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Abstract:- A graph G is said to be cordial if there exist a vertex labeling
f:V(G)—-{0,1} which induces an edge labeling f*:E(G)—{0,1}  defined by
f*(uv) = |f(uw) — f(v)| for each edge uv € E, such that |Vf(0) — Vf(1)| <1 and |Ef*(0) —Ef*(1)| <1
where V;(0) is the number of vertices labeled with 0, V(1) is the number of vertices labeled with 1, E¢+(0) is
the number of edges labeled with 0 and E¢+(1) is the number of edges labeled with 1. A cordial graph in which
the number of vertices and edges labeled with 0 and the number of vertices and edges labeled with 1 differ by at
most 1(i.e) |(Vf(0) + Ef*(O)) — (Vf(l) + Ef*(l))| < 1 is called as a total cordialgraph. In this paper, we have

proved the existence of total cordial labeling of special classes of snake graphs.
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1. Introduction

By a graph G we mean a finite, undirected, connected graph without any loops or multiple edges. Let V(G) and
E(G) be the set of vertices and edges of a graph G respectively. The order and size of a graph G are denoted as
p=|V(G)| and g = |E(G)| respectively. For general graph theoretic notions we refer to Harary [3].

Assigning numbers to the graph elements (vertices or edges or both) subject to certain condition(s) is known as
graph labeling. There are several types of labeling available in the literature and a detailed survey of many of
them can be found in the dynamic survey of graph labeling by J.A. Gallian [2].

Cahit [1] has introduced a variation of both graceful and harmonious labeling and named it as cordial labeling,
which is defined as follows:

A graph Gis said to be cordial if there exist a vertex labelingf : V(G) — {0, 1} which induces an edge labeling
f*+E(G) = {0,1} defined byf*(uv) = |f(u) — f(v)]| for each edge uv € E(G), such that |Vf(0) — Vf(1)| <
1 and |Ef* 0) — Ef*(1)| < 1 where V;(0) is the number of vertices labeled with 0, V¢(1) is the number of
vertices labeled with 1, E¢+(0) is the number of edges labeled with 0 and Ef+(1) is the number of edges labeled
with 1.

In [6], Sundaram and Ponraj introduced the notion of product cordial labeling. They defined a product cordial
labeling of a graph G as a function f from V(G) to {0, 1} such that if each edge uvin E(G) is assigned the label
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f(u)f(v), then the number of vertices labeled with 0 and the number of vertices labeled with 1 differ by at most 1,
and the number of edges labeled with 0 and the number of edges labeled with 1 differ by at most 1.

Also they have introduced the notion of total product cordial labeling. They defined a fotal product cordial
labeling of a graph G as a function f from V(G) to {0, 1} such that if each edge uvin E(G) is assigned the label
f(u)f(v)then the number of vertices and edges labeled with 0 and the number of vertices and edges labeled with 1
differ by at most 1. A graph with a total product cordial labeling is called a total product cordial graph.

As an extension of the above, we define thefotal cordial labeling of a graph G as a cordial labeling such that
number of vertices and edges labeled with 0 and the number of vertices and edges labeled with 1 differ by at
most 1. (i.e) A graph Gis said to be total cordial if there exist a vertex labelingf : V(G) — {0, 1} which induces
an edge labelling f* : E(G) — {0, 1} defined byf*(uv) = |f(u) — f(v)| for each edge uv € E, such that

NAOEAS]ES!

(ii) |Ef-(0) — Ef+(1)| < 1 and
(iii) |(Vf(0) + Ef*(O)) - (Vf(1) + Ef*(1))| <1

where V(0) is the number of vertices labeled with 0, V(1) is the number of vertices labeled with 1, E¢+(0) is
the number of edges labeled with 0 and E¢-(1) is the number of edges labeled with 1.

A triangular snake graph T, is obtained from a path P, by replacing each edge of the path by a cycle Cs. An
alternate triangular snake graph A(T,) is obtained from a path P, by replacing every alternate edge of path by a
cycle Cs. A double alternate triangular snake graph DA(T,) consists of two alternate triangular snakes that have
a common path. In [4], Jeyanthi et al. have investigated the existence of 3-product cordial labeling of triangular
snake, alternate triangular snake and double alternate triangular snake graphs.

In [5], Muhammad Imran et al. have discussed about the cordial labeling of a new class of triangular snake
graph which is described as follows: Let {u;, u,, ..., u,} be the vertex set of a path P,. They called the graph
obtained by joining the vertices u; and u;,, to a new vertex v; for 1 < i < (n — 2) as alternate triangular snake
graph. To distinguish this class of graph from the alternate triangular snake graph A(T,), we call this graph as
alternative triangular snake graph and denote it as A*(T).

In this paper, we have investigated the existence of total cordial labeling of some classes of triangular snake
graphs.

2. Total Cordial Labeling of Some Classes of Snake Graphs

In this section we have proved the total cordial labeling of triangular snake graph, alternative triangular snake
graph and double alternative triangular snake graph.

