nor von Neumann regular. The following proposition shows

that conditions on examples (1.4),
(i) R is left non singular
(i) R isleft P —injective
(i) r(IJ)=r(I)+r(J), for any non-zero left ideals /,J of R.

Preposition: 4.5. Let R be a left non-singular left »— injective ring. Suppose r(] NJ ) = r([ ) + r(J ) for

any non-zero left ideal 7,/ of R then R is von — Neumann regular.

Proof: suppose a principal left ideal xR for any non-zeroxe R, sinceR is left P— injective by (4.4),
XR=r ((X)l ) . By hypothesis R is left non-singular. So r (x) is not essential left ideal of R . Hence 7 (x) &M
is an essential left ideal, for same non zero left ideal M of R . Now we have r((x)¢ )+7(M)=r((x)¢"M)=R
, while r((x)()mr(M) gr((x)l mM) =0 since ((x)€+M) is essential. Hence xR =l((x)r) is a direct

summand of R . Therefor R is von-Neumann regular.

Lemma: 4.6. Let Rbe a semi prime essential left ideal left P —injective ring and suppose
r(InJ)=r(I)+r(J), for any non-zero left ideals of 7,7 of R then R is von Neumann regular.

Proof: Let x be an essential left ideal of R then x is a two sided ideal and also (x)r is a two sided ideal of R .

Now (xm(x)r )2 c x ((x)r) =0. Since R is a semi prime we have (xﬁ(x)r ) =0, hence(e)r=0 implies

R is left non-singular. Thus by above preposition (1.4). Hence R is von —Neumann regular.
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Definition: 5.1. A left ideal 1 of R is a maximal left annihilator, if /= (x)r for some non-empty subset of
x # {0} of R and for any left annihilator J with /< J iseither J =7or J =R In that case, [ = (x) 7 for any

0#x €S . Aring Ris called to be a left SF- ring if every simple left R — modal is flat. Clearly Von-Neumann
regular ring is an left (right) SF-rings.

Preposition: 5.2. A ring is left P — injective iff every principal left ideal of z is a left annihilator.

Proof: obvious.

Theorem: 5.3. A ring R is Von-Neumann regular iff R is a left non-singular left SF —ring such that every
principal left annihilator or a projective left annihilator of an elements of R.

Proof: If R is Von-Neumann regular then every principal left ideal is generated by an Idempotent. Hence every
principal left ideal is a projective left annihilator of an elements of R.

Conversely : we assume that R is not Von Neumann regular then there exists a principal left ideal of I which is
not direct summand of R, so we have [/ :(x)rfor some non-zero element x € R . Note that Rx ,is not

projective. Thus xR must be a maximal left annihilator say xR = ( y)r for some y e R. Obviously y # 0, hence

(y)r is not essential left ideal of R is left non-singular. So we can choose a non-zero element z such that
(y)rmzR =0, since xR =(y)r is not projective. XR®zR# R . Thus, there exists a maximal left ideal M of R
such thatxR®yR <M . Since R/M is flat, there exist c€M such that c=cxand d =xd Hence
x,d € (1 —x)r and(y)r=Rxc(1-a)r#R. Whenever (1-x)r=Rx is contradiction to our hypothesis

( y)r N Rd =0 . Hence R is Von Neumann regular.

Proposition: 5.4. Let R be a ring for which every finitely generated ideal is a maximal left annihilator then
(i) Every proper non zero left ideal is maximal
(i) Every proper non zero left ideal is simple
(ii1) Exactly one of the following their cases oceans
(a) Ris a division ring
(b) R Contains exactly one proper nor — zero left ideal which is two sided and nilpotent.
(c) R Contains exactly two proper non zero left ideals /,,1, with I, @1, =R..
Proof: Let [ be a left ideal of R and @€l then Ra is a maximal left annihilator and for any b ¢ I, such that

Ra+Rb is contains Ra ; so Ra+Rb=R. 1 is then maximal. (ii) follows from (i) and (iii) can be argued by
considering the cases where R is uniform and note in this case where there is only one left ideal I. that 1 =J (R)

and it is then two sided and la =0 for some 0#a € Rthen 0= Ia = Rla > I and I is nil point.

CONCLUSION:

A ring R is called to be a left SF ring if every simple left R — modal is flat, Clearly Von-Neumann regular ring
isan left (right) SF rings but converse is still an open question which raised.
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