Theorem 2.1:For n # 3 (mod 4), the triangular snake graph Tyhas a total cordial labeling.
Proof :Let the vertex set and edge set of the triangular snake graphG = Tybe described as follows:
V(G) = {uy, uy, ..., Uy, V1, Vy,...,Vp_1}and
E(G) ={wu:1<is(n—-D}u{uv,uv:1<i<(n—1}
Define a functionf : V(G) — {0, 1} such that,

_(0; ifi=1,2(mod4)
fluw) = {1; if i = 0,3 (mod 4)
1; ifiisodd
0; if iis even

RS
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Let f* : E(G) » {0, 1} be an induced functionsuch that,for every edge uv € E(G),
frv) = |f W) - fW)I.
From the above, we observe the following:
Case (i):n = 0 (mod 4)
Ve(0)=n-1
Ve(1) =n
3n—2

Ep(0) =

3n—4

Thus, we have

|(Vf(0) + Ef*(O)) - (Vf(1) + Ef*(1))| = 0.

Case (ii):n = 1 (mod 4)

3n—3
2

3n—3
2

Ep(0) =

Ep(1) =
Thus, we have

|(V0) + Ep-(0)) = (v (1) + Ep- (D) = 1.

Case (iii):n = 2 (mod 4)
Ve(0) =n
V(1) =n-1

3n—4
2

3n—2
2

E(0) =

E-(1) =
Thus, we have

|(V0) + E-(0)) = (v (1) + Ep- ()| = 0.

Hence fis a total cordial labeling of the triangular snake graphT,.
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Fig. 2.1 Total cordial labeling of Te

Theorem 2.2:For n # 1 (mmod 4), the alternative triangular snake graph A*(T,) has a total cordial labeling.

Proof: Let the vertex set and edge set of the triangular snake graph G = A*(T,) be described as follows:
V(G) = {uy, uy, ..., Uy, V1, Vg, ..., Vy_p}and
EG)={uuj,:1<i<(m—D}U{uv,up,v:1<i< (n—2)}%L

Define a function f : V(G) — {0, 1} such that,

_(0; ifi=0,1(mod 4)
flw) = {1; if i =2,3(mod4)

_(1; ifiisodd
f(vi)_{O; if iis even

Let f*: E(G) — {0, 1} be an induced functionsuch that, for every edge uv € E(G),
frv) = |fw) - fW)I.
From the above, we observe the following:
Case (i):n = 0,2 (mod 4)
V(0) =n—1
V(1) =n-1
3n—6
2
3n—4
2

E(0) =

Ep(1) =
Thus, we have

|(V0) + Ep-(0)) = (v (1) + Ep- (D) = 1.

Case (ii):n = 3 (mod 4)

Ve(0) =n—1

V(1) =n—1
3n—5

Ep-(0) = —
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3n—5
2

Thus, we have

|(Vf(0) + Ef*(O)) - (Vf(1) + Ef*(1))| =0.

Hence fis a total cordial labeling of the alternative triangular snake graph A*(Th).

Fig. 2.2 Total cordial labeling of A*(Ts)

A double alternative triangular snake graph DA*(T,), is a graph obtained from an alternative triangular snake
graph A*(T,), by joining the vertices u; and u;,, to a new vertex w; for 1 <i < (n — 2).

Theorem 2.3:Forn Z 1 (mod 4), the double alternative triangular snake graph DA*(T,) has a total cordial
labeling.

Proof :
Let the vertex set and edge set of the triangular snake graph G = DA*(T,) be described as follows:
V(G) = {ul, Uy, eeey Uy, Vq, Uy, ey Uy, Wq, Wy, ..., Wn_z} and

E@G) ={uu 1 <i<s(—D}V{uw,uov: 1<i<(n—2)} U
fuw, ujpow; 11 <i < (n—2)}L

Define a function f : V(G) — {0, 1} such that,

_(0; ifi=0,1(mod 4)
fluw) = {1; if i = 2,3 (mod 4)
_(1; ifiisodd
flv) = {0; if iis even

_(1; ifiisodd
flw) = {0; if iis even

Let f* : E(G) — {0, 1} be an induced functionsuch that, for every edge uv € E(G),
frv) = |fw) = fW)I.

From the above, we observe the following:

Case (i):n = 3 (mod 4)
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3n—5
v(0) = —
3n—3
Vf(l) =
5n—-9
Ep(0) = >
5n—-9
Ep (1) = —

Thus, we have

|(Vf(0) + Ef*(O)) - (Vf(1) + Ef*(1))| =1.

Case (ii):n = 0, 2 (mod 4)
3n—4
2
3n—4
2
5n—-10

Vf(O) =

Vf(l) =

Ef-(0) =

5n—8
2

Ep(1) =
Thus, we have
|(V ) + Ep-(0)) = (v (1) + Ep- (D) = 1.

Hence fis a total cordial labeling of the double alternative triangular snake graph DA*(Ty).

Fig. 2.3 Total cordial labeling of DA*(Ts)

3. Conclusion

In this paper, we have proved the existence of total cordial labeling for triangular snake graph, alternative
triangular snake graph and double alternative triangular snake graph. The existence of total cordial labeling for
other classes of snake graphs can also be investigated.
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